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Preface

The domain of inverse problems has experienced a rapid expansion, driven
by the increase in computing power and the progress in numerical modeling.
When I started working on this domain years ago, I became somehow frus-
trated to see that my friends working on modeling where producing existence,
uniqueness, and stability results for the solution of their equations, but that
I was most of the time limited, because of the nonlinearity of the problem, to
prove that my least squares objective function was differentiable. . .. But with
my experience growing, I became convinced that, after the inverse problem
has been properly trimmed, the final least squares problem, the one solved
on the computer, should be Quadratically (Q)-wellposed, that is, both well-
posed and optimizable: optimizability ensures that a global minimizer of the
least squares function can actually be found using efficient local optimization
algorithms, and wellposedness that this minimizer is stable with respect to
perturbation of the data.

But the vast majority of inverse problems are nonlinear, and the classi-
cal mathematical tools available for their analysis fail to bring answers to
these crucial questions: for example, compactness will ensure existence, but
provides no uniqueness results, and brings no information on the presence or
absence of parasitic local minima or stationary points . ...

This book is partly a consequence of this early frustration: a first ob-
jective is to present a geometrical theory for the analysis of NLS problems
from the point of view of Q-wellposedness: for an attainable set with finite
curvature, this theory provides an estimation of the size of the admissible
parameter set and of the error level on the data for which Q-wellposedness

Vil
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holds. The various regularization techniques used to trim the inverse problem
can then be checked against their ability to produce the desirable Q-wellposed
problems.

The second objective of the book is to give a detailed presentation of im-
portant practical issues for the resolution of NLS problems: sensitivity func-
tions and adjoint state methods for the computations of derivatives, choice of
optimization parameters (calibration, sensitivity analysis, multiscale and/or
adaptive parameterization), organization of the inversion code, and choice
of the descent step for the minimization algorithm. Most of this material is
seldom presented in detail, because it is quite elementary from the mathe-
matical point of view, and has usually to be rediscovered by trial-and-error!

As one can see from these objectives, this book does not pretend to give
an exhaustive panorama of nonlinear inverse problems, but merely to present
the author’s view and experience on the subject. Alternative approaches,
when known, are mentioned and referenced, but not developed. The book is
organized in two parts, which can be read independently:

Part I (Chaps. 1-5) is devoted to the step-by-step resolution and analysis
of NLS inverse problems. It should be of interest to scientists of various
application fields interested in the practical resolution of inverse problems,
as well as to applied mathematicians interested also in their analysis. The
required background is a good knowledge of Hilbert spaces, and some notions
of functional analysis if one is interested in the infinite dimensional examples.
The elements of the geometrical theory of Part II, which are necessary for
the Q-wellposedness analysis, are presented without demonstration, but in
an as-intuitive-as-possible way, at the beginning of Chap. 4, so that it is not
necessary to read Part II, which is quite technical.

Part II (Chaps. 6-8) presents the geometric theory of quasi-convex and
strictly quasi-convex sets, which are the basis for the results of Chaps. 4 and 5.
These sets possess a neighborhood where the projection is well-behaved, and
can be recognized by their finite curvature and limited deflection. This part
should be of interest to those more interested in the theory of projection
on nonconvex sets. It requires familiarity with Hilbert spaces and functional
analysis. The material of Part IT was scattered in various papers with different
notations. It is presented for the first time in this book in a progressive
and coherent approach, which benefits from substantial enhancements and
simplifications in the definition of strictly quasi-convex sets.

To facilitate a top-to-bottom approach of the subject, each chapter starts
with an overview of the concepts and results developed herein — at the price of
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some repetition between the overview and the main corpus of the chapter. ...
Also, we have tried to make the index more user-friendly, all indexed words
or expressions are emphasized in the text (but not all emphasized words are
indexed!).

I express my thanks to my colleagues, and in particular to Francois
Clement, Karl Kunisch, and Hend Benameur for the stimulating discussions
we had over all these years, and for the pleasure I found interacting with
them.

March 2009 Guy CHAVENT
Lyon
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PART I: NONLINEAR LEAST SQUARES 3

Chapter 1 provides an overview of the book: it shows how various finite
and infinite dimensional inverse problems can be cast in the same NLS mould,
reviews the difficulties to be expected, and hints at the places in the book
where they are addressed.

Chapter 2 details the sensitivity function and adjoint state approaches for
the computation of derivatives (gradient of the objective function, Jacobian
of the forward map). Various examples of discrete adjoint state calculations
are given.

Chapter 3 is devoted to the issues of parameterization: choice of dimen-
sionless parameters and data, use of singular value decomposition of the
linearized problem to assess the number of parameters that can be retrieved
for a given error level on the data, choice of a parameterization to reduce
the number of unknown parameters, organization of the inversion code for
an easy experimentation with various parameterization, choice of an adapted
descent step to enhance robustness and performance of descent minimization
algorithms. Special care is given to the discretization of distributed para-
meters: multiscale parameterization is shown to restore optimizability for
certain class of “nicely nonlinear” inverse problems, and its adaptive vari-
ant based on refinement indicators is presented, which in addition allows
to explain the data with a small number of degrees of freedom, thus avoid-
ing overparameterization.

The Q-wellposedness of NLS problems is the subject of Chap. 4. It begins
with a summary of the properties of the linear case, which are to be gener-
alized. Two classes of NLS problems are then defined, based on properties
of the first and second directional derivatives of the direct map: the class of
finite curvature (FC) least squares problems, whose attainable set has a finite
curvature, and the subclass of finite curvature/limited deflection (FC/LD)
problems, whose attainable set is a strictly quasi-convex set introduced in
Chap. 7. Linearly stable FC/LD problems are shown to be Q-wellposed. Ap-
plication are given to the estimation of finite dimensional parameters, and
to the estimation of the diffusion parameter in 1D and 2D elliptic equation

Chapter 5 is devoted to the practically important problem of restor-
ing Q-wellposedness by regularization. The usual Levenberg-Marquardt—
Tychonov (LMT) regularization is considered first. After recalling the
convergence results to the minimum norm solution for the linear case,
when both data error and regularization parameter go to zero, we show that
these results generalize completely to the nonlinear case for FC/LD prob-
lems. For general nonlinear least square, where small ¢ does not guarantee



4 PART I: NONLINEAR LEAST SQUARES

Q-wellposedness any more, we give an estimation of the minimum amount of
regularization that does so. Then it is shown how state-space regularization
can handle some cases where LMT regularization fails, when the attainable
set has an infinite curvature. Roughly speaking, state-space regularization
amounts to smooth the data before solving the inverse problem. Finally,
an example of desirable adapted reqularization is given, where the a-priori
information brought by the regularization term can be chosen such that it
does not conflict with the information conveyed from the data by the model.



Chapter 1

Nonlinear Inverse Problems:
Examples and Difficulties

We present in this chapter the nonlinear least-squares (NLS) approach to
parameter estimation and inverse problems, and analyze the difficulties as-
sociated with their theoretical and numerical resolution.

We begin in Sect. 1.1 with a simple finite dimensional example of nonlin-
ear parameter estimation problem: the estimation of four parameters in the
Knott—Zoeppritz equations. This example will reveal the structure of inverse
problem, and will be used to set up the terminology.

Then we define in Sect.1.2 an abstract framework for NLS problems,
which contains the structure underlying the example of Sect.1.1. Next we
review in Sect. 1.3 the difficulties associated with the resolution of NLS prob-
lems, and hint at possible remedies and their location in the book.

Finally, Sects. 1.4-1.6 describe infinite dimensional parameter estimation
problems of increasing difficulty, where the unknown is the source or diffusion
coefficient function of an elliptic equation, to which the analysis developed
in Chaps. 2-5 will be applied.

Examples of time marching problems are given in Sects.2.8 and 2.9 of

Chap. 2

G. Chavent, Nonlinear Least Squares for Inverse Problems: Theoretical Foundations 5
and Step-by-Step Guide for Applications, Scientific Computation,
DOI 10.1007/978-90-481-2785-6 1, (© Springer Science+Business Media B.V. 2009



6 CHAPTER 1. NONLINEAR INVERSE PROBLEMS

1.1 Example 1: Inversion of Knott—Zoeppritz
Equations

We begin with an example that is intrinsically finite dimensional, where the
model consists in a sequence of simple algebraic calculations. The problem
occurs in the amplitude versus angle (AVA) processing of seismic data, where
the densities p;, compressional velocity Vp ;, and shear velocities Vg ; on each
side 7 = 1,2 of an interface are to be retrieved from the measurement of the
compressional (P-P) reflection coefficient R; at a collection 6;,7 =1,...,q of
given incidence angles.

The P-P reflection coefficient R at incidence angle 6 is given by the Knott—
Zoeppritz equations ([1], pp. 148-151). They are made of quite complicated
algebraic formulas involving many trigonometric functions. An in-depth anal-
ysis of the formula shows that R depends in fact only on the following four
dimensionless combinations of the material parameters [50]:

( —
e, = pr—ra (density contrast),
p1+ p2
VL= Vi
ep = ., ’ (P-velocity contrast),
Vit Ve,
(1.1)
Ve — V&,
es= ’ (S-velocity contrast),
VE1+ Vs
Vi +Vés, 1 1
= | + ) (background parameter),
\ 2 Ve Vi,
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so that R is given by the relatively simple sequence of calculations:

( e=es+e,
le—ei
Sl :X<1+6p)
Sy = x(1 —ep)
T1 :2/(1—63)
Ty =2/(1 + eg)
¢®> =S, sin?0
M, =+/S; — ¢
My = /Sy — ¢2
Ny =T — ¢* (1.2)
Ny = \/Tz—q2
D = eq?
A=e,—D
K=D-A
B=1-K
C=1+K
P = Ml(B2N1 + ng) + 4€DM1M2N1N2
Q:M2(02N2+fN1>+4q2A2
| R=(P-Q)/(P+Q).

We call parameter vector the vector
z = (e, ep,es,x) € IR* (1.3)
of all quantities that are input to the calculation, and state vector the vector
y=(e, f,5,5, ... ,P,Q,R)cR" (1.4)

made of all quantities one has to compute to solve the state equations (here
at a given incidence angle 6).

We have supposed in the above formulas that the incidence angle 6 is
smaller than the critical angle, so that the reflection coefficient R computed
by formula (1.2) is real, but the least squares formulation that follows can
be extended without difficulty to postcritical incidence angles with complex
reflection coefficients.
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If now we are given a sequence R[",7 =1, ... ,q of “measured” reflection
coefficients corresponding to a sequence 6y, ... ,0, of known (precritical)
incidence angles, we can set up a data vector

z= (R, ... ,R}") € RY, (1.5)
which is to be compared to the output vector
v=(Ry, ... ,Ry) € R (1.6)
of reflection coefficients computed by formula (1.2). We can write
B2
v=M]| . : (1.7)
L Yq
with y; given by (1.4) for 6 =6,, i =1, ... ,q. The operator M that selects
the last component R; of each vector y; in the state vector (yi,...,y,) € R"™

is called the measurement or observation operator. It is here a simple matrix
with ¢ rows, p = 19¢ columns and 0 or 1 entries.

We can now set up the problem of estimating « € IR* from the knowledge
of z € IR?. To compare v and z, we have to choose first for each i =1,... ¢
a unit Az; to measure how much the model output v; = R; deviates from the
data z; = R]". The misfit of the model parameter = to the data z can then

be defined by
J(z) = © f | [vi = 2 (1.8)
2 Az 7

i=1 i
with v given by (1.7). It is expected that minimization of J with respect to
x will allow to carry over to x some of the information we have on z. In
practice, one has also some a-priori information on the parameters e, ep, eg,
and y, at least some bounds. Hence, one restrains the minimization of J to
the set of admissible parameters

C={z=1(eyep,es,X) | Timin < Ti < Timax, 1 =1 ... 4}, (1.9)

where z; yin and x; max are the given lower and upper bounds.

In the case where the measurement errors are independent Gaussian vari-
ables with known standard deviations o;, one can choose Az; = o;, in which
case the minimization of J over C produces a maximum likelihood estimator
for z.
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Remark

Other choices are possible for the data misfit: one could, for example, replace
the Euclidean norm ||v|| = (32 v2)¥2 on the data space by the r-norm ||v|| =
(> %un)Y" for some r > 1, as such a norm is known to be less sensitive to
outliers in the data for 1 < r < 2. The results of Chaps. 2 and 3 on derivation
and parameterization generalize easily to these norms. But the results on Q-
wellposedness and regularization of Chap.4 and 5 hold true only for the

Euclidean norm.

1.2 An Abstract NLS Inverse Problem

The inversion of the Knott—Zoeppritz equations presented in Sect.1.1 is a
special case of the following abstract setting, which will be used throughout
this book to handle NLS inverse problems:

e F will be the parameter space

e (' the set of admissible parameters

e v : ('~ F the forward or direct or input—output map
e [ the data space

e z € F the data to be inverted

The inverse problem consists then in searching a parameter x € C' whose
image p(x) by the forward map ¢ is the data z. But in applications z will
never belong to the attainable set ¢(C'), because ¢ never represents abso-
lutely accurately the process under study (model errors), and because of the
measurement errors on z. The inverse problems has then to be solved in the
least squares sense as an NLS problem:

1
& minimizes J(J[:):2ng(ac)—,zH%v over C. (1.10)

This formulation contains the inversion of the Knott—Zoeppritz equations
(Sect. 1.1). It suffices for that to choose

E = IR* with the norm ||z| g = (31 22)"/2,

C  given by (1.9),

F = IR? with the norm |jv||p = (3 ] UZ?/AZZ?)U?,
¢ : x~v with v given by (1.7).

(1.11)
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But it is much more general, and allows also to handle infinite dimensional
problems, as we shall see in Sects. 1.4-1.6. So we shall suppose throughout
this book that the following minimum set of hypothesis holds:

( Banach space, with norm || ||,

E  with C convex and closed,

Hilbert space, with norm || ||,

F (1.12)
. C ~ I is differentiable along segments of C,

and : Jay >0 st. Vag,x1 € C, YVt €[0,1]

[1Dip((1 = t)zo + tar)|| < anllzr — zol|-

€ v QX
MmN

\

These hypothesis are satisfied in most inverse problems — and in all those we
address in this book, including of course the inversion of the Knott—Zoeppritz
equations of Sect. 1.1 — but they are far from being sufficient to ensure good
properties of the NLS problem (1.10).

1.3 Analysis of NLS Problems

We review in this section the theoretical and practical difficulties associated
with the theoretical and numerical resolution of (1.10), and present the tools
developed in this book for their solution.

1.3.1 Wellposedness

The first question is wellposedness: does (1.10) has a unique solution & that
depends continuously on the data z?7 It is the first question, but it is also a
difficult one because of the nonlinearity of . It is most likely to be answered
negatively, as the word ill-posed is almost automatically associated with in-
verse problem. To see where the difficulties arise from, we can conceptually
split the resolution of (1.10) into two consecutive steps:

Projection step: given z € F, find a projection X of 2 onAgo(C')
Preimage step: given X € ¢(C), find one preimage & of X by ¢
Difficulties can — and usually will — arise in both steps:

1. There can be more than one preimage # of X if © is not injective

1

2. Even if ¢ is injective, its inverse ¢~ : X — 2 may not be continuous

over ¢(C)
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3. The projection X does not necessarily exist if ©(C) is not closed

4. The projection on ¢(C) can be nonunique and not continuous as ¢(C)
is possibly nonconvex because of the nonlinearity of ¢

We consider first the unrealistic case of attainable data as where there
are no measurement or model error:

~

2= X, (1.13)

and recall the corresponding identifiability and stability properties, which
concern only the preimage step:

Definition 1.3.1 Let ¢ and C' be given. The parameter x s

e Identifiable if o is injective on C', that is,

zo, x1 € C and o(xg) = p(x1) = 9 =11 (1.14)

e Stable if there exists a constant k > 0 such that

[z — a1[| < k(o) — @(@1)[| Vo, 21 € C (1.15)

The vast majority of available results concern the case of attainable
data only: most of them are identifiability results (see, e.g., [46] for the
estimation of coefficients in partial differential equations from distributed or
boundary observation), and a much smaller number are stability results (see,
e.g., [47, 70]).

But these results fall short to imply the wellposedness of NLS problem
(1.10), as they do not say anything when z is outside the attainable set p(C).

In the more realistic case where one takes into account the model and
measurement errors, the data z can be outside the output set ¢(C'), and the
problem of the projection on ¢(C') arises.

In the linear case, difficulty 3 (possible lack of existence of the projection)
already exists. But it can be cured simultaneously with difficulties 1 and 2 by
regularization (see LM T-Regularization in Sect. 1.3.4), because the projection
on the convex set ¢(C'), when it exists, is necessarily unique and Lipschitz
continuous!

But for nonlinear inverse problems, because of the possible nonunique-
ness and noncontinuity of the projection (difficulty 4), one cannot expect
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wellposedness to hold for all z of F. So we have to limit the existence,
uniqueness, and stability requirement to some neighborhood ¥ of ¢(C) in F'.

To handle this situation, we introduce in Chap.6 a first generalization
of convex sets to quasi-conver sets D C F', which precisely possess a neigh-
borhood ¥ on which the projection, when it exists, is unique and Lipschitz
stable [20].

1.3.2 Optimizability

The next question that arises as soon as one considers solving (1.10) on a
computer is the possibility to use performant local optimization techniques
to find the global minimum of the objective function J. It is known that
such algorithms converge to stationary points of J, and so it would be highly
desirable to be able to recognize the case where J has no parasitic stationary
points on C', that is, stationary points where J is strictly larger than its
global minimum over C'. It will be convenient to call unimodal functions with
this property, and optimizable the associated least squares problem. Convex
functions, for example, are unimodal, and linear least squares problems are
optimizable.

Stationary points of J are closely related to stationary points of the dis-
tance to z function over ¢(C'), whose minimum gives the projection of z
on ¢(C). Hence we introduce in Chap.7 a generalization of convex sets to
strictly quasi-convez (s.q.c.) sets D C F', which possess a neighborhood ¥ on
which the distance to z function is unimodal over D [19].

Sufficient conditions for a set to be s.q.c. are developed in Chap.8, in
particular, in the case of interest for NLS problems where D is the attainable
set o(C).

As it will turn out (Theorem 7.2.10), s.q.c. sets are indeed quasi-convex
sets, and so requiring that the output set is s.q.c. will solve both the well-
posedness and optimizability problems at once.

1.3.3 Output Least Squares Identifiability
and Quadratically Wellposed Problems
Wellposedness and optimizability are combined in the following definition

[16, 17], which tries to carry over the good properties of the linear case to
the nonlinear case:
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Definition 1.3.2 Let ¢ and C' be given. The parameter x is OLS-identifiable
in C from a measurement z of p(x) — or equivalently the NLS problem (1.10)

is Quadratically (Q-)wellposed — if and only if p(C') possesses an open neigh-
borhood ¥ such that

(i) Ezistence and uniqueness: for every z € ¥, problem (1.10) has a unique
solution T

(ii) Unimodality: for every z € 19, the objective function x ~~ J(x) has no
parasitic stationary point

(iii) Local stability: the mapping z ~ T is locally Lipschitz continuous from
@1 - llr) to (L] - [| )

The class of FC problems (Definition 4.2.1) represents a first step to-
ward Q-wellposedness. The subclass of finite curvature/limited deflection
(FC/LD) problems (Definition 4.2.2) represents a further step in this direc-
tion: in this class, the images by ¢ of the segments of C' turn less than /2
(Corollary 4.2.5) — which can always be achieved by reducing the size of the
admissible set C' — and the attainable set is s.q.c. (Corollary 4.2.5). The pro-
jection on the attainable set is then, when it exists, unique, unimodal, and
stable (Proposition 4.2.7) for the arc length “distance” (4.27) on ¢(C), and
the solution set is closed and convex.

Combining this with the linear identifiability and/or stability properties
of Sect. 4.3, one obtains Theorem 4.4.1, our main result, which gives a suf-
ficient conditions for Q-wellposedness or OLS-identifiability — and hence for
both wellposedness and optimizability. These sufficient conditions are writ-
ten in terms of the first and second directional derivatives of ¢, and give an
estimation of the localization and stability constants, and of the size of the
neighborhood .

The case of finite dimensional parameters is considered in Sect. 4.5, where
it is shown in Theorem 4.5.1 that linear identifiability (i.e., identifiability
of the linearized problem) implies local (i.e., for small enough C) OLS-
identifiability or Q-wellposedness. This shows the importance of (linear) iden-
tifiability results for the analysis of finite dimensional NLS problems.

The techniques available for the determination of the curvature, deflec-
tion, and stability constants required for the application of Theorem 4.4.1
are reviewed in Sect.4.7. These quantities can sometimes be determined by
calculus, but can also be approximated numerically when the number of pa-
rameters is small.
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The sufficient conditions are then applied in Sects. 4.8 and 4.9 to analyze
the Q-wellposedness of the estimation of the diffusion coefficient in one- and
two-dimensional elliptic equations, as described in Sects. 1.4 and 1.6, when
an H' measurement of the solution is available.

1.3.4 Regularization

OLS-identifiability is a very strong property, so one cannot expect that
it will apply to the original NLS problem, when this one is known to be
ill-posed.

On the other hand, the only NLS problems that should reasonably be
solved on the computer at the very end are those where OLS-identifiability
holds, as this ensures the following:

— Any local optimization algorithm will converge to the global minimum

— The identified parameter is stable with respect to data perturbations
which are the only conditions under which one can trust the results of the
computation.

Hence the art of inverse problems consists in adding information of various
nature to the original problem, until a Q-wellposed NLS problem is achieved,
or equivalently OLS-identifiability holds: this is the regularization process.
The sufficient conditions for OLS-identifiability of Chap. 4 will then allow to
check whether the regularized problem has these desirable properties, and
help to make decisions concerning the choice of the regularization method.

Adapted Regularization

If the added a-priori information is (at least partly) incompatible with the
one conveyed from the data by the model, the optimal regularized param-
eter has to move away from its true value to honor both information. So
one should ideally try to add information that tends to conflict as little as
possible with the one coming from the data. Such an adapted reqularization
is recommended whenever it is possible. But it requires a refined analysis of
the forward map ¢, which is not always possible, and has to be considered
case by case. We give in Sect. 5.4 an example of adapted regularization for the
estimation of the diffusion coefficient in a two-dimensional elliptic equation.

But, in general, this hand-taylored approach is impossible, and the infor-
mation has to be added by brute force:
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Regularization by Parameterization

This is one of the most commonly used approach: instead of searching for
the parameter z, one searches for a parameter ., related to x by

T = P(Topt), Topt € Copt With  ¢(Copt) C C, (1.16)

where 1) is the parameterization map, and Cypy is the admissible parameter
set for the optimization variables xq (Sect.3.3). Satisfying the inclusion
P (Copt) C C' is not always easy, and it has to be kept in mind when choosing
the parameterization mapping .

Parameterization is primarily performed to reduce the number of un-
known parameters, but it has also the effect, when x is a function, to impose
regularity constraints, which have usually a stabilizing effect on the inverse
problem. The regularized problem is now

_ o 1
Topt  minimizes Jo¢(x0pt):2||g0(¢(x0pt))—z||% over  Cyp. (1.17)

We address in Chap. 3 some practical aspects of parameterization:

— How to calibrate the parameters and the data

— How to use the singular value decomposition of the Jacobian D = ¢(z)’
to estimate the number of independent parameters that can be estimated for
a given level of uncertainty on the data

— How to use multiscale approximations and/or refinement indicators in
order to determine an adaptive parameterization, which makes the prob-
lem optimizable, explains the data up to the noise level, and does not lead
to over-parameterization

— How to organize the inversion code to make experimentation with var-
ious parameterizations more easy

— How to use in minimization algorithms a descent step adapted to the
nonlinear least square structure of the problem

Regularization by Size Reduction of C'

Another natural way to add a-priori information is to search for the param-
eter x in a smaller set:

C c(, (1.18)
and to define the regularized problem simply by

1
Z  minimizes J(x):2||gp(x)—z||% over C. (1.19)
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The set C can be defined as follows:

e FEither by adding new constraint (s). when C' is made of functions de-
fined over a domain 2 € IR", on can want to add the a priori infor-
mation that the parameter is bounded in a space of smooth functions.
This can be implemented by choosing a subspace £ C E' with the desired
smoothness, equipped with the stronger norm || - ||¢, and by restricting
the search for = to the set

C={zref|zxeCand |zl <M} (1.20)

Such smoothness constraints are often used to ensure that the regular-
ized problem (1.19) is a FC least squares problem. FC problems were
introduced in [28] under the less descriptive name of “weakly nonlinear”
problems, and are defined in Sect. 4.2 (Definition 4.2.1). They represent
a first necessary step towards Q-wellposedness.

For example, in the estimation of the diffusion coefficient a in a two-
dimensional elliptic equation (Sect.1.6), the natural admissible set C
is defined by (1.66):

C={a:Q~R|0<a,<a) <apy ae. onQ}.

The first regularization step we shall take in Sect. 4.9 will be to replace
C' by the set defined in (4.106), which we rewrite here as:

C={{acl|an<al§)<ay Ve, (1.21)
la(&) —al&)| < bmllér — &l Vo, & € Q

where £ is a (sub)space of the space of uniformly Lipschitz-continuous
functions over 2. These constraints will ensure (Theorem 4.9.4, point
two) that (1.19) is a finite curvature problem.

o Or by tightening existing constraints. This is particularly useful in the
case where (1.10) is already an FC problem. In this case, Corollary 4.2.5
shows that tightening the constraints — that is, reducing the size of C
— will produce a FC/LD problem (Definition 4.2.2), whose attainable
set p(C) is s.q.c., so that the projection on ¢(C) is wellposed on some
of its neighborhoods (Proposition 4.2.7). This will make the problem
amenable to LMT-regularization (see LMT regularization below and
Sect. 5.1.2).
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For example, the second regularization step we shall take in Sect.4.9
for the same diffusion coefficient problem as earlier will be to reduce,
in the admissible set (1.21), the interval between the lower and upper
bounds on a until the condition

ans — am < Zam (1.22)

is satisfied. Proposition 4.9.3 will then ensure that the deflection condi-
tion is satisfied, and make the problem ready for LMT regularization.

Levenberg—Marquardt—Tykhonov (LMT) Regularization

This approach is the oldest one, as the work by Levenberg [54] goes back
to the forties, and that of Marquardt [62] to the sixties. It was popularized
in the seventies by Tikhonov and the Russian school [75, 63], who devel-
oped the theory for infinite dimensional systems. It consists in stabilizing the
original problem (1.10) by providing additional information in the form of a
reqularizing functional to be added to the least-squares functional J(z). We
shall limit ourselves to the case of quadratic regularizing functionals, which
are by far the most widely used, and suppose that

the parameter space E is an Hilbert space, (1.23)
and that we have chosen
xo€C and e >0, (1.24)

where zq is an a priori guess of the parameter, and ¢ > 0 is the requlariza-
tion parameter. The a priori guess xy represents the additional information
provided, and € measures the confidence one has in this a priori guess. The
LMT-regularized version of (1.10) is

2
Z. minimizes J.(x) = J(z) + 62 |z — 203 over C. (1.25)

Its properties have been studied extensively when ¢ is linear, and we refer,
for example, to the monographs [8, 43, 59, 63, 38, 55, 12]. The main result for
linear problems is that the regularized problem (1.25) is wellposed as soon as
e > 0, and that the solution Z.s of (1.25) corresponding to noise corrupted
data zs converges to the xo-minimum norm solution of (1.10) — that is, the
solution of (1.10) closest to xg, provided that such a solution exists, and



18 CHAPTER 1. NONLINEAR INVERSE PROBLEMS

that € goes to zero more slowly than the noise level § = ||z5 — z||. We give
at the beginning of Chaps.4 and 5 a short summary of properties of linear
least-squares problems.

We shall see that all the nice properties of LMT regularization for the
linear case extend to the class of FC/LC problems, where the attainable set
has a FC, and the size of the admissible set has been chosen small enough for
the deflection condition to hold (see Regularization by size reduction above).
LMT regularization of FC/LC problems is studied in Sect. 5.1 and is applied
in Sect. 5.2 to the the source identification problem of Sect. 1.5.

But for general nonlinear problems, the situation is much less brilliant.
In particular, there is no reason for the regularized problem (1.25) to be
Q-wellposed for small €’s! Hence when ¢ — 0, problem (1.25) may have more
than one solution or stationary point: convergence results can still be ob-
tained for sequences of adequately chosen solutions [37, 67], but optimiz-
ability by local minimization algorithms is lost. We give in Sect.5.1.3 an
estimation of the minimum amount of regularization to be added to restore
Q-wellposedness.

State-Space Regularization

When the original problem (1.10) has no finite curvature, which is alas almost
a generic situation for infinite dimensional parameters, it is difficult to find a
classical regularization process that ensures Q-wellposednes of the regularized
problem for small €’s. One approach is then to decompose (see Sect.1.3.5)
the forward map ¢ into the resolution of a state equation (1.33) followed by
the application of an observation operator (1.34)

¢ =Mog, (1.26)

where ¢ : = ~» y is the solution mapping of the state equation, and M :
y ~~ v is the observation operator.
The state-space regularized version of problem (1.10) is then [26, 29]

2
#. minimizes J,(z) = J(x) + 62 l6(x) — G||? over C'N B, (1.27)

where B, is a localization constraint, and 7. is the solution of the auxiliary
unconstrained problem

1 2
J. minimizes 2HM(y) —z||% + 62 ly —yoll3  over Y, (1.28)

where yp is an a priori guess for the state vector.
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For example, in the parameter estimation problems of Sects. 1.4 and 1.6,
one can think of z as being the diffusion coefficient a, of y as being the solu-
tion of the elliptic equation in the Sobolev space H'(Q), and of v as being a
measure of y in L?(€)). State-space regularization would then consist in using
first LMT regularization to compute a smoothed version y. € H'(Q) of the
data z € L*(2) by solving the auxiliary problem (1.28), and then to use this
smoothed data as extra information in the regularized NLS problem (1.27).

Smoothing data before inverting them has been a long-time favorite in
the engineering community, and so state-space regularization is after all not
so unnatural. It is studied in Sect.5.3. The main result is demonstrated in
Sect. 5.3.1: problems (1.27) and (1.28) remain Q-wellposed when ¢ — 0, pro-
vided one can choose the state-space Y as follows:

— The problem of estimating z € C from a measure of ¢(x) in Y is
Q-wellposed (this requires usually that the the norm on Y is strong enough)

— The observation mapping M is linear and injective
This covers, for example, the case of the parameter estimation problems of
Sects. 1.4 and 1.6 when only L? observations are available.

A partial result for the case of point and/or boundary measurements,
which do not satisfy the injectivity condition, is given in Sect. 5.3.2.

Common Features

All the regularized problems can be cast into the same form as the original
problem (1.10). It suffices to perform the following substitutions in (1.10):

( C « Copt
regularization o(x) — ©(Topt))
by F e F (1.29)
parameterization | llr <~ |l llF
\ 2 — z
( C « C
. o) — ¢(x)
reduction
e F — F (1.30)
e < | lr
z — z
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(O «— C
o(r) — (p(),z)
N L F « FE=FxE (1.31)
regularization 2
Ilr — e =15+ 1152
\ & = (Z,J]O)
C « C
(r) — (Mo(z),o(x))
plarintion | F e E=Fxv (1.32)
VA €2
Ie = e =7+ S 3)Y2
L 2 < (5,9)

If more than one regularization technique are applied simultaneously, the
property still holds with obvious adaptions.

Hence the same abstract formulation (1.10) can be used to represent the
original NLS problem as well as any of its regularized versions (1.19), (1.17),
(1.25), or (1.27).

1.3.5 Derivation

The last difficulty we shall address is a very practical one, and appears as
soon as one wants to implement a local optimization algorithm to solve a
NLS problem of the form (1.10): one needs to provide the optimization code
with the gradient V.J of the objective function, or the derivative or Jacobian
D = ¢/'(x) of the forward map.

To analyze this difficulty, it is convenient to describe ¢ at a finer level by
introducing a state-space decomposition. So we shall suppose, when needed,
that v = ¢(x) is evaluated in two steps:

given z € C solve:
e(x,y) =0 (1.33)
with respect to y in Y,

followed by

set: v = M(y), (1.34)

where now

e y is the state, Y is an affine state-space with tangent vector space 0Y
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e c(z,y) = 0 is the state equation, where e maps C' x Y into the right-
hand side space Z. For finite dimensional problems, ¢Y = Z = IRP.
But it will be convenient to use distinct spaces 0Y and Z for infinite
dimensional problems

e M : Y ~~ Fis the (possibly nonlinear) measurement or observation
operator

We shall always suppose that the following minimum set of hypothesis holds:

Y is an affine space,

its tangent space JY is equipped with the norm || ||y,

Vo € C, (1.33) has a unique solution y € Y, (1.35)
Vo € C, the operator de/dy(x,y) € L(OY, Z) is invertible,

M is a continuously derivable application from Y to F.

For linear state equations, the invertibility of de/dy(z,y) is equivalent to
wellposedness of the state equation. For nonlinear problems, the condition
is required if one wants to solve the state equation by an iterative Newton
scheme. Hence it will be satisfied in practice as soon as the forward model
under consideration is stable and numerically solvable.

For example, if one wants that (1.33) and (1.34) define the forward map ¢
associated with the Knott—Zoeppriz equations of Sect. 1.1, one has to choose

e(x,y) =0 to be (1.2) repeated ¢ times ,

=€ Ji --- “Rl,lzl s
v :(51/]; 7 :Qlngq ? (1.36)
M defined by (1.7).

We describe and compare in Chap. 2 the sensitivity functions and adjoint
state approaches for the computation of D and V.J. Though calculating a
derivative is a simple mathematical operation, it can become quite intricate
when the function to derivate is defined through a set of equations, and so
we give a step-by-step illustration of these calculations on various examples.

1.4 Example 2: 1D Elliptic Parameter
Estimation Problem

Our second example is infinite dimensional: it consists in estimating the co-
efficient a as a function of the space variable £ in the one-dimensional elliptic
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equation:
—(aug)e =Y _g;i6(E &), €€ (1.37)
=

over the domain {2 = [0, 1], with a right-hand side made of Dirac sources:

&, denotes the location of the jth source,
g; € IR denotes the amplitude of the jth source, (1.38)
J is a finite set of source indexes.

We complement (1.37) with Dirichlet boundary conditions:
u(0) =0, u(1) =0. (1.39)

Equations (1.37) and (1.38) models, for example, the temperature u in
a one-dimensional slab at thermal equilibrium, heated by point sources of
amplitude g; at locations x;, and whose temperature is maintained equal to
zero at each end, in which case a is the thermal diffusion coefficient.

A physically and mathematically useful quantity is

(&) = —al§ue(§),  £€9, (1.40)

which represents the (heat) flux distribution over €, counted positively in
the direction of increasing ¢’s. Equations (1.37) and (1.38) are simple in the
sense that the flux ¢ can be computed by a closed form formula

q(¢) = H— H(¢), (1.41)
where ¢
1O = [ Y ade-g)a (1.4
0 jes
is the primitive of the right-hand side, and where

G Ll ©HE© _ "

Ji a=1(€) e

is an a~-weighted mean of H. The function H is piecewise constant on 2,
and so is also ¢q. The solution u is then given by

ug(€) = a='(€)q(8), (1.44)

1
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£
ul€) = / ™ (O)q(¢) dC. (1.45)

We see on (1.41) through (1.45) that ue and u depend almost linearly on
a~', which suggests that the search for a=! could be better behaved than the
search for a. So we decide to choose b = a~! for parameter in this example,
and define the parameter space and admissible parameter set as

E = L*Q), (1.46)
C = {b:Q~R|0<b, <b&) <byae onQ}, (1.47)

where b, and by; are given lower and upper bounds on b = a~!.

Then for any b € C, the state equations (1.37) and (1.39) have a unique
solution w in the state-space:

Y={we L*(Q)|w € L®(Q), w(0) =0, w(l) = 0}, (1.48)

and because of the boundary conditions w(0) = 0, w(1) = 0, the Poincaré
inequality |v|p2 < [v'|g2 holds in Y. Hence we can equip Y with the norm

lvlly = || e (1.49)

To estimate b, we suppose we are given an element z of the data space F' =
L?(Q), which provides us with some information on the temperature .

We consider first the (quite unrealistic) case of a “distributed H'-
observation,” where one is able to measure the derivative of u all over
Q, so that z is a measure of u’. This corresponds to the observation operator
and forward map:

M : wueY ~ v=u €F, (1.50)
¢ : belC ~ v=u€eF (1.51)

Here M is an isometry from Y onto F', and so the observation does not
incur any loss of information: it is the most favorable case. We shall prove in
Sect. 4.8 that the associated NLS problem (1.10) is a linearly stable FC/FD
problem, and hence Q-wellposed, on the subset D of C' defined in (4.90),
provided the size of D is small enough (Sect.4.8.4). This is an example of
regularization by size reduction of the admissible set.

The case of a weaker “distributed L2-observation,” where one measures
only u over €:

M : uweY ~ v=uckF, (1.52)
o  belC ~ v=ueF (1.53)
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is considered in Sect.5.3, where it is proven that the combination of the
previous Q-wellposedness results for H! observation with the state-space reg-
ularization approach (1.27) and (1.28) can still produces a sequence of Q-
wellposed problems.

For more realistic boundary or point measurements, the problem of the
Q-wellposedness of the NLS problems (1.10) or its regularized versions is
completely open.

1.5 Example 3: 2D Elliptic Nonlinear Source
Estimation Problem

We consider the nonlinear elliptic equation:

—Au+k(u) = f in €,
v = 0 on a part oQp  of aQa (154)

gz = g on 0y = 900\ Ip,

where
e A is the Laplacian with respect to the space variables & -« - &,
e () C IR™ is a domain with boundary 0f2
e 0¢)p and 0Qy form a partition of O
e and v is the outer normal to 2

We make the following hypothesis on the nonlinearity &, the right-hand
sides f, g and the space domain 2:

k € W2 (IR), is nondecreasing, (1.55)
with k(0) = 0, ¥ ({) >0 Y( € IR, ’
feL*Q), g € L*(0Ox) (1.56)
Qc R™ m=1,2, or 3, with C"! boundary 01, (1.57)
0f)p nonempty and both open and closed in 0f2. ’

The last condition in (1.57) means that there are no point on Jf2, where
the Dirichlet boundary 0€2p and the Neumann boundary 0Qx meet (this
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excludes, e.g., the case where 0Q2p and 02y are the two halves of the same
circle). In the two-dimensional case, it is satisfied, for example, if 92y is the
external boundary of €2, and 0€)p is the boundary of a hole in the domain,
as the boundary of a source or sink, for example.

The elliptic equation (1.54) is nonlinear, but with a nonlinearity in the
lowest order term only. It admits a unique solution u € Y [56], where

0
Y:{weL%QHa?eL%m,izlnnn,w:OOnﬂb} (1.58)
The source problem consists here in estimating the source terms f and/or

g of the elliptic problem (1.54) from a measurement z in the data space
F = L*(Q) of its solution u (the observation operator M is then simply the
canonical injection from the subspace Y of H' into L?). We shall denote by

CcEY L*(Q) x L*(0Qy), closed, convex, bounded (1.59)
the set of admissible f and g, to be chosen later, and by
» e FY LA(Q), (1.60)

a (noisefree) measure of the solution u of (1.54).
Estimation of f and ¢g in C' from the measure z of v amounts to solve the
nonlinear least-squares problem

5 o 1
(f, g) minimizes ‘gp(f,g)—z‘iQ(Q) over C), (1.61)
where
¢ : (f,g) €C~uecF=L*Q) solution of (1.54) (1.62)

is the forward map, which is obviously injective. Hence one is here in the
case of identifiable parameters.

Given a sequence z, € L*(2),n = 1,2..., of noise corrupted measure-
ments of z and another sequence €, > 0 of regularization coefficients such
that

|20 — 2|120) — 0, €, — 0,

and the LMT-regularization of (1.61) is
( fn, gn) minimizes

e e
) Ty f - f0|i2(9) Ty g — gO‘i?(aQN) (1.63)

Yot g) —
5 1e(f:9 o

over (),
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We show in Sect.5.2 that (1.61) is a FC problem. This will imply, under
adequate hypothesis on the size of C, that it is also a FC/LD problem.
Hence its LMT-regularization (1.63) is Q-wellposed for large n, and ( I, gn)

will converge to the solution (f, g) of (1.61).

1.6 Example 4: 2D Elliptic Parameter
Estimation Problem

In this last example, we consider a two-dimensional linear elliptic equation:

—V-(aVu) =0 in
ou

u=0 on 00p, a o = 0 on 00y (1.64)

ou )
faﬂj a5, = Qj, uloq, = ¢; = constant, j € J,
where
e ¢ is the diffusion coefficient function to be estimated

e V. and V are the divergence and gradient operators with respect to
the space variables &1, &

e () is atwo-dimensional domain with boundary 0f2 partitioned into 0€)p,
Oy and 09,5 € J

e J is a finite set of indices

e ); € IR, j € J is the total injection (¢); > 0) or production (¢); < 0)
rate through the boundary 0€;

e the condition U|@Qj = ¢; = constant means that the solution u take
a constant, but unknown value ¢; on each boundary 0€);: the values
of ¢; will change if the intensities (); of the sources or the diffusion
coefficient a change

e 1 is the exterior normal to (2

We make the hypothesis that the Dirichlet boundary satisfies

J€)p is non empty. (1.65)
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In the context of fluid flow through porous media, the solution u of (1.64)
is the fluid pressure, d€); represents the boundary of the jth well, and @), its
injection or production rate. In two-dimensional problems as the one we are
considering here, a is the transmissivity, that is, the product of the perme-
ability of the porous medium with its thickness. It is not accessible to direct
measurements, and so it is usually estimated indirectly from the available
pressure measurements via the resolution of an inverse problem, which we
describe now.

The natural admissible parameter set is

c {a : Q~R|0<a, <a(&) <aypy a.e. on Q}, (1.66)

where a,, and a,; are given lower and upper bounds on a, Then for any
a € C, (1.64) admits a unique solution u in the state-space:

Y ={w e L*(9) | gg cL*(Q),i=1,2, wlsg, =0} (1.67)

Because of the hypothesis (1.65), we can equip Y with the norm
lwlly = [Vw|gz(), (1.68)
where
L2(9)  12(0) ¢ (), lollgrey = (01agey + [ealZae) 2. (169)

As in the one-dimensional parameter estimation problem of Sect. 1.4, we
shall consider both H' and L? observations.

The H' observation is obtained by choosing as observation space:
M :weY ~YVw €F. (1.70)

Here M is an isometry from Y to F', which means that no information is
lost in the measurement process. The NLS problem for the estimation of the
diffusion coefficient a € C from a data z € IL*(Q2) is then

1
a minimizes 5 ]Vua—ZFILQ(Q) over C, (1.71)

where
u, is the solution of the elliptic equation (1.64) . (1.72)
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The possibility of applying the sufficient condition for Q-wellposedness
of Chap.4 to the case of H! observation is studied in Sect.4.9: despite the
availability of this rich (and highly unrealistic) observation, we shall see that
there is not much hope to satisfy these sufficient conditions when a is infinite
dimensional. But when C' is replaced by the smaller set made of uniformly
Lipschitz functions defined in (4.106), still denoted by C', one can prove the
identifiability of the linearized problem, but stability and Q-wellposedness
are out of reach.

A first approach is then to use brute force, and reduce the search to
finite dimensional subsets C' to restore Q-wellposedness for (1.71): when the
dimension n of C goes to infinity, the size of C has to go to zero, as well as
the thickness of the neighborhood ¥ of the attainable set, and the stability
constant of the z ~» a inverse mapping over ¢ blows up to infinity.

A second approach is to determine which information on the parameter
cannot be retrieved from the data, and to supply this information by an
adapted regularization term. This is shown in Sect. 5.4 to restore stability
of a on C', and to provide Q-wellposedness on finite dimensional subsets C' of
C'. The size constraint on C and the stability constant of the z ~» @ inverse
mapping over 9 are now independent of the dimension of C, the only effect of
increasing this dimension being to decrease the thickness of the neighborhood
¥ of the attainable set.

The case of an L? observation is obtained by choosing as observation
space

F = L*(Q) equipped with the norm |[v[|r = [|v]|r2(), (1.73)
and as measurement operator
M:weY~w e€F. (1.74)

Here M is the canonical injection from H' into L?, which means that we
have no information on the derivatives of the solution u. The NLS problem
for the estimation of @ in C' from a data z € L*(Q) is then

1
a minimizes 5 ]ua—zﬁz(m over C, (1.75)

where u, is still given by (1.72). This case is studied in Sect.5.3 by com-
bining the above mentioned results for an H' observation with the state-
space regularization technique introduced in State-space Regularization
of Sect. 1.3.4.



Chapter 2

Computing Derivatives

We address in this chapter a practical aspect of the numerical resolution
of NLS problems, namely the computation of the gradient of the objective
function or the Jacobian of the forward map, after discretization has occurred.
This calculation has to be computed both accurately, so that the optimization
algorithm has a chance to work properly, and efficiently, in order to keep
computation time as low as possible.

When the problem at hand is infinite dimensional, we suppose that it has
been reduced first to finite dimension by choosing the following:

e A discretization of the state equation e(z,y) =0

e A discretization of the measurement operator M

e A discretization of the objective function J

e A finite dimensional parameterization of the unknown parameter x

We refer to Chap. 3 for the last point, but we do not discuss here the the
other discretizations, and we simply suppose that they are made according
to the state of the art, so that the resulting discrete objective function is a
reasonable approximation to the continuous one. We also do not discuss the
convergence of the parameter estimated with the discrete model to the one
estimated using the infinite dimensional model, and we refer for this to the
book by Banks, Kunisch, and Ito [7].

So our starting point is the finite dimensional NLS problem, which is to
be solved on the computer: the unknown parameter z is a vector of IR", the

G. Chavent, Nonlinear Least Squares for Inverse Problems: Theoretical Foundations 29
and Step-by-Step Guide for Applications, Scientific Computation,
DOI 10.1007/978-90-481-2785-6 2, (© Springer Science+Business Media B.V. 2009
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state y a vector of IR, and the output v = ¢(z) a vector of IR4. We shall dis-
cuss different techniques, such as the sensitivity function and adjoint state
approaches, for the computation of the derivatives required by local opti-
mization methods, and give on various examples a step-by-step presentation
of their implementation.

The derivatives computed in this way are called discrete: they are the
exact derivatives of the discrete objective function. For infinite dimensional
problems, they are obtained by following the first discretize then differen-
tiate rule. When the discrete equations that describe ¢ are too complicated,
one can be tempted to break the rule, and to first calculate the derivatives
on the continuous model, which is usually simpler, at least formally, and
then only to discretize the resulting equations and formula to obtain the
derivatives. The derivatives computed in this way are called discretized, and
are only approzximate derivatives of the discrete objective function. This is
discussed in Sect. 2.8 on an example.

The material of this chapter is not new, but it is seldom presented in a
detailed way, and we believe it can be useful to practitioners.

2.1 Setting the Scene

The evaluation of the objective function J(z) for a given parameter vector x
requires the computation of the forward map ¢(z). In most applications, as
we have seen in Chap. 1, this involves the resolution of one or more possibly
nonlinear equations:

given z € C' solve

e(x,y) =0 (2.1)
with respect to y in Y,

followed by
{ set p(z) = M(y), (2.2)

where M is the observation operator.

The subset C' of IR" is the convex set of admissible parameters, the variable
y € Y describes completely the state of the system under consideration, the
state-space Y is an affine space of dimension p with tangent space 0Y = IRP,
and the observation operator M describes which (usually small) part of the
state variable can actually be measured.

The use of an affine state-space will allow to incorporate into Y some of
the linear conditions that define y, as, for example, the Dirichlet boundary
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condition in a partial differential equations (Sect. 2.6), or the initial condition
in an evolutionary problem (Sect.2.9), and simplify the determination of the
adjoint state equation.

In the most frequent case where Y is a vector space, one has simply
Y =0Y = IRP.

The above decomposition of the forward map ¢ as a state equation fol-
lowed by an observation operator is not uniquely defined. For example, one
can always enlarge the state-space to vectors of the form (y,v) € Y x IR?
and consider that ¢ is obtained by the new state equation

given x € C' solve
e(ey) =0, v=DM(y) 2.3)
with respect to (y,v) in Y x IR?,

followed by
set o(x) = v. (2.4)

Equation (2.4) corresponds to the observation operator (y,v) — v, which is
now simply a (linear) selection operator.

So we will always suppose in the sequel that the decomposition (2.1) and
(2.2) has been chosen in such a way that it corresponds to some computa-
tional reality, with the state equation being the “hard part” of the model,
where most of the computational effort rests, and the observation opera-
tor being the “soft part,” given by simple and explicit formulas. We shall
also suppose that the decomposition satisfies the minimum set of hypothesis
(1.35).

Once the decomposition (2.1) and (2.2) of the forward map and the norm
||| on the data space have been chosen, one is finally faced with the nu-
merical resolution of the inverse problem:

Z  minimizes J(z) = ;”gp(x) —zH? over C. (2.5)

Among the possible methods of solution for problem (2.5), optimization
algorithms are in good place, although other possible approaches exist, as,
for example, the resolution of the associated optimality condition (see, e.g.,
[14, 52, 53]). We can pick from two large classes of optimization algorithms:

e Global algorithms [77], as simulated annealing or genetic algorithms,
perform a (clever) sampling of the parameter space. They converge to



32 CHAPTER 2. COMPUTING DERIVATIVES

the global minimum of J under quite general conditions, and are very
user-friendly as the only input they require is a code that computes
J(z). The price is the large number of function evaluation required
(easily over one hundred thousand iterations for as few as ten parame-
ters), and so the use of these algorithms tends to be limited to problems
where the product size of © by computation time of J is not too large.

e Local algorithms [13, 68] use additional information on the derivatives
of J to move from the current estimate to the next according to the local
shape of the graph of J. They converge only to the nearest stationary
point (Definition 4.0.9), but need much less iterations, which makes
them applicable to large size problems. They are also much less user-
friendly, as they require the user to provide the derivatives of J or ¢,
which requires delicate calculations and coding.

As we have seen in Sect.1.3.4, the art of regularization consists in re-
placing the original ill-posed inverse problem by a Q-wellposed regularized
problem, which can be solved by local optimization techniques (we refer to
Chap. 5 for examples of this process). Hence the final optimization problem
(2.5) is likely to be Q-wellposed, in which case local algorithms are guaran-
teed to converge to the global minimum. This is why we shall concentrate
on local algorithms, and try to make them a little more user-friendly by ad-
dressing the problem of the computation of the gradient V.J or the Jacobian
D = ¢/'(x) they require as input.

To begin with, notice that the calculation of the gradient by finite
difference

aJ  « J(@+hej)— J(z)

where e; is the jth basis vector of IR", cumulates all disadvantages: it is
computationally expensive (the number of evaluation of J required is pro-
portional to the size n of the parameter vector z), and it is not precise
(making it precise would require to adjust the size of the step h by trial and
error, for each component z;, until a compromise between truncation errors
— h too large — and rounding errors — h too small — is found, but this would
be still more computionally intensive, and is never done in practice).

We present now the two methods of choice for the computation of V.J or
D: the sensitivity functions and the adjoint approaches.

(2.6)
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2.2 The Sensitivity Functions Approach

In this approach, the Jacobian or sensitivity matriz D of the forward map
¢ at x is computed column by column. The jth column s; of D gives the
sensitivity of the model output to the parameter z;, and it is called the jth
output sensitivity function. Derivation of the state equation (2.1) with respect
to x; gives

;;j (x,y) + g;(x, y>§xyj =0, j=1...n. (2.7)
The vectors dy/0x; € Y = IRP represent here the sensitivity of the state
y to each parameter x;, and they are called the state sensitivity functions.
They are obtained by solving the n linearized state equation (2.7). They can
then be combined with the derivative of the observation operator M'(z) to
compute the n output sensitivity functions s;:

dy

sj = M'(y) oz,

j=1...n. (2.8)

With the Jacobian D = [sy ss ... s,] computed, the gradient of J is imme-
diately given by:
VJ = D"(p(z) — 2). (2.9)

This approach is the most widely used, as it involves only the natural task of
derivating the chain of equations and formula that define the forward map .
With the chosen “state-space” decomposition of ¢, the computational cost
resides in the resolution of the n linear systems (2.7). Hence the sensitivity
function approach allows to compute both V.J and D = ¢/(z) at an additional
cost proportional to the number n of parameters.

2.3 The Adjoint Approach

The adjoint approach provides an efficient way to compute the gradient with
respect to x of G(x,¢(x)):

— For any scalar valued differentiable function G(x, v), which is an ezplicit
function of its arguments x and v

— For any mapping ¢(x) given by a state-space decomposition of the form
(2.1) and (2.2)



34 CHAPTER 2. COMPUTING DERIVATIVES

We shall use the shorthand notation VG for this gradient. Depending on the
derivative one wants to compute, different choices are possible for G(x,v):

e If one chooses

G(z,v) = ;HU —z||% (independant of v !), (2.10)
then
G(z,p(x)) = J(x) Vrel, (2.11)
so that
VG =VJ,

and the adjoint approach computes the gradient of J.

e If one chooses

G(z,v) = (v,e)r, (2.12)

where e; is the ith basis vector of IR?, and F = IR™ and F = IR? are
equipped with usual Euclidian scalar products, then

G(z,0(x)) = (p(x),e5)p VreC,

so that

VG = ¢'(z)te; = DVe; =1},
where 7; is the ith row of D = ¢/(z). In that case, the adjoint approach
computes the Jacobian D of ¢ row by row.

e [f given a vector g, € IR?, one chooses
G(z,v) = (v, gu)F, (2.13)

where now F = IR" and F' = IR? are equipped with scalar products
(Ve and (,)p, then similarly G(x, ¢(x)) = (p(z), gu)F, and

VG = g, € R", where g, = ¢/(z)"g, = D", (2.14)

where gradient and transposition are relative to the chosen scalar prod-
ucts on £ and F'. Hence the adjoint approach will compute the result g,
of the action of the transposed Jacobian DT on any vector g, without
having to assemble the whole matrix D, transpose it, and perform the
matrix x vector product DTg,.
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Remark 2.3.1 Because of formula (2.9), the choice (2.13) for G with g, =
o(x) — z leads to the computation of VJ, as did the choice (2.10). But both
choices will produce the same final formula for V.J.

Remark 2.3.2 The adjoint approach with the choice (2.13) for G is used
when it comes to change parameters in an optimization problem: the gradient
of J with respect to the optimization parameter vector Top s given by

vitopt‘] = ,lvb,(xopt)Tv J, (215)

where Zsim 15 the simulation parameter vector, and v is the Topy ~> Tsim Mmap-
ping (see Sect. 3.3). An example of such a calculation is given in Sect. 3.8.2.

We explain now how the adjoint approach computes VG once a state-
space decomposition (1.33) and (1.34) of ¢ has been chosen: knowing that
G is obtained by (1) solving for y the (possibly nonlinear) direct equation
e(z,y) = 0 and (2) evaluating the ezplicit real-valued function G(x, M(y)),
we want to show that the vector VG can always be obtained by (1) solving
for A a (linear) adjoint equation and (2) evaluating VG from z, y, and A by
simple explicit gradient formulas.

We remark for that purpose that minimizing G(x, M(y,)) with respect to
x amounts to minimize G(z, M (y)) with respect to (z, y) under the constraint
that e(x,y) = 0. This suggest to consider the Lagrangian function associated
to this constrained optimization problem:

L(x,y,\) =Gz, M(y)) + {e(z,y),\)z, (2.16)

where the Lagrange multiplier A € Z = IRP is called the adjoint variable of y.

The interest of this Lagrangian function is that it provides a convenient
way to calculate V(G; we state the corresponding theorem in an abstract
framework, with F, Y, Z, F instead of IR", IR?, IRP, IR?, as this will occasion-
ally allow us to use it for infinite dimensional problems:

Proposition 2.3.3 Let (1.33) and (1.34) be a state-space decomposition for
@ satisfying (1.12) and (1.35), let (x,v) € E x F ~» G(z,v) € IR be a given
real-valued differentiable function, and L(x,y, \) be the associated Lagrangian

defined by (2.16).
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Then x € C ~ G(x,¢(x)) € IR is differentiable, and its gradient VG is
given by the gradient equation:

(VG,0x)p = aﬁ(w,y, Nox Vor € E, (2.17)
where
x y €Y is the solution of the (direct) state equation
e(r,y) =0, (2.18)
x A € F is the solution of the adjoint state equation
85 (x,y,\)oy =0 Wiy € Y. (2.19)

In this context, y is called the (direct) state, and A the adjoint state.

Proof. Because of the third hypothesis in (1.35), the solution y, of the state
equation (1.33) is uniquely defined for any « € C'. For this value y = y, of the
state, one has M(y,) = ¢(z) and e(x,y,) = 0, so that the definition (2.16)
of the Lagrangian reduces to

L(x,ys, \) = G(z,p(x)) VrelC VYA€ Z. (2.20)

But G and M are by hypothesis differentiable functions, and the implicit

function theorem implies, using hypothesis (1.35), the differentiability of  ~~

Y. This proves the differentiability of x € C' ~» G(z, M(y.)) = G(z, p(z)) €
IR. So we can differentiate (2.20) with respect to z for a fixed A:

oL oL

which reduces to the gradient equation (2.17) as soon as A is a solution of
the adjoint equation (2.19). So the theorem will be proved if we check that
the adjoint equation (2.19) defines uniquely A. Using the Definition (2.16)
of the Lagrangian, the adjoint equation becomes (v = M (y)):

(V. Gz, v), 60} + <gZ(x y)éy,)\> o,
(Vo G(z,v), M'(y)oy) e + < (2, )0y, A >
(M'(y)9, G, 0), )+ <ay, (&, TA> 0

Y

M'(y)"V,G(z,v) + ay(a: )TN =0. (2.21)
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Hypothesis (1.35) ensures that de/dy(z,y) is an isomorphism from Y to Z,
so that A is uniquely defined by (2.21).

We return now to the finite dimensional case where £ = IR", §Y =
Z = IRP, and F' = IR?. The computational cost in the adjoint approach is
in the resolution of the adjoint equation, the gradient being then obtained
by simple explicit formulas. Hence we see that the adjoint approach allows
to compute V.J (or any row r; of D = ¢/(x)) at the sole additional cost
of the resolution of the adjoint equation, independently of the number n of
parameters. This makes the resolution of problems with a very large number
of parameters possible by using gradient-based optimization algorithms. As
for the computation of the Jacobian D = (), it is made in the adjoint
approach row-by-row, and so its cost is proportional to the number ¢ of
observations, but independent of the number n of parameters. This feature
is extremely useful when it comes to determine the number of independant
parameters that can be retrieved for a given combination of model and data
(Sect. 3.2).

The above costs have been estimated under the assumption that storing
the direct state y is possible, and that the corresponding cost is negligible.
This is not always true, especially for large-size time-dependent problems, in
which case the adjoint approach may require to compromise between storing
and recomputing the direct state (see Grievank [40] for an optimal strategy).

Remark 2.3.4 We have made explicit in (2.21) the variational formulation
(2.19) for the adjoint equation. One could as well explicit the variational
formula (2.17) for VG using the Definition (2.16) of the Lagrangian:

Oe

= M
VG = V.Gla, M(y) +

(z,9)"\. (2.22)
It is, however, not advisable to use formulas (2.21) and (2.22) in practice,
as they require to write down the matrices gz (z,y) and 5¢(x,y), which can
be very large. Moreover, matrix transposition requires some thinking when it
1s made with respect to weighted scalar products.

Despite their abstract appearance, the variational formulations (2.17)
(2.19) of the adjoint and gradient equations, which are based on the ex-
plicit Lagrangian function (2.16), are the most convenient to use in the
applications.
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2.4 Implementation of the Adjoint Approach

We give in this section a step-by-step presentation of the calculations required
for the determination of the adjoint equations and the gradient formula prior
to coding. These calculations are delicate, tedious, and error prone, and lot of
effort is currently developing in the automatic differentiation community to
develop the applicability of the “reverse mode” of automatic differentiation
codes, which generates automatically the code for the adjoint equation when
given the code for the forward map [41, 40]. A less ambitious approach toward
automatization is that of [32], where the state equation (not the code!) is the
input to a formal calculus code, whose output is made of the formula for the
adjoint and gradient equations, which have then to be coded. As of today,
these automated approaches work only on relatively simple problems, and
most of the adjoint equations have to be established by hand. In any case, it
is recommended to check that the gradient computed by the adjoint approach
coincides, up to a large number of digits, with the one computed carefully
by finite difference, or by automatic differentiation on a small size problem
[61]. Here is one possible organization of the adjoint calculations:

Step 0: Forward Map and Objective Function
[dentify

e The map p:x € (R", (, )g) ~v e (R, (, )r) to be inverted
e The objective function G(x,v) whose gradient is to be computed

The choice of G will depend on the derivative one wants to compute, see
(2.10), (2.12), and (2.13) for examples. It is also necessary to specify the scalar
products on IR™ and IR? to make gradient and transposition well defined:

e The parameter space £ = IR"™ is equipped with the Euclidean scalar
product. If needed, the gradient with respect to calibrated parameters
(Sect. 3.1.1 in next chapter) follows immediately by the chain rule.

e The scalar product ( , )r on the data space F' = IR? determines the
norm ||-||7 used to compare the model output () to the data z, and
to build up the data misfit objective function J. This norm can take
into account the uncertainty on each component of the observation,
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as in formula (1.8) in the Knott—Zoeppritz example of Sect.1.1. For
infinite dimensional problems where J involves an integral over space
and/or time, as in (1.61), (1.71), and (1.75), the norm ||- || is usually
chosen so that the discrete objective function is an approximation of
the continuous one (see also Sect. 3.1.2 in next chapter).

Step 1: State-Space Decomposition

Dispatch the equations defining ¢ between an affine state-space Y of dimen-
sion p, a set of p state equation e(z,y) = 0, and an observation operator
M (y). One may have to choose among different equivalent formulations of
the state equation: for example, y—1/x = 0 and zy—1 = 0 are two equivalent
state equations, and one has to decide which one to call e(z,y) = 0 and enter
in Definition 2.25 of the Lagrangian. To get the simplest calculations, and
usually the most efficient code, a good rule is to choose the formulation that
is the easiest to differentiate (the second one in our example). As a result,
the ¢ : x ~» v mapping is given by

r € R" ~» y €Y solution of e(z,y) =0, (2.23)
yeY ~ v=DM(y) € R, (2.24)

where M is explicit and the computational effort is in the resolution of
e(x,y) =0.

It is important to check that there are as many equations as unknowns:
the number of equations e(z, y) = 0 should be equal to the dimension p of the
state-space Y, that is, to the dimension of its tangent vector space 0Y = IRP.

Step 2: Lagrangian

Combine the objective function G(z,v) chosen in step 0 and the decomposi-
tion e(z,y) =0, v = M(y) of ¢ chosen in step 2 to build up the Lagrangian:

L(x,y,\) =Gz, M(y)) + {e(z,y),\)z, (2.25)

for any z € IR", y € Y, and A € IR”.

The only thing left to choose in the above formula is the scalar product
(, )z on the right-hand side space of the state equation. When the equation
e(x,y) = 0 comes from the discretization of a continuous problem, this degree
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of freedom can be used to make the (e(x,y), \)z term in (2.25) to mimic the
corresponding term of the continuous Lagrangian. This will allow to interpret
the vector A\ as a discretization of the continuous adjoint variable.

A wuseful check is the following:

e Write down explicitly what the parameter vector z, the state vector v,
the state-space Y, and its tangent space oY are in the problem under
consideration

e Make sure that the Lagrangian £ is an explicit function of its argu-
ments: all quantities other than x, y, and A appearing in the right-hand
side of (2.25) should be known.

From this point on, there is no more decision to make all calculations follow
from the formula (2.25) for the Lagrangian and the scalar product (,)g on
the parameter space chosen in step 0.

Step 3: Adjoint Equation

Differentiate the Lagrangian (2.25) at point z, y,, A, with respect to the state
y € Y (so that dy € Y = IRP) in order to obtain the “variational form”
(2.19) of the adjoint equation, and reorganize the result by factorizing dy;
forall j=1...p:

oL

p
ay(x,yx,A)CSy:Zhj(ﬂ?,yx,)\)5%‘ Voy;€ R, j=1...p. (2.26)

Jj=1

This reorganization is the most delicate and tedious part. Once it is done,
the “computational form” of the adjoint equations for A € IRP are obtained
by equating to zero the coefficients of dy; in (2.26):

hi(z,y,,A\) =0 Vji=1...p. (2.27)
We call A\, the solution of the above adjoint equation.

Step 4: Gradient Equation

Differentiate the Lagrangian (2.25), at point z,y,, A\, with respect to its
first argument = € IR", and reorganize the result by factorizing dx in the
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parameter scalar product ( , )g in order to obtain the “variational form”
(2.17) of the gradient equation, which we recall here:

VG, )y = OF

9 (%, Yz, Az) O Vox € IR". (2.28)

When [R" is equipped with the usual Euclidean scalar product, the 7th com-

ponent of VG is simply the coefficient of dx; in gﬁ (T, Yu, Az) 0.

2.5 Example 1: The Adjoint Knott—Zoeppritz
Equations

We compute here the derivatives of the forward map ¢ : z ~» v described in
Sect. 1.1: the parameter vector x € IR* is made of the dimensionless contrast
and background coefficients (e,, ep, eg, x) across the elastic interface, and

the output vector v € IR? is made of the g reflection coefficients Ry, ..., R,
computed by the sequence of formula (1.2) for ¢ different incidence angles
0r,...,0, .

We illustrate on this simple example the step-by-step adjoint approach of
Sect. 2.3.

Step 0: Forward Map and Objective Function

Because of the independence of the calculations performed for each incidence
angle, we only need to compute the derivative of the forward map ¢ : x =
(e,,ep,es,X) € R* ~~ v =R € IR for one given incidence angle 0.

Hence the forward map here is ¢ : x ~ R, and the objective function is
G(z,R) = R.

We equip both parameter space IR* and output space IR with the usual
Euclidean scalar products, so that the Jacobian ' of ¢ and its gradient Vi
are transposed matrices for the chosen scalar products.

Step 1: State-Space Decomposition

We use here the decomposition suggested in Sect. 1.1:

y = (e, f,51,5, ... ,P,Q,R) € IR” (state vector), (2.29)
M = [0...01] (observation operator), (2.30)
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which has to be complemented by the state equation e(z, y) = 0. This requires
to rewrite the formula (1.2) in the form of a sequence of equations. If we want
to avoid the need to differentiate square roots or quotients, we can choose
for e(z,y) = 0:

(e—es—e,=0

f=1+e =0
Sl (1+6p)20
(1—613):0
(1—eS)T1—2:O
(1—|—63)T2—2:O
q®> — S;sin®0 =0

M12—|—q2—5'1:0 (Mlzo)

M3+ q¢*— Sy =0 (My > 0)

N12+q2—T1:0 (N, >0) (2.31)
Ni+¢-T,=0 (Ny >0)

D—e?=0

A—e,+D =0

K-D+A=0

B-1+4K=0

C—1-K=0

P — M, (B%N, + fNy) — 4eDM;MyN N, = 0

Q — My(C?Ny + fNy) — 4q2 A% =0

(| (P+Q)R—(P—-Q)=0.

When the chosen equations have more than one solution, the condition in

parenthesis indicate which one is to be chosen. As expected, there are 19
equations for 19 state unknowns.

Step 2: Lagrangian

With the objective function G of step 0 and the state-space decomposition
of step 1, the Lagrangian reads
L(x,y,A\) = (2.32)
R +X\ (
+A (f—1+¢€)
+A3 (
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+\4
+As5
+X6
+A7
+As
+Ag
+A10
+A1
+A12
+A13
+ A4
+Ai5
+Aig
+A17
+Aig
+A19
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B2N, + fNy) — 4eDM; My Ny No)

(
Q — My(C*Ny + fNy) — 4¢° A?)

(S2 = x(1 —ep))
(1 —eg)T1 —2)
(14 e5)Ty — 2)
(¢* — Sy sin 0)
(M} +¢* — Sy)
(M3 + ¢* — Sy)
(N? +¢* —Th)
(N3 +¢* —Ty)
(D —eq?)
(A—c,+D)
(K —D+ A)
(B-1+K)
(C—-1-K)
(P — M,

(

(

(P+ Q)R —(P-Q)).

At this point, it is useful to summarize the arguments of the Lagrangian
and the spaces where they belong:

Tr =

y =
)\ =

(€p7eP)eS7X) € R4
(e7f7 Sla SQa o
()\1, RN )\19) € RY

and to check the following:
— The direct and adjoint state vectors have the same dimension
— The vectors x, y, and A contain all the information necessary to compute
the Lagrangian £ as an explicit function (here the only quantity that appears
in the right-hand side of (2.32) and is not in the arguments of £ is the
incidence angle #, which is known).

. ,P,Q,R) € R"

(parameter), (2.33)
(direct state),(2.34)

(adjoint state), (2.35)
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Step 3: Adjoint Equation

The variational form (2.19) of the adjoint equation is obtained by differenti-
ating the 20 terms of the Lagrangian (2.32) with respect to the state variables
only, and equating the result to zero:

oL

OR+ A\ de
+ A Of
+ A3 05
+ Ay 059
+ A5 (1 —eg)0Ty
+ X6 (1 +eg)dT5
+ A7 (6(¢%) — 65 sin?0)
+ Xs (2My M, + 6(q?) — 65y)
+ Xo (2My 6My + 6(¢%) — 055)
+ Ao (2N, 0N, +6(¢%) — 6Ty)
+ A1 (2N2 0N, + 6(q?) — 0T3)
+ iz (6D —deq? —ed(q))
+ A3 (6A+6D)
+ My (0K — 6D 4 64)
+ A5 (6B + 5[()
+ Mg (6C —0K)
+ M\ir (6P — 5M1(BQN1 + fNy)
—~M,(2BSB Ny + B*0N, + 0f Ny + f 6No)
—46e DM, My NNy — 4e5D M, MyNy Ny
—4eDS My MyNy{Ny — 4eD M5 My Ny N
—4eDM; MySNy Ny — 4e DMy My N15Ny)
+ Aig (6Q — My (C* Ny + fNy)
—M5(2C 6C' Ny + C? Ny +6f Ny + fONy)
—40(q*) A — 8¢°ASA)
+ g (0P+6Q)R+ (P+Q)0R—6P+0Q) =0
Yoy = (8e,df,85,,0Ss, ... ,0P,06Q,0R) € IR™.
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The computational form of the adjoint equations is obtained by equating to
zero the coefficient of de, d f,S51,5s, ... ,0P,6Q,0R in (2.36):

(

\

O O OO OO OO OO OO OO0 oo o

AL — q2 A2 — 4D My M;NyNoy A7

Ay — M Ny A7 — MyNy Aig

Az — As

A — A

(1 —es) As — Ao

(]_ + 65) /\6 — )\11

)\7+)\8 +)\9+>\10 —|—>\11 — 6)\12 _4142)\18

2M1 >\8 — 4€DM2N1NQ )\17 — (B2N1 + sz) )\17
QMQ )\9 — 46DM1N1N2 /\17 — (O2N2 + le) )\18
2N1 )\10 — M1B2 )\17 — 46DM1M2N2 )\17 — Mgf /\18 (237)
2Ny Ay — My f M7 — 4e DMy My Ny A7 — M202 A8
A2 + Az — Ay — de My Mo Ny Ny Az

Az — Aig — 8q2A A1g

Aa+ Ais — Aig

A5 — 2M BNy Ay

Mg — 2M>C Ny Mg

)\17 — (1 — R) )\19

)\18 + (1 + R) )\19

(P+ Q) Mg + 1.

Equations in (2.37) are the adjoint Knott—Zoeppritz equations. They are
solved easily backwards, computing first g, then g, etc....

Step 4: Gradient Equation

Differentiation of the Lagrangian (2.32) with respect to its first argument
T = (6p7€P7657X> giVGS

oL
= 2.
PCRZRY (2.38)
-1 (des + de,)
+Xo 2e,de,

=3 (0x (1 +ep)+ xdep)
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Ay (Ox (1 —ep)— xdep)

—)\5 (SGS T1
+)\6 565 T2
—>\13 5€p.

The gradient equation (2.28) gives then the vector VG = VR:

OR OR OR OR oL
o ) ) ox = 2 Az) 0 (2.39
de, 6p+86p €P+8es €S+8X X 8a:<x’y ) 0w (2:39)
Vox € IR".
. OR . . :
Comparing (2.38) and (2.39), we see that is the coefficient of de, in
€p

(2.38), etc..., which gives
OR

8€p = —)\1 + 2)\26,0 — )\13 (240)
OR

= i — A 2.41

Do X(As = As) (2.41)

or = —>\1 — /\5 T1 + /\6 TQ (242)
365
OR

aX = —)\3(1 + ep) — )\4(1 — 6p) (243)

Remark 2.5.1 We are here in the favorable situation where the forward map
@ is the juxtaposition of q independent “component” maps Un, ..., 1Y, So if
we value to 1 the computational cost of ¢, the cost of each ;i =1,...,q, is
1/q. Then each row r; of D = ¢'(x) can be computed as earlier as V! at
the cost of 1/q (one adjoint equation for 1);), so that the whole Jacobian D
can be evaluated at an additional cost of 1, that is, at the same cost as the
gradient VJ in the general case.

2.6 Examples 3 and 4: Discrete Adjoint
Equations

The examples 3 and 4 of Sects. 1.5 and 1.6 are similar from the point of view
of differentiation. So we consider here one problem that contains them both:
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—V-(aVu) + k(u) = f in Q,

u = u. onapart 0Qp of 0, (2.44)

a@u = g on 0y = 00\ Ip,

v

where (2 is a domain of IR? with boundary 99, 9Qp, and OQy form a partition
of 02, and v is the outer normal to 2. We suppose that k, f, g, and 2 satisfy
hypothesis (1.55)—(1.57), that u, is in H/2(0Qp), and that a belongs to the
admissible parameter set C' defined in (1.66). Under these hypotheses, the
state equation (2.44) (as well as its variational formulation (2.47) below)
admits a unique solution v € H'(€), and so we can consider the following
observations:

Z € IL*) measure of Vu in €,
z € L*Q) measure of u  in €, (2.45)
zy € L*00Qx) measure of u  on Oy,

which correspond to the observation operator:
M :ue HY Q) ~ (Vu, u,up,, ) € L2(Q) x L2H(Q) x L*(99x)

and the objective function
Ko frgu)= [ 12 =FulP+ [l =P+ [ o —uln, . (240
Q Q o0N

Though it is probably not realistic from a practical point of view to estimate
simultaneously a, k, f, g, and u. by minimization of J, the above formulation
is convenient as it will allow for the simultaneous determination of the partial
derivatives of J with respect to its five arguments by the adjoint approach.

To compute a discrete gradient, as explained in the introduction of this
chapter, we follow the rule first discretize, then differentiate: we first reduce
the problem to finite dimension, and only then apply the adjoint state ap-
proach to compute the gradient.

2.6.1 Discretization Step 1: Choice of a Discretized
Forward Map
We choose for this example a standard finite element approximations of the

state equation (2.44), which we describe now. It is based on the variational
formulation of (2.44):
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find uw € H'(Q) with u,, = u. such that

JoaVuVw + [ k(ww = [, fw+ [, guw (2.47)
for all w € H'(Q) with w,, =0,

and consists in choosing a finite dimensional subspace W}, of H'(2), where
the approximated solution u;, and the test function wj, will reside, quadra-
ture formula to approximate the integrals which appear in (2.47), and finite
dimensional approximations of the parameters a, k, f, g, and u,.

1. The space W;,. We suppose that € is a polyhedron of IR?, and we cover
2 by a triangulation 7}, that is, a family of nondegenerated triangles K
called elements, whose union is {2, and such that two distinct elements
of 7}, are either disjoints, or share only an edge or a vertex. 7}, is called
the simulation mesh. The index h refers to the size of the elements
of 7y:

h = max diam(K),
KeT,

but it will more generally be used to indicate the discretized quantity
associated to a continuous one. The triangulation 7}, is chosen adapted
to the boundary conditions, that is, such that 02p and 0y are made
of edges of elements of 7;,. We denote by €2, the set of nodes of 7}, that
is, the collection of all vertices M of the elements K.

We choose for W), the lowest order Lagrange finite element space:

Wy, = {wh S C(Q) | w|K € P }, (248)

where C(2) is the space of continuous functions over the closure 2 of
), and P, is the space of polynomials of degree one in two variables.
The degrees of freedom of W), are the values u,; of uy, at the nodes €,
of Tj,:

Up = (UM elR, M e Qh) (249)

They are linked to the function u; by

up(x) = Z uprwp () Vo e, (2.50)

MeQy,
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where the basis functions w,,; are defined by

0 if P£M

i p oy VM.PEQ (2.51)

Wy € Wh, IUM<P) = {

The dimension of W), is the number N}, of nodes in €2,. So we have to
find N}, (nonlinear) equations to determine wuy,.

2. The quadrature formula. We use the “trapezoidal rule” to approximate
the integral of a regular function over an element K or one edge A of
7,,. If we denote by a;,7 = 1,2, 3, the vertices of K and by a;,7 = 1,2,
the endpoints of an edge A, we obtain, for any function v continuous

|K| 53 A
]K(¢) 3 Zi:l w(a%)? (252)

on K,

Iic¥ |A] 2

fA (8 Ia(y) = 2 >icr Y(@).
The integrals over €2 and 9y are then approximated by

{fglﬂ Io(¥) = Y ger In(¥lK),
faQN¢ IaQNW’) = ZAeaQNIA(wlA)y

& &

(2.53)

Q&

where 1) is any function on €2 whose restriction to the interior K of an

element K of 7;, is continuous on [O( , and has a limit on the edges and
vertices of K. Hence the restrictions 9|k to K and ¥|4 to a boundary
edge A are well defined at the vertices of K and the endpoints of A.
This ensures that Ix(¢|x) and Iya, () in the right-hand sides of the
Definition (2.53) make sense.

We shall use in the sequel the quadrature formula (2.53) for functions
1, which are either continuous on €2 or are piecewise constant on 7j,.

3. The discretized parameters. We have to choose the finite dimensional
inputs corresponding to a, k, f, g, and u.. Because the computational
cost in the adjoint approach is independent of the number of parame-
ters, one computes the gradient with respect to the simulation param-
eters, which correspond to the most comprehensive discretization of
the parameters compatible with the chosen approximation of the state
equation (see Sect. 3.3 in the next chapter). Their number exceeds usu-
ally by far the number of parameters that could actually be identified
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without further regularization. So the optimization has to be performed
with respect to a (usually smaller) number of optimization parameters.
The choice of these optimization parameters is addressed in the Chap. 3
on parameterization, and the calculation of the gradient with respect
to the optimization parameters from the gradient with respect to the
simulation parameters is discussed in Sects. 3.3 and 3.8.2.

We describe now a possible choice of simulation parameters approxi-
mating a, k, f, g, ue.

In the variational formulation (2.47), a is the coefficient of VuVw in
an integral over 2. As v and w are approximated in the space W)}, of
functions which are piecewise linear on 7, their gradients are constant
vector fields on each element K, so that any variation of a inside an
element K is not going to be seen, only its mean value over K plays
a role. This suggests to choose for a; a piecewise constant parameter
on 7p:

ap, =(ax € R, K €Ty,). (2.54)

The nonlinearity u ~» k(u) can be approximated by a function kj,
depending on a finite number n;, of coefficients: polynomial, continuous
piecewise linear function, closed form formula, etc.

The right-hand side f can be approximated by a function f;,, which is
either piecewise constant on the triangles of 7, or piecewise linear in
the same space W}, as uy,. We choose the second solution, which leads
to slightly simpler formulas. The degrees of freedom of f, are then its
values on the nodes M of €),:

fo="(fu € R, M € Q). (2.55)

Similarly, the right-hand side g on the boundary 0y can be approxi-
mated by a function g, which is either piecewise constant on the edges
A of 0€lx, or continuous on d€)y and linear on each of its edge A. We
choose the second solution, so the degrees of freedom of g, are its values
on the subset 0y 5 of nodes M of €, which are located on 02y (we
do not include in §2;, the endpoints of 02y, when they exist, as it will
turn out that the value of g, at such points has no influence on the
solution):

gn=(gu € R, M € 0xp). (2.56)
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There is no choice for the discretization u, p, of u.: if one wants to satisfy
exactly the boundary condition uj, = u. ) on d€yp, then w.j is neces-
sarily in the trace of W) on 0Qp, that is, in the space of continuous
functions on 0€2p, which are linear over each edge A of 0Q2p. The de-
grees of freedom of w, j, are then its values on the subset 0Qp j, of nodes
M of Qy,, which are located on 9€)p, including the endpoints of 0€2p
when they exist:

Ue ph = ( Ue, M € R, M e 8QD,h). (257)

The sets of node €y, and 0€2p ;, form a partition of the subset 0€2, of €2,
made of nodes located on the boundary 9€2. All the terms in the variational
formulation (2.47) have now a finite dimensional counterpart, and so we can
define the finite dimensional variational formulation:

find uy, € W), with Uh|po = Ueh such that

Ig(ahVuthh)—|—Ig(kh(uh)wh) = [Q(fhwh)+[aQN(ghwh) (258)
for all w, € W}, with Whyg, = 0.

As the node of the quadrature formulas I and Ipq, coincide with the nodes
M € Qy, of the degrees of freedom of uy, it is a simple matter to deduce from
the above equation, where u, € W), is still a function, a system of nonlinear
equations for the vector of degrees of freedom wuy; € Q-

Upr = Ue,M VM - 8QD,h,
ZPGQh\aQD’h AM,P up + oy k‘h(UM) = - ZPGaQD’h AM,P Ue, P
+anr fur (2.59)
(+806M qm lf M c GQNyh),
VM € 4\ 1.

where

AM,P = _[Q(Clh VUJMVU)P) VM, P e Qh\aQD,ha (260)

and where ay; and dayy are geometric coefficients related to the triangula-
tion 7p: . .
ay = Y IKl, o = ) > AL (2.61)
KeT,,K>M ACOQN,ASM

The nonlinear state equations (2.59) have to be solved on the computer by
some iterative algorithm. However, one does not consider this algorithm as
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being a part of the process to be differentiated: the vector u;, produced by the
code is considered to be the unique solution of equation (2.59). Of course, this
is acceptable if the algorithm has been run up to a satisfactory convergence.

At this point, the “parameter-to-state” map ap, kn, fn, gn, Uen ~> up iS
perfectly defined from a computational point of view.

2.6.2 Discretization Step 2: Choice of a Discretized
Objective Function

We choose here an approximation .J, to the continuous objective function J
defined in (2.46). Using the approximation of u and the approximation of the
integrals over €2 and 0€2y of the previous section, it is natural to define J, by

Jh(ahykh;fhaghaue,h) = [Q(HZh—VUth)
—|— ]Q<|Zh — Uh|2) (262)
+ Toon(J2nn — Unjpa, 1),

where the data Z = (Zy, zp,, 2y 1) satisty the following:
e 7, is a piecewise constant vector field on 7},
e 2, is a function of W, that is, continuous piecewise linear on {2
® 2y is a continuous piecewise linear function on €y

The corresponding degrees of freedom are

Zn =(Zxk e R?, KeT,) (measure of Vu),
2 =(zm e R, MeQy,) (measure of u), (2.63)
ann = (enpm € R, M € 0Qx ) (measure of u on 0fy).

The discretization of the continuous problem is now completed, and so we can
move to the determination of the gradient of the discrete objective function
Jp, with respect to all its arguments by the adjoint approach.

2.6.3 Derivation Step 0: Forward Map and Objective
Function

Our objective is to compute the partial derivatives of J, with respect to the

n = Card7;, + ny, + Card();, + Cardof};,
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degrees of freedom of the parameter vector x = (an, kn, fn, gn, Uep), SO We
equip the parameter space ' = IR" with the usual Euclidean scalar product.

The discrete objective function (2.62) is of the form (2.11), with a forward
map ¢y, and an objective function G, given by:

en & = (an, ki, fo, Ghs Uen) ~> 0 = (Vi up, Upjyg ), (2.64)
where uy, is solution of (2.58), and:
Gu(z,v) = Io(|lZn— Vil?)
+ [Q(’Zh — ’Uh‘2) (265)

+ Ipay(lznn — vnnl?),

where v = (Vj, v, vy ) is in the data space defined by (2.63). This data space
is equipped with the scalar product associated to the norm in the right-hand
side of (2.65). As required, G}, is an explicit function of x and v (it even does
not depend on z !), and G,(x, ¢, (z)) coincides with Jy(x).

2.6.4 Derivation Step 1: State-Space Decomposition

We have to now dispatch (2.58) defining wy, into a possibly affine state-space
Y and a set of state equations e(x,u;) = 0, which defines u;, € Y. There
are two options here, depending on whether or not we include the Dirichlet
boundary condition in the state-space Y:

Option 1: Y does not include the boundary condition. We consider
here the vector state-space:

Y =40Y =W,.

The state equations e(z,y) = 0 which determine y = u, € Y are then
(see (2.58))

uh|aQD = Ue,h, (266)
Ig(ahVuthh)—i—IQ(kh(uh)wh) = [Q(fhwh)+[aQN(ghwh) (267)
Ywy, € Wy, s.t. wh|39D =0,
which, together with the observation operator
M - Up ~ (Vuh, Up,, uh|aQN), (268)

defines the forward map ¢, chosen in (2.64).
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Option 2: Y includes the boundary condition. This option is avail-
able when one does not need to compute the gradient of J, with
respect to the Dirichlet data u.j. So we eliminate u.j from the pa-
rameter vector

xr = (ah> kh> fh7 gh)7

and introduce it in an affine state-space

Y ={wn € Wi | Wh,q = ten},
whose tangent vector space is

oY ={w, € Wy, | Whipg, = 0},

which happens now to coincide with the space of test functions of the
variational formulation for wy. The state equation e(z,y) = 0 which
determine y = wuy, € Y is then (compare with (2.66) and (2.67))

IQ(ahVuthh)—I—IQ(k:h(uh)wh) = ]Q(fhwh) (269)
+loay (grwr)  Ywy, € 6Y,

which, together with the same observation operator M as in (2.68),
defines the forward map ¢, chosen in (2.64).

2.6.5 Derivation Step 2: Lagrangian

We take advantage here of the fact that the state equation e(x,y) = 0 is
partly or totally under variational form: the Lagrange multiplier associated
with a variational equation can always be chosen in the space of the test
functions of the variational formulation, in which case the corresponding
term (e(x,y), A\)z of the Lagrangian is immediately obtained by replacing
the test function by the Lagrange multiplier .

Option 1: In this case, the state is
up, €Y =W,

and there are two Lagrange multipliers:
— Ap associated with the Dirichlet boundary condition (2.66), which
specifies the value of u;, at each node M € 0Qp ;. So we chose

)\D,h - ( )\D,M G R, M G 89]}&),
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and we define the scalar product between Apj, and u. , — up|oq, via a
quadrature formula Iyq, defined in the same way as [yq, as in (2.53).

— A\, associated with the variational formulation (2.67), which one can
simply take in the space of the test functions

Ay € {wh e W, ’ wh|aQD = 0} (270)

With the objective function Gy, of (2.65) and the state equations (2.66)
and (2.67), the Lagrangian for the first option is then

L(an, khs fr, Ghs Ue,n; Ui AD s An) = (2.71)
Ia([1Zn — Vunl?) + La(l2n — unl®) + Toax (|2nn — unl?)
+1oap ((Uen — up)AD1)
+Ig(ahVuh . V)\h) + [Q(kh(uh))\h) — Ig(fh)\h) — I@QN (gh)\h)-
By construction, the dimension of the vector Apj, A is equal to the

number of equations in (2.66) and (2.67), and £ is an explicit function
of all its arguments, as one can check on (2.71).

Option 2: The state satisfies now

up, €Y = {wh e Wy ‘ wmmD = u€7h},

and there is only one Lagrange multiplier )\, associated with the vari-
ational state equation (2.69), which lives in its test function space

Ap € oY = {wh e W | wh|aQD = 0},

which is the same space as in (2.70). The Lagrangian for the second
option uses the same function G}, as option 1, and the single state
equation (2.69)

‘C(&hvkhvfhagh;uh;)\h> - (272)
Io(|Zn — Vun||?) + Io(|zn — unl?) + Toay (J2v0 — unl®)
—|—IQ(ahVuh . V)\h) + IQ(kh(Uh))\h) — IQ(fh/\h) — IagN (gh)\h)

The introduction of the boundary condition in the state-space leads
hence to a Lagrangian function with fewer arguments and fewer terms,
so that the adjoint state determination will be slightly simpler, but the
price to pay is that this approach will not give the gradient with respect
to the boundary condition . .
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2.6.6 Derivation Step 3: Adjoint Equation

Option 1: The equation for A\, € {w, € W}, | wplaq, = 0} is obtained by
equating to zero the differential of (2.71) with respect to uy:

oL

5 (ans kn, fry Ghs e s Uns ADohy An) = (2.73)
Up,

—2]9((Zh - Vuh) . V&uh)
—QIQ((Z}L —uh)5uh)
—2[(‘)QN ((ZN,h —uh)éuh)

—]aQD(5Uh)\D,h)
—Hg(ahVéuh : V)\h) + Ig(k‘,’t(uh)éuh)\h)
= 0 You, € 9Y,
where
5Y = Wh'

Equations (2.70) and (2.73) define uniquely the adjoint states Ap j and
An. Choosing successively ouy, € {w, € W), | wplaa, = 0} and du, =
wy YM € 0y, p, where wy, is the basis function of W), associated

with node M, we obtain the following decoupled adjoint equations for
)\h and )\D,h:

( find A, € Wy, with >\h|aQD = 0 such that
Ig(ahV)\h : th)#—lg(kg(uh))\hwh) =
QIQ((Zh—Vuh) : th)
+2.7Q((Zh—uh)wh)
+2]aQN((zN7h—uh)wh)
L for all w,, € W), with wthD =0,

(2.74)

( find )\D,h € {)\D,M e R, M e (9QD,h} such that

[aQD ()\D,th) =
+Ig(ahV)\h : va) + [Q(k:[L(uh))\th)
—2[Q((Zh_VUh) : VZUM) (275)
—2[9((Zh—uh)wM)
—2Igay ((2xn —un)war)

| for all basis functions wy, € Wy, M € 0Qp .

Equation (2.74) is very similar to the variational formulation (2.58) for
up, but with different right-hand sides: in the case where one does not
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observe the gradient of u, there is no 2/o((Z, —Vuy) - Vwy,) term in
(2.74), and we obtain immediately that )\, is an approximation to the
solution A of an equation similar to the elliptic equation (2.44) defining
u, but with right-hand sides 2(z — u) instead of f in 2 and 2(zx — )
instead of g on Of)y.

We postpone the interpretation of (2.74) for A\, in the general case,

and of (2.74) for Apj, after we have established the continuous adjoint
equations at the end of Sect. 2.6.

The system of linear equations for the node values Ay, M € €, and
Ap.a, M € 00Qp,, resulting from (2.74) and (2.75) is (compare with

(2.59))
( )\M - 0 VM € aQD,h
ZPth\aﬁDyh Anp Ap + anr by, (ua) A =
23 pesn 1K (Zx = Vun| k) - Vwu|k
+2aM(zM — UM)
(+2 804M(2N,M — ’LLM) if M € 8QN7h)
\ VM € O\ 1,

8on)\D,M = + ZPGQh\aQD,h AM’p )\p + oy k:;l(uM))\M
=23 g | K[ (Zk = Vun|k)-Vwu|k
—QOZM(ZM —UM)
(—2 aOéM(ZNJ\/[ — UM) if M € 8QN7h)
VM € 0Qp p.

Option 2: Similarly, we obtain the equation for A\, € 0Y by equating to
zero the differential of (2.72) with respect to up:
oL

Ou, (an, kn, fry gniuns An) = (2.76)

—210((Zn,—Vuy) - Vouy,)
—21o((zn —up)dup)
—2Ip0, ((2n,n—upn)oup)
+Ia(apVouy, - V) + Io(ky (up)oupp)
=0 Youy € 0Y,

where now
oY = {wy, € Wy | wnloay, = 0},

so that (2.76) coincides with (2.74) of option 1.
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Hence the two options for the boundary condition define the same adjoint
state Ay, but Ap is defined only in option 1.

2.6.7 Derivation Step 4: Gradient Equation

Option 1: Differentiation of the Lagrangian (2.71) with respect to all pa-
rameters an, kn, fn, gn, te,n for fixed direct and adjoint states up, App
and A\, gives

8, = Ipa, (0ucpApp) (2.77)
+1o(0aVuy, - VAp)
+1o (8K (up)An)
—Io(0fn An)
—Io0y (9gn An).

If we expand the term Igq, (0ue pAp ) using the definition of yq,,, and
pick the coefficient of du, js in the resulting formula, we see that

0Jn

6U61M

= (904M>\D7M VM € (9QD,h. (278)

We obtain similarly from the Ig(da,Vuy, - V) term

0Jy,

o0, — | EIVun - V)lxe. (2.79)

In order to determine the gradient with respect to the nonlinearity ky,
let us denote by k1, ..., k,, the coeflicients that define the u ~~ kj,(u)
function. The differential of k;, is then

Ohn(wn) = > g’;’; (un)6r;. (2.80)

We can now substitute into (2.77) the value of 0k, given by (2.80) and
pick the coefficients of dx;, which gives the following expressions for

the partial derivatives of J, with respect to k1, ..., Ky,:
aJ, ok
b= o ()" () ). (2.81)
afih (9/<aj
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In the case where kj, is a polynomial of degree n;, — 1 in the variable u

with coefficients ko, . .., kpn,—1, we obtain from (2.80)
aJ, ; :
o, = Ig(u)\p), j=0,...,n5 — 1.
But kj, can also be searched for as a continuous piecewise linear function
of u; in this case, the coefficients x;,j = 1,...,ny, are the values of kj,
at a given set of values uj,j = 1,...,ng, of u, so that
aJy,
= Io(w;(up)A
or, a(w;(un)An),

where w; is the continuous piecewise linear function of u defined by
Finally, the two last terms of (2.77) give the gradient with respect to
the right-hand sides f;, and g:

O _ pides VM €Oy (2.82)
O fu
Oh _ dadyy M € O 1. (2.83)
Ogmr

Option 2: The only difference with option 1 is that the Iso, ((ten —un)Ap1n)
term is missing in the Lagrangian (2.72) for option 2. Hence, the for-
mula (2.78) for the derivative with respect to the boundary condition
U, 1s not available in this option, but the formula (2.79), (2.81)—(2.83)
for the other derivatives are the same.

2.7 Examples 3 and 4: Continuous Adjoint
Equations

It is in fact possible to compute the derivative of the objective function
(2.46) of Examples 3 and 4 for the original infinite dimensional problem,
before any reduction to finite dimension is done. As we shall see in this
section, this determination is formally simpler than the determination of the
discrete gradient, as one does not need to consider all the formulas used
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for the discretization. But it requires a good understanding of functional
analysis, distribution theory, and Green formulas, and from this point of
view the determination of the discrete gradient, which works only with real
numbers, is more elementary.

We present purposely the continuous gradient after the discrete one, to
emphasize the fact that the continuous gradient is not a preliminary step
to the discrete gradient. However, if they are determined first, the formulas
for the continuous Lagrangian can be used as a guideline for the choice of
the scalar products for the discrete Lagrangian, in order to ensure that the
discrete adjoint state is an approximation of the continuous one.

The forward map is (compare with (2.64))

= (ak, f,g,ue) ~v=(Vu,u,up,, ), (2.84)

where u € H'(Q) is the solution of (2.47), and according to (2.46), the
objective function G(z,v) to be differentiated is (compare with (2.65))

G(:v,v):/HZ—Vv||2—|—/|z—v|2+/ o — v
0 Q 20N

This completes the step 0 of derivation. One can then choose the state-space
decomposition corresponding to option 1 above with the vector state-space:

Y =6Y = H'Y(Q),

so that the state equations (2.47) rewrite

Ulpgy, ue in HY2(0Q), (2.85)

/ aVu-Vuw + / kE(u)w = / fw +/ quw (2.86)
Q Q Q 20N

Vw € H'(2) such that W)ye, = 0.

This, together with the observation operator
M u -~ (Vu, u,up, ),

defines the forward map ¢ chosen in (2.84) and completes the step 1 of
derivation. In step 2, one introduces first the two Lagrange multipliers:

— Ap associated with the Dirichlet boundary condition (2.85). The choice
of the function space for Ap is a little technical: as Ap is expected to define a
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linear functional on the dense subspace H/?(0Qp) of L?*(0€Qp), where (2.85)
holds, it is natural to require that

Ap € HV2(0Qp),
where H~1/2(0Qp) D L?*(0€p) is the dual space of H/2(0Qp) C L*(08)p).
For any A\p € H~'/2(0)p) and u € H'?(0Qp), we denote by (Ap, 1) 172 /2

the value of the linear functional A\p on the function p. In the case where A\p
happens to be in the dense subset L?(Q) of H~'/2(0Qp), one has simply

<>\D, ,U>H*1/2,H1/2 = / AD 1% (287)
OQp

— X associated to the variational formulation (2.86), which one can simply
take in the space of the test functions of (2.86):

AE {U) € Hl(Q) | w|agD = 0}

The corresponding Lagrangian function is then defined by (compare with
(2.71))

L(a,k, f, g, ue; u; Ap, A) = (2.88)

/Hz Vull? + /|z—u|2—|—/ ox — u?
o0ON

u’aQD, )\D>H1/2 H-1/2

—|—/QaVu-V)\+/Qk(u)>\—/Qf)\—/aQNg)\'

Differentiation of the Lagrangian with respect to u gives, as above, two de-
coupled equations for A and A\p (compare with (2.74) and (2.75)):

find A € H'(Q) with \|gq, = 0 such that
JoaVA-Vw+ [(F(uw)iw = +2 [,(Z—Vu)-Vw
+2 [o(z — w)w (2.89)
+2 fagN(ZN —u)w
for all w € H'(Q) with wy,, =0,
(find \p € H~'/2(0Qp) such that
<)\D7w|8QD>H_1/2,H1/2 = +fQ aV-Yuw + ka’(u) Aw
92 [(Z — Vu)-Vu
-2 [(z —ww
—2 faQN(ZN —u)w

(2.90)

| for all w € H'(Q).
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Proposition 2.7.1 The continuous adjoint equations (2.89) and (2.90)
have necessarily unique solutions A\ and Ap. These equations are a weak
formulation of the following set of partial differential equations:

—V-(aVA) + K (u)A = 2(z—u) —2V-(Z—-Vu) in Q,

A =0 on 0¥p,
o (2.91)
@, = 2(zn —u)+2(Z —Vu)v on 00y,
1))
Ap =a 5 —2(Z—=Vu)v on 0p. (2.92)
v

Proof. The existence and uniqueness of the solution A and Ap of the
continuous adjoint equations (2.89) and (2.90) follow immediately from
Proposition 2.3.3.

We recall first the concept of weak formulation: let us call weak solution
a solution A, Ap of (2.89), (2.90), and classical solution a solution A\, Ap
of (2.91), (2.92) in the usual sense of functions. The system of equations
(2.89) and (2.90) is then a weak formulation of the set of partial differential
equations (2.91) and (2.92) if and only if:

— Any classical solution is a weak solution
— Any reqular weak solution is a classical solution

Without the regularity assumption, there is no hope for a weak solution to be
a classical solution, as the solution of (2.89) and (2.90) is not smooth enough
for all terms in (2.91) and (2.92) to make sense as functions: when A is in
H'(Q) and a is in L>(9), the vector field aVu is in L*(2) x L*(£2), so that,
for example,

— The term V-(aV ) does not make sense as a function on (2, but only
as a distribution

— The term a gf", which is by definition aVu-v, does not makes sense as
a function on 9 (functions of L?(Q2) have no trace on 99)

We check first that any classical solution is a weak one. Let A\, A\p be a
classical solution of (2.91) and (2.92). Multiplying the first equation of (2.91)
by w € H*(Q), integrating over € and using the Green formula

— Jo V-(aVA=2(Z—=Vu))w = + [, (aVX=2(Z—=Vu))-Vw
(2.93)
— Joo(@VA =2(Z=Vu))-v w,
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we obtain that

JoaVAVuw+ [(F(w)Aw = 2 [,(Z—Vu)-Vw
+2 [,(z —uw)w
+ IBQD<GV)\ —2(Z—=Vu))vw (2.94)
+ Joo (@VA = 2(Z=Vu))-v w

for all w € H'(Q),

and, using (2.92) and the third equation of (2.91)

JoaVA-Vw+ [(F () w= 2 [,(Z-Vu)-Vw
+2 [ (z —w)w
+ Joa, A0 W (2.95)
+2 f89N<ZN — u)w

for all w € H'(Q).

This equation is to be compared with the weak formulation (2.89) and (2.90):

— It reduces to (2.89) when the test function w is chosen such that w =0
on 0€2p. Hence, the classical solution A satisfies (2.89)

— Because \p is by hypothesis a function, formula (2.87) holds, so that
(2.95) coincides with (2.90). This shows that the classical solution Ap satisfies
(2.90)

We conclude the proof by checking that any regular weak solution is a
classical solution. So let A\, Ap be a regular solution of (2.89) and (2.90). Let
us choose w in (2.89) in the space D(2) of test functions of distributions.
This space is made of infinitely differentiable functions, which vanish over
some neighborhood of 0€2. Hence the integral over 02y disappears in (2.89),
which now reads, in the sense of distributions,

— V- (aVA) + K (u)A = 2(z —u) —2V-(Z — Vu) in D'(Q). (2.96)

But we have supposed that A is a smooth function, so that (2.96) holds in
the sense of functions, everywhere on 2, and hence coincides with the first
equation of (2.91). So we see that A satisfies the first equation of (2.91). It
satisfies also trivially the second equation of (2.91) by definition of the weak
solution.

We prove now that A and Ap also satisfy the third equation of (2.91) as
well as equation (2.92). To do that, we multiply (2.96) — which now holds
everywhere on ) — by a test function w € H'(), integrate over , and use



64 CHAPTER 2. COMPUTING DERIVATIVES

the Green formula (2.93), which gives (2.94) as above. Subtracting (2.94)
from (2.89) for a w which vanishes over 0Q2p gives

{ 0=2 [y, (ax —w)w = [oq (aVA =2(Z=Vu))-vw (2.7)
for all w € H'(Q) with W]y, = 0. '
Because of hypothesis (1.57), when w spans the subspace of H'({2) made of
functions that vanish over 0{2p, its trace on 0y spans the dense subspace
HY2(00) of L*(08), and (2.97) implies that the coefficient of w is zero,
which shows that A satisfies the third equation of (2.91).

Then adding (2.94) and (2.90) gives, using the third equation of (2.91),

{ <)\D7 w|aQD>H*1/2,H1/2 = faQD (CLV/\ - Z(Z—VU»-V w

for all w € H'(Q). (2.98)

Combining (2.98) with formula (2.87), which holds because of the smoothness
hypothesis made on A\p, we obtain

Joa, Ao w = [o0 (aVA=2(Z=Vu))vw
for all w € H'(Q).

Once again, because of hypothesis (1.57), when w spans H'(), its trace on

Oy spans the dense subspace H'/2(0Qp) of L?(0)p), which shows that Ap
satisfies (2.92). This ends the proof of Proposition 2.7.1.

Now that the direct state u and the adjoint state Ap, A are known,
we simply have to differentiate the Lagrangian (2.88) with respect to z =
(a,k, f,g,u.) for fixed u, Ap, A to obtain the differential of the least squares
objective function J defined in (2.46)

oJ = <(5u6,>\D>H1/27H71/2 (299)

+/5aVu-V>\+/5k(u)>\—/5f)\—/ 5\
) Q Q 20N

This formula is the continuous equivalent of the “gradient equations” of the
discrete case: it shows that Ap is the derivative with respect to the Dirichlet
boundary condition u., that Vu-VA\ is the derivative with respect to the
diffusion coefficient a, that X\ is the gradient with respect to the right-hand
side f, and that the trace of A on 9y is the gradient with respect to the
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Neumann condition g. When the adjoint state A is regular enough so that its
level sets
Co={r € R*|u(x) =v},  Umin <0< Una

are regular curves, the differential with respect to k£ can be written as

6J:/ maxék(v)/ A
Umin C’u

so that the derivative of J with respect to the nonlinearity k for a value v of
u is the integral of A\ along the level line C, of w.

Remark 2.7.2 This example gives a first illustration of the difference be-
tween discrete and discretized gradient approaches mentioned in the intro-
duction of the chapter: they both require to choose a discretization of the
direct state equation (2.44) and the objective function (2.46), for example,
the ones described in Sects. 2.6.1 and 2.6.2. But once this is done, the dis-
crete adjoint equations (2.74) and (2.75) and the discrete derivative formulas
(2.77) follow unambiguously, whereas determination of the discretized adjoint
equations and gradient formula would require further to discretize the adjoint
equations (2.91) and (2.92) and the derivative formulas (2.99). There are
usually many different ways to do this, so that there is no guarantee that the
discretized adjoint equations will coincide with the discrete adjoint equations
(2.74) and (2.75), which are the only one that lead to the exact gradient of
Jy. For the problem under consideration, it is reasonable to think that a sea-
soned numerical analyst would choose the discrete adjoint equation (2.74) as
an approzimation to (2.91), but it is most unlikely that he would have cho-
sen the intricate equation (2.75) as an approximation to the simple equation
(2.92), in which case the discretized gradient will be only an approximation
to the exact gradient of the discrete objective function.

2.8 Example 5: Differential Equations,
Discretized Versus Discrete Gradient

Consider the system of differential equations (state equation):

du

Qi flu(t),a) fort >0, u(0) = uyp, (2.100)
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where t ~» u(t) € IR™ is the (infinite dimensional) state variable, and where
the parameter vector a € IR™ and the initial data ug € IR™ are to be
estimated.

Consider also that a measure z € IR™ of the state u(T") at a given time
T is available for this (observation operator: u ~» u(7')). The least squares
objective function is then

T(a,u0) = ||z = u(T) en (2.101)

It is now an exercise to determine the continuous adjoint state and deriva-
tive formulas as we did for the elliptic problem in Sect. 2.7 (the Green formula
is replaced by integration by part). To compute the gradient with respect to
the initial condition ug, one decides first not to include the initial condition
in an affine state-space, but rather to consider it as a state equation (this cor-
responds exactly to the Option 1 choice for the state space Y in Sect. 2.6).
The starting point is hence the following Lagrangian:

L(a,u0,u, A h) =51z = (1) e
Sy (flu(t),a) — 92y - X (2.102)

_l’_
+  (uo —u(0)) - Ao,

the resulting adjoint equations are

_C;? _ (g£>(u(t),a) A(t) for t >0, NT)=u(T) —2  (2.103)

Xo = A(0), (2.104)

and the formulas for the derivatives (“gradient equations”) is

T
0J = /0 g‘(i (u(t),a)da - A(t) + Ao - dup.

The gradients of J with respect to a and ug are then

VoJ = /OT (gi)?u(t),a) A1), (2.105)

Vo = Ao = A0). (2.106)
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To solve this problem on the computer, we discretize the differential equa-
tions (2.100) and the objective function (2.101). We introduce the times
t* k=0...K, such that

and the corresponding time steps

RRHL/2 gkl ke

Then we can decide, for example, to replace (2.100) by the discrete state
equation

B2 f(uk+9,a) k=1...K, v’ =u (2.107)

for some 6 € [0, 1], where we have used the convenient notation
w0 = (1 — 0)u” + guF T,
The scheme is explicit for # = 0, and implicit for 0 < § < 1. We denote by
up = (uF k=0...K) € JRUE+m

the solution of (2.107), which is supposed to exist. The vector wy, is the state
and IREHD™ the state-space of the system.

The observation operator associated with final time data is M : u), ~ u”,
and we can decide, for example, to approximate the objective function J by

1
Jn(a,up) = 2Hz — u™ ||

At this point, we have the choice between

— Either take advantage of the fact that we have already computed the
continuous adjoint, and go for the discretized adjoint approach

— Or use the continuous adjoint only as a guideline for the choice of the
scalar products, and go for the discrete adjoint approach

We investigate now these two possibilities.
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2.8.1 Implementing the Discretized Gradient

There are two more decisions to make in this approach:
— One has to choose one discretization of the adjoint equations (2.103) and
(2.104). By analogy with (2.107), it is natural to define the approximation

A=\ k=K. .0)e RED™

of the solution ¢ ~» A(t) of (2.103) by

A1\ of T )
ez = (au>(uk LN k=KL M =uf -z (2.108)

It is then also natural to replace (2.104) for the multiplier A\ associated with
the initial condition by
Ao = N, (2.109)

— One has to discretize the formulas (2.105) and (2.106) for the gradients
of J. Replacing the integral by the trapezoidal rule, we obtain

(Vi) Jn = i ph=1/2 { (gé)(Tukl,a) PUEEE (gD(Tu’f,a) A’“} (2.110)

1

(Vi)uy Jn = Ao = . (2.111)

The index h in V, remembers us that this quantity is only in general an
approximation to the gradient.

2.8.2 Implementing the Discrete Gradient

The good side here is that there is no more decision to make, and that we
shall obtain the exact gradient of .J,. But the dark side is that we need to
redo the adjoint calculation at the discrete level. This usually leads to
cumbersome calculations, which we detail now.

We write first the discrete Lagrangian Ly (a, uo; up; An, o). We need to
choose a name for the Lagrange multiplier associated with the kth equation of
(2.107): as this equation computes u**! from u*, its multiplier is associated
with the [k, k 4 1] interval. A natural solution would be to call it \F+1/2
in absence of further information. But it will appear on the final discrete
adjoint equations that this multiplier can be interpreted more precisely as
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an approximation of A(¢) at the time t**1=¢ = (1 — 0)t**! + 6t* so that we
shall call it \*¥1=%. So we define the discrete Lagrange multipliers by

A= (N0 N e RE™ N\, € R™. (2.112)

Then we need to choose a scalar product on IRX™ and IR™. By analogy with
the continuous formula (2.102), we choose on IRX™, a scalar product that
mimics the integral from 0 to T of the scalar product in IR™, and we equip
IR™ with the usual scalar product. The discrete Lagrangian is then

Ly(a, uo; un; An, Aop) = éHZ - UKH%R"L
+ Zf:}l B+1/2 (f(uk+97 a) — (ubt! — uk)/hk+1/2) L \k+1-6

+(U0 — UO) . >\0,h>

where as previously u*? is a notation for (1 — 0)u* + fu**1.
The discrete adjoint equation is then obtained as usual by equating to
zero the partial derivative of £, with respect to wuy:

(0L,

(K S K
Guhéuh = (u" —2)-0u

I 4 SR (hk+1/2 gf (uF0, a) Sub — subt 4+ 5uk) \k+1-e (2113)
u

—(SU,O : )\O,h =0 Véuh = (5uk, k=0... K) < ]R(K-{-l)m‘

\

The K + 1 formulas for the computation of A, and Ay will be obtained by
equating to zero the coefficients of duy in (2.113) for £k = 0... K. We perform
for this purpose a discrete integration by parts, which consists in rewriting
(2.113) in the form > (... )0u* = 0. We call A, B, C, D, E the five terms of
(2.113), and reorganize them into the desired form. We notice first that ju®
is missing in the D term, but present in A. So we define X¥+1=% ¢ IR™ by

N0 — B ) (2.114)
and rewrite the A + D terms as

K
A +D= Z(Suk . )\k+1—0’

k=0
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which is of the desired form. Similarly, we see that du® is missing in the C
term, but present in F, so we define A=Y € IR™ by

A= Mo, (2.115)
and rewrite the C' 4+ E terms as
K-1
C+E==) oult A0 s5u0. \~,
k=0

or, with an index shift
K
CH+E=-=)Y oub-

which is also of the desired form. We work now on the B term:
K—1

of _
B = Z hk+1/2 au( k+9 a)&ukw . >\k+1 97
k=0

or, remembering that duf*t? = (1 — 0)du* + our*1,

K-1

Z hk+1/2 af k+6 a)(suk . )\k+1—9
=0

K-1 9
+46 hk+1/2 f(uk+97a>5uk+l . )\k+179'
ou
k=0
We see that du’€ is missing in the sum of the first line. But if we define

tK+1 — tK hK—l—l/Q — tK+1 . tK — 07

I

we can extend this sum up to index k = K, as this adds only a zero term.
Similarly, Ju° is missing in the sum of the second line, but if we define

th =10 V2=t —t1=0,

we can extend the sum to £ = —1. This gives, after an index shift,

_ —0 hk+1/2 k+6 5 k. )\k+179
B=(1-0) Eﬁ u(u ,a)0u
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K
+0 Z phE=1/2 of (w10 a)ouk - NFO

ou

k=0

If we define h* and 6% for k =0... K by

71

hk — tk+1—0 _ tk_0 — (1 _ 0)hk+1/2 + ehk—1/2
{ hkgk = OnRT12 RR(1 = 6F) = (1 — 6)hFT2,

we see that
ko (1- Qk)tk—é) 1 gkgkt16

and we can rewrite B as follows:

K (9f T
B = Z hk(l . ek) (au (Uk+0, G)) )\k—i-l—@ i 5uk
k=0

K 8f T
+ Z hkek (au (uk—l-i—@, CL)) )\k:—@ X 5uk,
k=0

which is of the desired form.

The final discrete adjoint equations for the determination of A\, =
(A0 AE7Y) defined in (2.112), AX+1% and A7? defined in (2.114) and

(2.115), and Aq, are then

E—0 _ Yk+1-0 T
A hlj\ —(1— ek)(gi sl a)) \kH1-0

(2.116)

T
—|—6k<8f (uk1+97a)) )\k*(?’ k=K...0,

ou

AK+1_6 — uK —

Aop ="

(2.117)
(2.118)

Differentiation of the Lagrangian £, with respect to the parameters a

and ug
K-1

5£h _ Z hk+1/2 (gé (uk+97 CL) (5@) . )\k+1—9 _ 5U0 . )\O,h

k=0
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gives then the discrete gradient equations by picking up the coefficients
of da and dug:

K1 of !
VaJh — k:_() hk+1/2 (aa (uk+97 a)) )\k+170’
V'U,QJh — _)\O,h'

(2.119)

Comparison of Discretized and Discrete Gradients

Once again, we see that the discrete adjoint equations (2.116)—(2.118) and
the formulas in (2.119) for the discrete gradient differ substantially from
their discretized counterparts (2.108)—(2.111). Moreover, the discrete formu-
las are far from being the most natural ones, which makes it very unlikely
for the discrete formulas to be chosen by chance when using the discretized
approach. The author remembers of a stiff parabolic problem, where the dis-
crete approach had been used for a time discretization with a constant time
step, and the correctness of the gradient produced by the code had been
validated by comparison with finite differences. But when it came to appli-
cation to real data, a variable time step was used to limit the computational
cost, and the code was simply modified by replacing everywhere the fixed
time step by the variable one, which amounted to a discretized approach. At
that point, the code blew up during the computations, and a lot of time was
spent looking up for a coding error; but the problem disappeared only after
the discrete adjoint and gradient formulas were implemented for the variable
time steps.

Adaptive Time Steps

Most simulators for time-dependent problems use adaptive time stepping to
adapt to the stiffness of the problem and reduce the computational costs.
When this happens, the time steps depend on the parameters, and should
be differentiated in the discrete gradient approach. But time stepping pro-
cedures are often not differentiable and poorly documented, and taking into
account this dependance would lead to still more tedious calculations. Luckily
enough, if the time steps are correctly estimated, small perturbations of these
time steps should have a minor influence on the solution, and it is the au-
thor’s experience that this influence can be usually neglected. Hence the first
reasonable thing to do is to calculate the discrete gradient with the variable,
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but fixed time steps determined by the time stepping procedure for the cur-
rent parameter value. Whenever the objective function has to be evaluated
for a different value of the parameters, for example, during the line search,
the time steps are determined again by the time stepping procedure.

2.9 Example 6: Discrete Marching Problems

It is sometime convenient to forget the continuous differential equation un-
derlying a marching problem. This can be the case when a simulation code
already exists for the marching problem of interest, and one wants to per-
form some optimization based on this code (see “Sensitivity versus adjoint”
below). Without loss of generality, the state equations e(a,u) = 0 for such a
problem can be written as

EF2(g ok b1y =0, k=1...K, (2.120)

u’ = g, (2.121)

where a € IR" is a vector of parameters, and ug € IR™ is the initial value. For
sake of simplicity, we shall suppose here that ug is known, and that a is the
parameter vector to be estimated, so that the parameter space is £ = IR".
But there is no difficulty in handling the case where ug is unknown (see
Option 1 in Sect.2.6).

When (2.120) is nonlinear with respect to u*, it has to be solved only ap-
proximately on the computer using an iterative scheme (a Newton algorithm,
for example). Such algorithms are governed by tests, and hence are not dif-
ferentiable. So it is practically impossible to include them in the definition
of the forward map, and, for the sake of discrete gradient computations, one
usually considers that (2.120) is the discrete equation, and that it is solved
exactly by the computer. This acceptable if the equation is solved precisely
enough.

As for the observation, let us consider, for example, the case where, at
cach “time” index k, a measurement z* of

o = MF(uP) (2.122)
is available, where M* is the observation operator at index k:

MF - IR™ ~ IR™*
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The observation space is then
F=1IRY  where q=mq;+ -+ mg,
and the forward map to be inverted is
p:a€E=R"~ (v'...v") e F=R" (2.123)
Now, given a data vector
z=(2'... %) e RY,

the data misfit function for the estimation of ais

Z 1% — ME (") [T (2.124)

A necessary step for the estimation of a knowing z is to compute the gradient
of J with respect to the parameter a. We compare now on this problem the
sensitivity functions and adjoint approaches. We recall that OE*~1/2/9u*
and OE*~1/2 /0u*~! denote the partial derivatives of E*~1/2 with respect to
its second and third arguments.

Sensitivity Functions Approach

According to Sect. 2.2, we differentiate (2.120)—(2.122) with respect to a; for
J = 1...N. This gives the following formula for the jth column s; of the
Jacobian D of the forward map ¢ : a ~ (v!'...v%) (jth oulput sensitivity
function):

OM (u*) ouk
k kN, k
g = (M k=1...K
S] (?aj ( ) (U ) 8aj ’ ’
where the state sensitivity functions Ou®/Oa; are given by (all partial deriva-

tives of E*~1/2 are evaluated at a,u®, u*~1)

aEk—l/Z 8u’“ aEkz—l/Q auk—l aEkz—l/Q

= 2.12
ouk  Oa; T gur da i da; 0 (2.125)
ou®
=0. 2.126
8aj ( )
The gradient of J is then given by

0]~ ki, k kY. ok s
aa.:Z(M(u)—z)-sj j=1...N.
j

k=1
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Adjoint Approach

We follow the step-by-step approach of Sect. 2.4:
Step 0: The forward map ¢ is already defined in (2.123), and, as we want to
compute the gradient of J defined in (2.124), the objective function G(a,v) is

K
1
G(a,v) = 5 Z 125 — 0% || 2m, (independant of a). (2.127)
k=1

In absence of information on the need of parameter scaling, on the nature of
uncertainty on the data z, and on any continuous analogon of the problem,
we simply equip the parameter space IR™ and the data space IR? with the
usual Euclidean scalar products.

Step 1: We do not need to compute the gradient with respect to the initial
condition ug, as ug is known, and so we can include this condition in an affine
state-space Y, according to Option 2 of Sect. 2.6:

Y = {u=(u... uf) € REFI™ | 40 =y},
with the associated vector space:
5Y = {0u = (0,6u’...6u”) € RE*V™} = [RP with p = K'm.
The corresponding observation operator is
M:u=@. . u)eY ~uv= (M) M) eR. (2.128)

Step 2: The Lagrangian is then, with G, is defined in (2.127) and M in
(2.128):

K
L(a,u,\) = Gla, M(u)) + Y E¥2(a,uf o) X120 (2129
k=1
where
aec IR"
u= (uu'...uf) €Y
A= (V2. \E-Y2) ¢ e

Step 3: Differentiation of the Lagrangian with respect to the state u gives
the variational form of the adjoint equation:

giéu:A—l—B—l—C:O You = (0,6u’ ... 6u™) € 6Y,
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where

b
Il

(M*(uF) = %) - (M) (u")ou’,

HEk-1/2
9 (ajuk’uk71> 5uk . /\k71/27
u

aEk71/2
b1 (a’uk,uk—l) 5uk—1 . )\k—l/Q'
uk—

C

"

=
Il

1

We perform now a discrete integration by part to factorize the du* terms:
one notices that the sum in the C' term starts in fact at k = 2 (remember
that du® = 0), and that it can be extended to K + 1, provided we define
NEH2 ¢ [RP by AE+1/2 = 0. After an index shift, the C' term becomes

C = (a, uk—i-l? uk) (5Uk X /\k+1/2‘

Equating to zero successively the coefficients of du'...du* gives the compu-
tational form of the adjoint equations (all partial derivatives of E*¥~/2 are
evaluated at a,u®, u*~!, those of E*¥1/2 are evaluated at a, u**!, u*)

OEk—1/2 T OEk+1/2 T
Ak*l/Z )\k+1/2 21
(o ) () (2450
+ (MR (@) (MFuR) = %) =0 fork=K...1,
which can be solved backwards starting from the final condition

A2 — 0, (2.131)

Step 4: We differentiate now the Lagrangian (2.129) with respect to the
parameter vector a (partial derivatives of £#~1/2 are evaluated at a, u*, u*~1)

K
Ek—1/2
57— "C50=3"7 da - N2
oa p oa

and pick the coefficient of da;, which gives the gradient equations

K
Ekfl/Q
gJ:Za \R1/2 j=1...N.
a;

a/.
k=1 9 J
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Sensitivity Versus Adjoint

The general pros and cons of sensitivity function and adjoint approaches for
the minimization of J apply here:

e The computational cost of the sensitivity function approach increases
with the number of parameters (there are as many linearized equations
(2.125) and (2.126) to solve as parameters), and changing the parame-
ters is not easy (it requires to recode the linearized equations). But it
gives not only the gradient of J, but also the Jacobian D of the forward
map ¢, and allows to use Gauss—Newton or Levenberg-Marquardt op-
timization algorithms. It also does not require a large memory, as the
linearized equations can be solved along with the original marching
scheme.

e The computational cost of the adjoint approach is independent of the
number of parameters (one adjoint equation (2.130) and (2.131) in all
cases), which makes it well suited for inverse problems with large num-
ber of parameters; changing the parameterization using the chain rule is
easy once the gradient has been computed with respect to the (possibly
large) set of simulation parameters (see (2.15) and Sect. 3.3 below). But
it does not compute the Jacobian, and so one is limited to optimiza-
tion algorithms of Quasi-Newton type, which usually require a larger
number of iterations. Also, the memory requirement can be extremely
large, as one needs to store or recompute the direct state u!...u”" be-
fore solving backwards for the adjoint state AN=1/2 ... A2 (see [40]) for
an optimal compromise between computation and storage).

The adjoint approach is the method of choice for the sensitivity analysis
study, which is to be performed before the inversion itself to find out the num-
ber of parameters that can be retrieved from the data (Sect. 3.2 of Chap. 3):
it allows to compute the Jacobian D with respect to the (usually large)
number of simulation parameters, before any choice is made concerning the
parameterization and the optimization parameters. This is possible because
in the adjoint approach the Jacobian is computed row by row, with a cost
proportional to the number of observations, but independent of the number
of parameter (of course the function G(a,v) to be used there is no more
(2.127), but rather (2.12)).
We conclude this example with some implementation remarks.
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First, given a forward modeling code that solves the marching problem
(2.120) and (2.121), the matrix E*~1/2/0u” is necessarily formed somewhere
in the code to perform the corresponding Newton iterations. But this ma-
trix is also the matrix of the linearized equation (2.125) in the sensitivity
approach. Hence the additional work to implement the sensitivity approach
consists in forming the matrices OE*~1/2 /0u*~' and OE*~'/? /9a, and in solv-
ing the same system as in Newton’s iterations, but with n different right-hand
sides. As the matrix of the system is already formed, the computational effort
for the resolution of each linearized equation (2.125) is much less than the
one required for one simulation. This approach has been used to implement
sensitivity equations in a complex nonlinear reservoir simulation code [6].

Second, comparison of the sensitivity equations (2.125) and the adjoint
equation (2.130) shows that the same matrices 9E*~1/2/0u*, OE*=1/2 /our—1,
and OE*~'/2 /9a appear at both places. So when given a modeling code with
sensitivity equations capabilities, one can consider developing an adjoint code
by identifying these matrices in the code, and recombining them into the
desired adjoint equation. This approach has been used for the same reservoir
simulation code as above in [79].



Chapter 3

Choosing a Parameterization

We address in this chapter practical aspects of parameterization for the same
finite dimensional inverse problem (2.5) as in Chap. 2, where the forward map
x € IR" ~ v = p(x) € IR? is defined by the state-space decomposition (2.1)
and (2.2):

— Because of their possibly different physical nature, it is necessary to
calibrate (Sect.3.1) the simulation parameters by adimensionalization, to
avoid artifacts in the conditioning of the problem

— The singular value decomposition of the Jacobian D = ¢/(z) allows
then to estimate the number of independent parameters that can be retrieved
for a given level of uncertainty on the data (Sect. 3.2)

— In the (usual...) case where the above number of retrievable parameters
is smaller than the number of simulation parameters, it is necessary to add
a priori information on the parameters to restore wellposedness — or better
Q-wellposedness, see Chap. 4 — of the least squares problem. The regulariza-
tion methods available to this purpose have been presented in Sect.1.3.4. In
any case, one has to make a clear distinction (Sect.3.3) between simulation
parameters (which are coefficients or source terms in the numerical simu-
lation model) and optimization parameters (the ones that are seen by the
optimizer, and will be actually estimated)

— The regularization by size reduction will be discussed in Chap. 4, and
the Levenberg—Marquardt—Tychonov and the state-space regularization in
Chap. 5. We present in this chapter the reqularization by parameterization,
which proceeds by reduction of the number of unknowns: the information is
added by choosing a set of formulas to compute the simulation parameters
from a smaller number of optimization parameters. A good parameterization

G. Chavent, Nonlinear Least Squares for Inverse Problems: Theoretical Foundations 79
and Step-by-Step Guide for Applications, Scientific Computation,
DOI 10.1007/978-90-481-2785-6 3, (© Springer Science+Business Media B.V. 2009
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should allow to explain the data up to the noise level and should not lead
to overparameterization (the dimension of the optimization vector should
be smaller than the number of retrievable parameters determined above).
We evaluate in this chapter four parameterization against these objectives:
closed form formula (Sect.3.4), singular vector basis (Sect.3.5), multiscale
approximation (Sect. 3.6), and adaptive parameterization (Sect. 3.7)

— Finally, we discuss in Sect. 3.8 some implementation issues:
e How to organize the inversion code to allow an easy experimentation with
various choices of optimization parameters (Sect. 3.8.1)
e How to compute the gradient with respect to optimization parameters once
the gradient with respect to numerical parameters is known (Sect. 3.8.2)
e And, in Sect. 3.9, we describe the maximum projected curvature (MPC) de-
scent step, which is specially designed to enhance the performance of descent
algorithms used for the resolution of nonlinear least squares problems.

3.1 Calibration

The unknown parameters correspond often to different physical quantities:
for example, hydraulic conductivities, porosities, acoustic impedances, etc.
Similarly, the available observations can involve temperatures, pressures, con-
centrations, etc.

Before trying to recover (part of) the parameters from the data, it is
necessary to eliminate the poor conditioning that can be caused by the dif-
ferent orders of magnitude associated with the different physical quantities
in the parameter and the data vectors. So one first has to calibrate the finite
dimensional inverse problem (2.5) by using dimensionless parameters and
data.

3.1.1 On the Parameter Side

Let X denote the unknown parameter as described by the physics. The prin-
ciple is to first adimensionalize X by choosing a reference value X, for
each physical parameter, and then to choose the calibrated parameter vector
x € IR™ representing X in such a way that

1. The Euclidean norm of x represents a mean value of the adimensional-
ized parameters
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2. And, in the case where X is a distributed parameter on a domain (2,
the Euclidean scalar product on IR" is proportional to the L?(Q) scalar
product of the functions X} approaching X

The first property is a matter of convenience, as it allows simply a more
direct interpretation of the results. The second property is meant to ensure
that the discretization does not change (in particular does not worsen. . .)
the conditioning of the least squares optimization problem. Hence,

o When X is a finite dimensional vector of scalar coefficients, one chooses
first, for each component X;, a reference value X; ;e > 0, which incorpo-
rates the best available knowledge on its magnitude (X; e can be the
same for a group of components corresponding to the same physical
quantity). The calibrated parameter vector x is then defined by

1 X, _
€T = , 1=1...n,
' \/n Xi,ref
where the coefficient \/n ensures that
n 1
||| e « (fo) * = mean value of X/ Xret-
=0

o When X is a function of a variable & defined over some domain €,
the reduction to a finite number n of scalar parameters is usually done
by discretization (notations of Sect.2.6.1): the domain € is covered
by a simulation mesh 7;, made of a finite number of cells or elements
K, where the index h > 0 denotes the largest cell size in 7,. A finite
dimensional approximation space E, is then chosen for the functions
X; a function £ ~» X}, (§) of Ey, is characterized by n “natural” degrees
of freedom Xj ... X, (cell or node values).

1. For a discontinuous piecewise constant approximation: The func-
tion & ~ X, takes a constant value X; on the ith cell K;. The L?
scalar product of functions of E is given by

/ XonXin= Y |[Ki| Xo: X1,
Q

i=1l..n
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where |K;| is the measure (length, area, or volume) of K;. To
ensure that the L? scalar product of the functions X, is propor-
tional to the Euclidean scalar product in IR"™ of the calibrated
parameter vectors z, we define x; on the cell K; by

Kil\: X,
xi:<|m||)2xf’ i=1...n, (3.1)

where || is the measure (length, area, or volume) of €2, and where
Xief > 0 is the reference value used to adimensionalize X. The
coefficient (2] in (3.1) ensures, as above, that the Euclidean norm
of x represents a mean value of the adimensionalized parameters:

ol 2 (3002) = (i [ 58 a0)" 2
=1

ref

. For a continuous piecewise linear approzimation: The function

¢ ~ X, is now continuous, and linear over each cell, as described
in Sect.2.6.1. The degrees of freedom of X}, are its values X, at
the nodes M of 7;. One approximate scalar product in L*(2) is
then, with the notations (2.52) and (2.53),

(o Xon) 3 ayXouXiw~ [ XoaXin  (33)
M nodeof 7, @

where the coefficients ayy, defined in (2.61), satisfy
Yoo an=19] (3.4)
M node of 7,

So we can still define the calibrated parameters by (compare
with (3.1))

! |Q| Xref,

As in the case of discontinuous approximation, this ensures that
the Euclidean norm of z is an (approximate) mean value of the
adimensionalized parameter (compare with (3.2))

el = <gx?>é ~(oe(5e)) 6o

i=1...n. (3.5)
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With the above calibrations, the Euclidean scalar product in IR" corresponds,
up to the multiplicative constant 1/(|Q2|X?2;), to the (possibly approximate)
scalar product in L?(Q) for the physical parameters

Jo Xn(©)Yn(§) dg,

(x,y)mn = Zmzy, = |Q|X or (3.7)
Io(XpY3),

according to the type of approximation chosen for the parameter (discontin-
uous piecewise constant or continuous piecewise linear).

Remark 3.1.1 In the case where a continuously derivable approrimation of
X is required, then necessarily some of the degrees of freedom will be deriva-
ties (instead of values) of Xy, and it will be necessary, to satisfy (3.2), (5.6),
and (3.7), to use a nondiagonal scalar product on the parameter space IR™. It
will then be necessary to exercise some caution for the gradient calculation,
as explained in Remark 3.1.2 below.

3.1.2 On the Data Side
Similarly, let Z denote the data vector given by the physics, and AZ; denote

the uncertainty on its jth component. It is convenient to use this uncertainty
to define the calibrated data z;:
1 Z;

J

=1...q.

Zj =
This amounts to use AZ; as unit to measure the discrepancy between the
output of the model and the corresponding data z (as in (1.8), for example).
So if Z € IR? is a vector of data perturbations such that |0Z;| < AZ;
for j = 1...q, the vector 6z of corresponding calibrated data perturbation
satisfies

10z <1/\/q for j=1...¢ and hence ||6z||<Azd_ef1

so that the uncertainty on the calibrated data vector z is Az = 1.

When the Z;’s are all independent Gaussian variables with standard de-
viation o;, one can take AZ; = o, in which case problem (2.5) coincides
with the maximum likelihood estimator.
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3.1.3 Conclusion

For the rest of the chapter, the parameter  and data z that appear in the
NLS inverse problem (2.5) will be the calibrated parameter and data defined
earlier, with the parameter space E and data space F' equipped with the
Euclidean norms

n

q
lzle =Nz = ()2 Jolle = ol = (D 02)",

i=1 j=1
which represent mean values of the adimensionalized parameters and data.

Remark 3.1.2 The calibration could have been taken into account as well
by introducing weighted scalar products and norms on the parameter space
IR™ and the data space IRY. But this approach is error prone from a practical
point of view, as the transpose of a matriz is no more simply obtained by
exchanging rows and columns! For example, if (-,-)p is the scalar product
on IR? associated with a symmetric positive definite matrix A, the transposed
M™ | for this scalar product, of a gxq matriz M is A=*MTA, where MT is the
usual transposed. This can be easily overseen in the numerical calculations.

This approach, however, cannot be avoided in the case where a full (i.e.,
not diagonal) covariance matriz of the data is available — but all the material
below can be easily adapted.

3.2 How Many Parameters Can be Retrieved
from the Data?

Before any attempt is made to minimize the least squares objective function
(2.5), the first thing to do is determine the largest number of independent
parameters that can be retrieved from the sole observations at a given noise
level on the data. This has to be done before any a-priori information is
added into the system: the parameters to be used for this determination are
the simulation parameters (Sect. 3.3 below), which are input to the simula-
tion code before any parameterization is chosen. In most cases, the original
unregularized problem is underdetermined, with a number n of simulation
parameters much larger than the number ¢ of observations.

This analysis is performed on the linearized problem at a few (usually
one) nominal value .. It is based on the knowledge of the “noise level”
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on the data, and on the singular values decomposition of the Jacobian ¢'(x).
There is a large amount of literature on this subject, which usually takes into
account the statistical properties of the errors on the data, see for instance
[74]. We give below an elementary approach based on uncertainty analysis,
but which is sufficient in the large number of cases where the statistical
information on the data is lacking or scarce.

So one chooses a nominal parameter value x,,, € C, and replaces the
forward map ¢ by its linearization " :

Vox € IR", goﬂgm((sx) = ©(Tnom) + ¥ (Tnom) 0.

Let znom = ©(Tnom) = @', (0) be the exact data corresponding to Zpom,
Az > 0 the uncertainty level on the data, dz with [[dz]|r < Az a data
error vector, z = 2,om + 0z the corresponding noise corrupted data, and
T = Tpom + O0x the corresponding solution of the linearized unconstrained
inverse problem:

PO L i 2 L, 2 n

dr minimizes 2Hg0nom(5a:) —z|lF = 2||<p (Tnom) 0x — 0z||7 over IR". (3.8)

We evaluate the size of the error 6z induced by the error 0z on the data z,om
at the nominal value z,om:

o Absolute uncertainty: One performs a singular value decomposition
(SVD) of the ¢ x n matrix ¢'(pom). This produces two orthonormal

bases

e1,...,e, = Dbasis of parameter space IR", (3.9)

€1,...,€6¢ = basis of data space IR?, '
and a sequence of r < min{n, ¢} strictly positive numbers:

1 = fhg = o0 2> iy >0 (3.10)
called the singular values such that
90/<xnom)ei = M€, 1= 17 LT
{so’@:nom)ei =0, i=r+l-n (3:11)

It is then convenient to complement the above singular values p;,7 =
1---r, by defining:

Pl = Pt =+ = fin = 0.
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The solution of (3.8) is then given by
where ;5;1 and dz; are the coefficients of 5z and 6z on the singular bases:

or = Z?:lgziei,
52 = Z?Zlézjej.

This shows first that the perturbations %i,i =r+1---n, cannot be
retrieved from the available data, as they do not appear in (3.12), which
give the solutions of (3.8). Hence the uncertainty on the components
x; of Thom on singular vectors corresponding to zero singular values is
infinite:

Az; = 400, t=r+1---n.

Then for i =1---r, (3.12) gives, as |0z]| < ||0z]|r < Az,
1 |gx/i|§Az, i=1...r

so that the uncertainty Ax; on the component x; of ., on singular
vectors corresponding to nonzero singular values is given by

O (3.13)
K

Summing up, we see that the components of x,,, on singular vectors
associated with zero singular values cannot be retrieved (the corre-
sponding uncertainty Ax; is infinite). For the components on the other
singular vectors, the larger the singular value, the smaller the uncer-
tainty! To determine which of these components can be retrieved in a
stable way, one has to estimate the relative uncertainty.

Relative uncertainty: We suppose that the forward map ¢ satisfies

¢ is defined at 0 and (0) =0

(this condition can always be satisfied by translating the origin in the
parameter and data spaces).
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Then, if the linearized model at x,., is valid, one has

0= ¢(0) ~ @(@nom) +¢' (Znom) (0 — Znom ),
- 4
~
znom

so that
Znom = Spl(xnom)l'nom-

But the largest singular value p; is the norm of the Jacobian ¢'(zyom)
associated with the usual Euclidian norm, hence,

||Zn0m||§,u1”xnom||- (314)
Combining (3.13) and (3.14) gives
Az, Az

S , i=1...1. (3.15)
| Znom || ™ s || 2nom|

So we see that the relative uncertainty on the component z; of x,om
on one of the first r singular vectors is amplified at most by a factor
1/ 1; from the relative uncertainty on the data. For the n—r remaining
components z; corresponding to singular values p; = 0, one has seen
that Az; = + oo, so that formula (3.15) remains valid in that case.

Number of retrievable parameters: The component of x,,, on the ith
singular vector e; is said to be retrievable if it is above the noise level,
that is, if its relative uncertainty is smaller than one.

Hence the number n, < n of retrievable parameters for an uncertainty
level Az on the data is given by

pi Az

n, = number of singular values p; s.t.: > .
H1 || Znom||

The determination of the number n, of retrievable parameter is the first
numerical computation to perform for the solution of an inverse prob-
lem. It gives an upper bound to the number of independent parameters
that can be estimated from the data in a stable way.

Its practical determination requires the computation of the Jacobian
@' (Tnom ). Because the number n of (simulation) parameters is usually
much larger than the number ¢ of data, this is most efficiently done
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row-by-row by the adjoint state technique (Sect.2.3 of Chap.2). Of
course, in the rare case where n < ¢, a column-by-column determination
of the Jacobian using the sensitivity functions approach (Sect.2.2 of
Chap. 2) is the computationally less expensive approach. Examples of
application of this uncertainty analysis can be found in [50, 2, 80].

Remark 3.2.1 [t can happen that the computation of the Jacobian is not
feasible when there are large number of parameters and data, so that n,
cannot be determined before the inversion is actually performed. However, the
determination of the gradient V.J(z) is always feasible by adjoint state. It is
advisable in this case to use an adaptive parameterization (Sect. 3.7 below),
which can use the information given by V.J(x) to take care automatically of
the tradeoff between data fitting and overparameterization.

3.3 Simulation Versus Optimization
Parameters

It is important to distinguish two (usually distinct) parameter vectors:

e The simulation parameters gy, (denoted by x in Sect.1.3.4) are the
ones that are input to the simulation code. They should contain all
model parameters one might dream to invert for, and provide the most
comprehensive description of the numerical forward model used.

In particular, when the unknown parameter is a function, the numerical
computation of the forward model ¢ requires its discretization over
some mesh 7, and the simulation parameter zg, will be the (large)
vector made of all the calibrated degrees of freedom of this function
over 7. Its dimension ng,, will hence in general be much larger than
the dimension ¢ of the data vector z.

For example, if the unknown parameter is the diffusion coefficient a
in the inverse problem of Sect. 1.6, and if the resolution of the elliptic
equation is made, as proposed in Sect.2.6.1, on a mesh 7, of triangular
finite elements K, the natural choice for xg,, is the vector of the cali-
brated values of the discretized parameter a;, on 75, where a;, is defined
in (2.54). The simulation parameter is hence given by (3.1), where now
X; represents the (constant) value ag, of aj, over the ith element of 7,
and X,.r the reference value chosen to adimensionalize a.
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Not surprisingly, the analysis of the previous section, when applied to
the estimation of zg;,, from the data z, usually shows that the number n,
of retrievable parameters is strictly smaller than the dimension ng, of
Zsim- Hence solving the optimization problem (2.5) with the parameters
T = Tgm 1S purposeless, as it would be underdetermined. It is then
necessary to regularize the problem by adding a-priori information, as
discussed in Sect. 1.3.4, until all parameters are “above the noise level”
induced by the uncertainty on the data. We focus in the present chapter
on the reqularization by parameterization approach, which proceeds by
reduction of the number of unknowns.

e The optimization parameters Ty are the ones that are input to the opti-
mization code, and hence which are actually estimated by minimization
of the objective function. The vector z.p; is used to parameterize the
simulation parameter xgy, (c.f. (1.16) of Sect. 1.3.4):

Tsim — w(xopt)a xopt c Copt with w(Copt) C C, (316)

where 1) is the parameterization routine.

The dimension nqp of 24t has to be taken small enough to avoid over-
parameterization, that is, the Jacobian of ¢ as a function from [R"ert
to IR? should have all its singular values above the noise level (Fig. 3.1),
and large enough for the solution Zop; of (2.5) to explain the data up to
the noise level. Moreover, the chosen parameterization should if possible
enhance the conditioning of the optimization problem (2.5).

The choice of optimization parameters is a critical, but delicate step of the
inversion, and one is very often led to experiment with it. It is hence practi-
cally important to organize the code in such a way that changing optimization
parameters incurs a minimum amount of changes in the code. When the in-
formation flux between the optimization routine and the forward+ adjoint
modeling code is organized as in the flowchart of Fig.3.8 below, changing
optimization parameters requires only to replace the two subroutines that
compute Tgm = U(Zopt) (parameterization routine) and gope = ' (Zopt)” -Gsim
(adjoint parameterization routine). This suggest that these two subroutine
should be developed and tested at the same time, prior to being inserted in
the inversion code. The necessary mathematical tools have been developed
in Chap. 2, and are applied in Sect. 3.8.2 below to an example.
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Figure 3.1: Graphical determination of the number of retrievable
parameters: p1, ..., i, = singular values, in decreasing order

Remark 3.3.1 Even in the case where all parameters in xg, are retrievable,
the choice Top, = Tsim does not necessarily produce the best conditioning of the
optimization problem, and one can be led to choose a parameter Toy distinct
from x4, see adapted multiscale basis in Sect. 3.6.

We describe below four approaches to reduce the number of unknown
parameters.

3.4 Parameterization by a Closed
Form Formula

When the information content of the data is very small, and the number
of simulation parameters is large, one solution is to express the simulation
parameters as a function of a small number of coefficients through a closed
form formula.
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For example, suppose that the unknown parameter is a one-dimensional
temperature profile 7" on the [0, 1] interval. A natural simulation parameter
is then

Lgim = (Tl/ﬂcfy cee 7Tnsim/ﬂcf)a

where T} is a reference temperature used for calibration purpose (Sect. 3.1),
and where T}, i = 1..., ngm, represents the values of the temperature on a
discretization of [0, 1] into ng,, intervals of length h = 1/ng,. Suppose that
the singular value analysis of Sect. 3.2 shows that only a few number n, g, of
independent simulation parameters can be recovered from the data, and that
one expects from the physics of the problem that the temperature profile has
the shape of a bump. One can then incorporate this information into our
formulation by searching (for example) for a Gaussian temperature profile:

Tmax 1 — 1 Qh_ max 2 .
Tsim,i = T exp<—2<(Z /A)§ & >>, 1=1...Nm,

where the optimization parameter is

o = (7 G AE) €
Tref

Even if n, g, was larger than three, it is necessary to perform again the anal-
ysis of Sect. 3.1, this time with the z.,, parameter, as there is no guarantee
that the directions of IR"im “spanned” (the quotes come from the fact that
Topt ~ Tsim 18 DOt linear) by the chosen parameterization are in the subspace
of IR™m™ spanned by the singular vectors associated with the largest singular
values figim.

The effect on conditioning of parameterizing by a closed form formula
is unpredictable. However the author’s experience is that it tends rather
to deteriorate, this being partly compensated by the very small number of
parameters.

In the present situation where the simulation parameters zg, are ex-
pressed by a simple formula in term of the optimization parameters zqp, the
determination of V, . J from V,_ J is very easy (Sect.3.8.2 below).

Zopt Lsim

3.5 Decomposition on the Singular Basis

It is the first natural idea after one has performed the singular value decompo-
sition of the Jacobian, at some nominal value 3", in order to determine the
number n, of retrievable parameters (Sect. 3.2): why not reduce the search to
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the n, coefficients of x4, on the singular basis vectors associated with singular
values that are above the noise level? With the notations of Sect.3.2, this
amounts to choose for optimization parameters and parameterization map:

Nopt = Ny < Nsim,

def .
Topty = ;' = (Tsim, €) Rrsim » 0= 1...n, (3.17)
Tsim = V(Topt) = Z?;l Topt i €; + Z?;l;;l+l(xz‘sVD)nom e

There is no need, with this choice, to redo the analysis of Sect. 3.2 with the
parameters o, as by construction they are all above the noise level!

This parameterization is interesting for the analysis of the problem: the
directions of the singular vectors € ...¢,, indicate which part of the data
space actually carries useful information on the parameter x. Similarly the
singular vectors e; ...¢€, indicate which combination of the simulation pa-
rameters can be best estimated.

These nice properties are counterbalanced by the fact that the correspond-
ing physical interpretation is not always easy (as, e.g., in [36] for a large size
geophysical inverse problem). A nice exception is when the singular vectors
associated with the largest singular values happen to point in the direction of
axes of the simulation parameter space IR"s™. It is then possible to order the
simulation parameters according to decreasing singular values, so that the
n, first simulation parameters are retrievable, each with its own uncertainty
level, with the remaining ones having to be fixed (at their nominal values, for
example). This is the case for the inversion of the Knott-Zoeppriz equations
of Sect. 1.1, see [50].

Another difficulty comes from the fact that the Jacobian — and hence
its singular vectors — depends on the choice of the nominal parameter ™
where it is evaluated. So the nice properties of the singular vector can get
lost when the current parameter changes during the course of the optimiza-
tion, which makes their use purposeless for uncertainty analysis.

For all these reasons, the choice (3.17) is seldom used to define the op-
timization parameters — but performing a SVD at a nominal value is never-
theless useful to estimate n, and gain insight into the problem.
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3.6 Multiscale Parameterization

Multiscale parameterization concerns the case of distributed parameters,
where the unknown is a function £ € Q ~» X(§) € IR: most often ¢ is
the space variable, in which case X describes a heterogeneity, but not nec-
essarily: it can also be a dependent variable (as temperature, concentration,
saturation, etc.), in which case X represents a nonlinearity.

3.6.1 Simulation Parameters for a Distributed
Parameter
According to Sect. 3.3, the natural simulation parameter x;,, for a distributed

physical parameter X is the vector of the calibrated values x; of its approxi-
mation X, € E;, over the simulation mesh 7j,:

Lsim,i — Ly, 1=1... Nsim - (318)

These calibrated values x;, defined in Sect. 3.1.1, are the coefficients of the de-
composition of X}, on a set of calibrated local basis functionse;, 1 = 1...Ngim,

TNsim

Xp = E Lsim,i €i-
i=1

The formulas for z; given in Sect. 3.1.1 show the following:

1. For a discontinuous piecewise constant approrimation, x; is given by
(3.1) and e; by

1
€ = Xref <||I((2J|) ’ XK; > =1 * Nsim, (3 19)

€ %2(9) = X7 |9l

ref

where yg, denotes the characteristic function of the ith cell K; of the
simulation mesh 7j,.

2. For a continuous piecewise linear approximation, x; is given by (3.5)
and e; by

1
_ 12 \ 2 P
€; _Xref ( Wh; 1= 1"'nsim7

Qg

(3.20)

|€i|}2z,L2(Q) = X

Q2] = 2]es[72(q),
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where wyy, denotes the local basis function of E; associated to node
M; (its value is 1 at the ith node M; and 0 at all other nodes of 7},),
and where |- |5, r2() is the norm on E, associated to the scalar product

(Xn, Y2  Io(XnYh),

with I defined in (3.3).

Finally, for both approximations,

e The simulation parameters gy, ; represent calibrated local (cell or node)
values of the unknown parameter function over the mesh 7y,

e The calibrated basis e; .. . e, of E} given by (3.19) or (3.20) is normal-
ized (to the value X,et|Q2['/?) and orthogonal for the scalar product (-, ) z2(q)
(discontinuous piecewise constant functions) or (-, )5 12() (continuous piece-
wise linear functions)

e The Euclidean scalar product of IR"= corresponds (up to the coefficient
X2:19) — see (3.7) to the scalar product (-, -)z2@) Or (-, )n r2(0)-

Once the simulation parameters g, have been chosen, the maximum
number of retrievable parameters n, can be determined as explained in
Sect. 3.2.

3.6.2 Optimization Parameters at Scale k

A mesh 7" is a sub-mesh of the mesh 7 (one writes 7/ D 7), if 7' is a
refinement of 7, that is, if any element K of 7 is the union of elements K’ of
7'. In a scale-by-scale approach, the parameter is searched for successively
over a sequence of embedded meshes 7° € 7' C --- € TX, which allow to
represent more and more details.

In Sect. 3.6.1, we have used as simulation parameter space the approxi-
mation space E introduced in Sect. 3.1.1 over the simulation mesh Tj,. The
same approximation can now be used over each coarse mesh T* to define a
sequence of embedded function spaces E*:

E°CcE!'-..c Ef¥ withdmE*=n,, k=0...K.

Each space E* is the approzimation space at scale k, with k = 0 correspond-
ing to the coarse scale, and k = K to the fine scale. The finer mesh 7X is
chosen fine enough so that

N Z Ny,
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where n, is the number n, of retrievable parameters determined at the end
of Sect. 3.6.1. If n, is not known, one can choose 7% of a size similar to 7, —
but the optimization will stop at a scale k usually smaller than K.

Let ef € E*, i = 1...n4, be a collection of basis functions of E* at each
scale k = 0... K. The choice of this basis (local or multiscale) will be dis-
cussed in paragraph 4 of Sect.3.6.3. The optimization parameter a:’gpt € IR™
at scale k is then made of the coefficients on this basis of the approximation

zF of z in E*:
N
E_ k k
o E Topti € -
i=1

Given an optimization parameter xﬁpt € IR™, the simulation parameter

Tgm € IR™™ is computed (see (3.16)) by

Toim = V" 2, (3.21)
where the parameterization matriz 1" represents the interpolation from the
optimization parameter space E* equipped with the chosen basis ef, i =
1...nyg, to the simulation parameter space E; equipped with the local basis
€, 1= 1...nsim.

Choosing 7% = 7}, for the fine scale mesh will simplify somewhat the
interpolation matrix ¥, as the nodes of a coarse mesh 7% are now also
nodes of the fine and simulation mesh 7% = 7, over which one interpolates.
But this is possible only in certain situations, for example, when 7 is a
regular two-dimensional N; x N, rectangular mesh with N; = 2K N9 and
Ny = 2K NJ_in which case 7° is a NY x N mesh.

3.6.3 Scale-By-Scale Optimization

The admissible sets at each scale are defined by

opt,t 1

N
Ck={ak, e R™ | > ab, el €C}.
=1

Then, given an initial guess z™® € C° the optimization problem (2.5) is
solved successively at scales & = 0,1,..., the result of the optimization at
scale k—1 being used (after interpolation over the mesh 7%) as initial value for



96 CHAPTER 3. CHOOSING A PARAMETERIZATION

the optimization at scale k, until the data are explained up to the uncertainty
level

set: k=0 and @,y = z™"
starting from 25" € C* | find 2% = argmin,  cond(Top),  (3.22)

increment & until the fit is down to uncertainty level.

In this approach, the final number of parameters that will be estimated is
not known before the end of the scale-by-scale optimization.

It was observed in a certain number of cases [57, 58, 15, 64, 69] that
this approach, which searches for the features of the unknown parameter
successively from coarse to fine scale.

— Allows local optimization algorithms to converge to (or near to) the
global minimum of the objective function, instead of stopping in a possibly
remote local minimum or stationary point

— And can enhance the conditioning of the optimization problems

There is to date no rigorous mathematical explanation of this phe-
nomenon, though it should not be out of reach to formalize the following
sketch of analysis:

— We first introduce a class of “nicely nonlinear” inverse problems, for
which scale-by-scale optimization is expected to perform well

— Then we consider a prototype “nicely nonlinear” problem with low
dimensions (two parameters and three datal!) whose attainable set can be
represented on a picture

— We explain on this picture the properties of multiscale approach with
respect to local minima or stationary points and conditioning

— And finally we discuss the influence of the choice of basis functions at
each scale on the conditioning of the optimization problem.

1. Nicely nonlinear problems: At a point x4, € C and in a unit direction
u € IR"™ we define

e s = ||V|| = sensitivity of the forward map ¢, where V =
Do (sim)
e = | A|/|[V||* = (upper bound to the) curvature of the forward
map ¢ at Zgy in the direction u, where A = D7 ¢(2gim)
By construction, V' is the velocity and A the acceleration at t = 0 along
the curve t ~ ¢(xgm + tu) drawn on the attainable set ¢(C'). These
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quantities play an important role in the analysis of the nonlinear inverse
problem (2.5) given in Chap. 4, where they are discussed in detail.

Let then (eF,i = 1...n;) denote, for each scale k, a normalized and
local basis of E¥. This basis can be defined, over the mesh 7, in the
same way the basis (3.19) or (3.20) of E,, was defined over 7.

We can introduce now a rather loosely defined class of problems, where
the scale-by-scale decomposition of the parameter space structures the
sensitivity and curvature levels:

Definition 3.6.1 The NLS inverse problem (2.5) is “nicely nonlinear”
if the sensitivity decreases and the curvature increases in the directions
of the local basis function e¥ when k moves from coarse to fine scales.

In short, “nicely nonlinear” problems are more sensitive but less nonlin-
ear at coarse scales, and less sensitive but more nonlinear at fine scales.
Hence the scale-by-scale resolution (3.22), which solves the coarse scale
problem first, can be expected to perform well.

An example of “nicely nonlinear” problem (see [57, 58]) is the estima-
tion of a one-dimensional diffusion parameter, defined in Sect.1.4 and
analyzed for wellposedness in Sect.4.8. One can also conjecture that
the estimation of the two-dimensional diffusion parameter (defined in
Sect. 1.6 and analyzed in Sects.4.9 and 5.4) is “nicely nonlinear,” as
suggested in [30] and in Remark 4.9.5.

At the opposite end of the spectrum, one finds the problem of estimat-
ing the sound velocity from wavefield measurements: large scale per-
turbations of the sound velocity produce phase-shifts (~ translation in
time) in the observed wavefield, which correspond to a high curvature
because of the high frequency content of the geophysical signals — a very
difficult problem, which cannot benefit from the multiscale approach

described here [24].

2. A prototype nicely nonlinear problem: Consider a forward map ¢ :
IR*> ~~ IR? and an admissible set C' = [-1,+1] x [-1,+1] C IR?,
where the x;-axis corresponds to coarse scale (the space E° above),
and the z;-axis to the fine details (a supplementary subspace W' of
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E%in E', see (3.25) below). Let us suppose that this problem is “nicely
nonlinear”:

e On the subset C° = C' N {x|zy = 0} of C, the curvature of ¢ is
small enough for the attainable set p(C?) to be the piece of curve
shown in Fig. 3.2, top

e On the segments of C'! = C parallel to the second axis {x|r; = 0},
the curvature of ¢ increases significantly, but at the same time its
sensitivity also decreases significantly, so that the attainable set
©(C') might look like the piece of surface in Fig. 3.2, bottom.

3. Stationary points and scale-by-scale resolution: Let the data z € IR be
given as in Fig. 3.3, and 2™ = (—1,0) € CY C C be the given initial
guess of x. We see the following in Figs. 3.3 and 3.4:

zZ3

p(C) —7

0 

)
21
23
A
)
p(Ch) —
0
)
21

Figure 3.2: A representation of the attainable set for the prototype
example at scale 0 and 1
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Figure 3.3: Comparison of local vs. multiscale parameterization for
the convergence of gradient algorithms
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Figure 3.4: Optimization paths in C' for the local (dashed line) and
the multiscale (full line) resolution. The thin dashed lines corre-
spond to one level line of the objective function
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e If the inversion is performed by solving the usual formulation (2.5)
by a local gradient method with respect to the local variables
Tsm = (21, x9), the algorithm will stop, because of the oscillations
of the attainable set ¢(C), at a local minimizer Zgy, far from the
global one.

e Let now the inversion be performed according to the scale-by-scale

formulation (3.22). At the scale k& = 0, any local algorithm will
reach the global minimum zJ,, as z is at a distance of ¢(C")
smaller than its smallest radius of curvature. Then at scale k = 1,
the local algorithm will start at fcgpt, and stop at one nearby local
minimum i(l)pt, which by construction is much closer to the global

minimum — it coincides with it on the chosen example.

We see on this example that the ability of the multiscale resolution to
overcome the problem of local minima or stationary points for a nicely
enough nonlinear problem relies solely on a correct resolution in [R™*
of the optimization problems (3.22), in the sense that, at each scale k,
the optimization algorithm converges to the nearest local minimum or
stationary point.

Choosing optimization parameters at scale k: To perform the scale-by-
scale optimization (3.22), it is necessary to decide whether the opti-
mization vector xf,, at scale k is made of the coefficients of X, on a
local or a multiscale basis of E:

(A) On a local basis: In most cases, using at each scale k = 0... K
the simplest local basis (e¥,i = 1...n;) will produce satisfactory
results — but maybe not with the best computational efficiency:

(a) For a discontinuous piecewise constant approzimation: E* is
made of piecewise constant functions over the elements of 7%,
and the optimization parameters and the associated local ba-
sis functions at scale k are given by

. KN X
xopt,i - < |Q| ) Xref 1=1-- Nk,
Q 1
o = Xref(\‘K.‘y)zxKi i=1om, G2

leilre@) = Xper |2 i=1--ng,
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where now Kj is the ith cell of the coarse mesh 7% (compare
with the definitions (3.1), (3.18), and (3.19) of the simula-
tion parameters and basis defined over the fine simulation
mesh) 7;,.

Because of the L?(2) orthogonality and normalization of the
functions e¥ in (3.23), the Euclidean scalar product for xﬁpt in
IR™ coincides (up to the coefficient X?2,|Q| ) with the L*(Q)
scalar product in Ey.

For a continuous piecewise linear approzimation: Here E*
is made of continuous piecewise linear functions over coarse
triangular elements of 7*. The optimization parameters and
the local basis functions at scale k are then given by

] pu— . .. k

Z ’Q’ 0 Xrlef ’

671,C = Xref<| ’)20(]]];;47‘ /L:]‘.Tbk‘7
Ay,

|€ﬂz,L2(Q) = XZ2,1Q| = 2|e! %Q(Q) i=1--ny,

(3.24)

where now w¥, is the function of E* with value 1 at the ith
node M; and value 0 at all other nodes of the coarse mesh
T*, and where |- |, r2(0) denotes the approximate L?(Q)-norm
on E* evaluated using the quadrature formula (3.3) over the
triangulation 7% instead of 7;, (compare with the definitions
(3.5), (3.18), and (3.20) of the simulation parameters and
basis).
As in (3.20), the basis (3.24) is not any more orthogonal in
L?(2), but it is orthogonal for the approximate scalar product
(-, *)k,r2(0)- Hence the interpretation of the Euclidean scalar
product in [R"™ as the scalar product in L*() is retained for
this approximate scalar product.

The implementation of the scale-by-scale optimization with a local basis
at each scale is relatively simple. Because of the proportionality of the
Euclidean scalar product in IR™ and the L?() scalar product in E*,
the optimization problem retains at each scale the conditioning of the
continuous problem.
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(B) On an adapted multiscale basis: When computation time is at stakes,

one can take advantage of the link between scale and sensitivity to
enhance the conditioning of the problem at scale k by using for xﬁpt an
adapted multiscale basis (€§,j =1...p,,¢ =0...k) of E¥, which we
define now.

LetWk k = 1...K denote a supplementary space of E¥~! in EF,
A function of WF represents details that are seen at scale k but not
at scale k — 1 — hence the name detail space given to W*. The corre-
sponding multiscale decomposition of E* into a direct sum of subspaces
is

EX=E'oW'g...0 WK, (3.25)
The space E° is sometimes called the background space, as it corre-
sponds to the absence of any details. Depending on the choice made
for W, the decomposition (3.25) can be orthogonal (if Wk LE*~! for
k=1...K), or obliqgue in the other cases. Define

= po o ng) = normalized local basis of E°,
f

k K, (3.26)
= pk) = mnormalized local basis of W*,

(
(

QR‘Q_‘HO

where py is the dimension ng of E? and p;, = njy —nj_; is the dimension
of the detail space W*. A normalized multiscale basis €f, i =1...ny,
of E* is then obtained by retaining only the first n vectors in the
list (3.26) above. However, most optimization algorithms are invariant
with respect to a change of orthonormal basis. There is hence nothing
to expect from choosing for E* an orthonormal multiscale basis instead
of the simple local basis! But one can take advantage of the properties
of “nicely nonlinear” problems and use an adapted multiscale basis,
which boosts the sensitivity of the variables according to the size of the
details they represent:

e For the determination of the background (k = 0), the natural
choice is to use the optimization parameters z,, and the local
basis €] = ) defined by (3.23) or (3.24). So the first step of a scale-
by-scale resolution is the same for an adapted multiscale basis or
a local basis.
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e For the determination of the details at a scale k € {1...K}, let
s? denote the sensitivity in the directions of the multiscale basis

(3.26) at some nominal parameter z2™:

$ = VA = [1Da g,

sim

and define a mean relative sensitivity of details at scale k:

5 = <])1k Z <Sf)2> 1/2/(7110 ; Z (8?)2> 1/2' (3.27)

1=1...p =1..ng

When £ increases, the support of the basis functions e;‘? becomes
smaller, and so one can expect that, according to Definition 3.6.1
of a “nicely nonlinear” problem,

1>sl>.. > 85

So one can define an adapted multiscale basis for EX (and hence
for each E* 1) by

& =e/sk,  k=1..K, (3.28)
where the coefficient 1/s¥ tries to compensates for the loss of sensi-
tivity of the forward model in the directions of finer details. Using
this adapted multiscale basis tends to spherize the level lines of the
objective function at scale k, and hence speeds up the resolution.

If one does not want to estimate numerically s* by (3.27), one can
experiment with s¥ = (hy/ho)® for various a > 0, where hy, is the
size of the cells of T".

Remark 3.6.2 When W* L E*=! (the decomposition (3.25) is orthogonal ),
basis functions e;? of WF are orthogonal to the local basis functions ef of
E*=! defined in (3.23) or (5.24). Hence allowing the parameter to have a
nonzero component on e;‘? does not change its mean values at scale k — 1. In
many applications (as the estimation of a diffusion coefficient for example),
the model output is sensitive to the mean value of the parameter, so that
opening of new degrees of freedom in W* will not deteriorate, at first order,
the quality of the fit to the data obtained at scale k — 1. For such problems,

the optimization routine, when searching for @’;m in E*, will have to work
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out its way in practice in the much smaller space W*, as the coefficients on
E* ! are already almost at their optimal value.

Oppositely, when the multiscale basis is associated with an oblique decom-
position, allowing the parameter to have a nonzero component on a detail
direction eg‘? of W* does change its mean values at scale k — 1. Hence it
will be necessary, during the course of the optimization at scale k, to change
coordinates both in W* and in E¥~! to maintain the correct mean values
determined at scale k — 1.

Multiscale bases associated to orthogonal decompositions should hence be
preferred, as they tend to ensure a faster resolution of the optimization prob-
lem at each scale k, by concentrating on the smaller problem of determining
the details in W*. But — with the exception of the Haar basis, which is limited
to piecewise constant functions on rectangular meshes — they are difficult to
construct, as the basis vectors €} of W¥cannot in general be determined ex-
plicitly over the finite domain ). There exists a large amount of literature on
wavelets [48], which are finite support orthogonal multiscale bases — but they
are defined over an infinite domain, and cannot be used directly on bounded
domains. Another approach is to use a numerical orthogonalization proce-
dure as the Gram—Schmitt procedure, but this is computationally expensive,
and the finite support property of the basis functions is lost.

Remark 3.6.3 Instead of performing the scale-by-scale optimization (3.22),
one can minimize simultaneously with respect to the whole set of multiscale
parameters, starting from a first initial guess 2™ € CO:

K

starting from ™ € C°, find Topy

= argming, ccx J(Topt).

Because of the invariance of optimization algorithms with respect to or-
thonormal change of basis, no improvement is to be expected concerning the
stationary points and conditioning problems if an orthonormal multiscale ba-
815 15 used.

Using the same adapted basis (3.28) as in the scale-by-scale resolution is
not a good idea: boosting the sensitivity of fine scales to enhance condition-
g will at the same time increase the nonlinearity, and hence worsen the
stationary points problem instead of relieving it!

But it was observed in [57, 58] that going the other way, that is, using a
multiscale basis that damps the sensitivity of fine scales, can allow to over-
come the stationary points problem — at the price of a worse conditioning.
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This is the case, for example, of the Haar basis (Remark 3.6.4 below), or of

the adapted basis:
= gke k=1...K.

J rjo

)

When such a basis is used, the optimization algorithm works first in the
subspace of the most sensitive coordinates, that is, those corresponding to
coarse scales, thus allowing to overcome the stationary points problems. It is
only when these coordinates have been adjusted that the algorithm feels the
need to adjust the coordinates for the finer scales, which have been made much
less sensitive. The graph of the objective function as a function of the iteration
number has then a stair shape, where going down one stair corresponds to
grasping to the adjustment of the next finer scale.

3.6.4 Examples of Multiscale Bases

We describe now the simplest multiscale bases for discontinuous piecewise
constant and continuous piecewise linear parameters.

Approximation by a discontinuous piecewise constant function.

We consider the case of parameters that are, at scale k, piecewise constant
functions over a two-dimensional rectangular mesh 7% obtained by k divisions
of a rectangular background mesh 7°. The dimension of the corresponding
parameter space E¥ is then n; = 2% x 2¥ ny, and the dimension of a supple-
mentary space W* is p, = 4¥ng — 4*"'ng = 3n4_1. The mesh 7% is hence
obtained by dividing each rectangular cell L of 7*~! into four smaller rect-
angular cells A, B, C, D. The kth refinement is called reqular if all cells L of
T" are divided into four equal rectangles.

We associate to L the three functions €} 1., €}, and €}  defined in
Fig.3.5 (the indexes Ir, tb, sp stand, respectively, for left-right, top-bottom,
and saddle-point), with

0 L b= S J—m
4[A]° 4B’ 4|c|’ 4|DJ’
where m > 0 is a normalization coefficient.

One checks easily that:

ko ko _ ko
/ €Llr — 0, / €rLtb — 0, / €Lsp — 0,
L L L
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A B
L
C D
a cell of 751 four cells of 7%
+a —b +a +b
+c —d —cC —d
e &

Figure 3.5: Definition of the three basis functions of W* associated
to the cell L of 7%~!

and |L|
|€’Z,1r|L2(L) = |€’Z,tb|L2(L) = \Glz,sp|L2(L) = mg; )

where ¢ is equal to four times the harmonic mean of the areas of rectangles
A,B,C, and D (¢ = |L| if the kth refinement is regular!):

4 1( 1 n 1 N 1 . 1 )
¢ ANAL Bl et DL
The functions €} ., €}, €], are linearly independent and orthogonal to

E*~1.So the orthogonal supplementary space W¥* to E*~1 in E* is

ko_ koo ko k k-1
W = span{e] 1., €] s €1ops LET" ).



3.6. MULTISCALE PARAMETERIZATION 107

The basis functions €} ., €} ,, €} o, of W¥ associated to the same cell L are
not orthogonal in general (except for a regular refinement, see Remark 3.6.4).
But basis functions associated to different cells (at same or different scales)
are orthogonal. This basis of W* can be normalized independently of the
scale by a proper choice of m over each cell L:

2]
| L]

1
€] el2ny = | wlrewy = 1€ oplrew) = Xoet| Q2.

m = Xyef implies (compare with (3.23)):

With this normalization, the multiscale basis functions (3.26) of E* have
the same norm Xref|Q’é as the local basis functions (3.23). The local basis
is orthogonal, and the multiscale basis is orthogonal by blocks, one block
being made of the three basis functions associated to one cell L of a meshes

Thhk=1---K.

Remark 3.6.4 When the refinement is reqular, one hasa =b=c=d=m
and ¢ = |L|, and the functions € 1o €y €Lsp are orthogonal. The case
m = 1 corresponds then to the classical Haar basis — notice that the norm
of the basis functions of the Haar basis decreases as |L|*/* when the scale is
refined.

Approximation by a continuous piecewise linear function.

We consider now the case where the parameter space E* at scale k is made
of continuous piecewise linear (on triangles) or bilinear (on rectangles) func-
tions, over a mesh 7% obtained by k refinements of a background mesh 7°
made of triangles and rectangles. It is supposed that the initial mesh and its
subsequent refinements are done in such a way that all meshes 7% are regular
meshes in the sense of finite elements (the intersection of two cells of such a
mesh is either void, or an edge, or a vertex). Let

Yk = {M such that M is a node of 7% but not of Tk_l}.

By construction, V¥ contains pj, = ny — ny_; nodes M.
So a first choice is to choose for €5, the local basis functions (3.24) of E*
associated to the nodes M of V*:

ek MeVk,
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With this choice, the space
W* = span{ey,, M € V*}

is an oblique supplementary space of E¥~! in E*. Hence the correspond-
ing multiscale basis €X,, k = 0--- K, M € V* is not orthogonal, neither be-
tween scales, nor inside a given supplementary space. But it is normalized, as
its elements have the same L?-norm ‘éQ Xref|Q|§ as the local basis functions
ek i=1--ng of E¥ (see (3.24)).

The corresponding parameterization matrix ¢* (see 3.21) involves a lot of
interpolation, so that the change of variable can be computationally expen-
sive; its implementation and that of its transposed are relatively delicate and
error-prone, though following the procedure described in Sect.2.4 with the
forward map ¢ = 1* and the objective function G defined in (2.13) should
limit the chances of error in the determination of (%)T.

This basis suffers moreover from the defaults of oblique multiscale bases
mentioned in Remark 3.6.2, and so its use — or that of its more intricate or-
thogonalized version — should be considered only in special cases, for example,
when scale-by-scale resolution with the local basis (3.24) at each scale fails.

3.6.5 Summary for Multiscale Parameterization

Multiscale parameterization has the desirable property that a scale-by-scale
resolution will converge to or near to the global minimum for “nicely non-
linear” problems. However, a larger and larger number of d.o.f. is added
each time the introduction of a new scale is required: as long as the fit to the
data resulting from the optimization at scale k is above the uncertainty level,
one has to grasp to the finer scale k + 1, and introduce in the optimization
space IR"™ all the d.o.f. of E**! which are not in E*, that is, those of
WL Tt is then likely that part of them will have little or no influence the
output of the model, which shows that the multiscale approach can lead to
overparameterization.

3.7 Adaptive Parameterization: Refinement
Indicators

We consider in this section an adaptive approach for the estimation of dis-

tributed parameters, which tries to retain the good properties of multiscale
parameterization with respect to stationary points, but avoids the pitfall of
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overparameterization: one starts with a small number of degrees of freedom
(often one), and adds (or substitutes) degrees of freedom one at a time, by
using refinement/coarsening indicators to choose, among a large number of
tentative degrees of freedom, one which incurs, at first order, the strongest
decrease of the objective function; the algorithm stops when the data are
explained up to the noise level.

Adaptive parameterization is one way of regularizing the inverse problem:
it adds the information that one searches for the simpler (in the sense of
number of degrees of freedom) parameter function in the chosen class.

Moreover, if the unknown parameter is a function and the tentative de-
grees of freedom are chosen at each step at a scale finer than the current one,
one can expect that the algorithm will retain, when the problem is “nicely
nonlinear,” the good properties of scale-by-scale optimization with respect
to stationary points (Sect. 3.6.3).

3.7.1 Definition of Refinement Indicators

We define in this section refinement indicators independently of the nature
of the unknown parameter (vector or function) and of the objective function
(provided it is derivable). We make the assumption that the choice of a
“good” parameterization depends primarily on the forward map ¢ to be
inverted, and we neglect the constraints in the construction of our indicators.
We use the notations (see Sect. 3.3)

E = R~ . space of simulation parameter,

J : IR™m ~ IR : a derivable objective function, (3.29)
ECFE : the current optimization space, ’
reE . current optimization parameter.

The space E and its subspace E are equipped with the Euclidean scalar
product in IR™= which approximates, up to a multiplicative constant, the
L?-scalar product when z is a function (see Sect.3.1.1). The current solution
and value of the problem are (we ignore the constraints...)

-~

T =arg min_J(x), J = J(z). (3.30)
r e E

When the minimum value J is not satisfying (e.g., if it is above the noise level
in the case of least squares), the question arises of which degree of freedom to
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add to the current optimization space E such that it produces a significant
decrease of the objective function J.

Solet T ¢ E, TNE = () be a set of tentative new basis vectors ¢
available at the current parameterization step. We shall refer to T as the
set of tentative degrees of freedom. It can be very large, as its vectors need
not to be linearly independent. We shall suppose that its elements have been
normalized:

Vee T, |le||lr =1 (3.31)
for some norm || - ||r. This norm is not necessarily the Euclidean norm on
E = IR": for example, when the unknown parameter is a real valued

function and the vector x € F is made of the values of the function over the
simulation mesh 7, (Sect. 3.7.2 below), one often uses the ¢*° norm:

lellr = el = _max e, (3.32)

To select one — or a few — degree(s) of freedom € in T, one associates to

any tentative € a refinement indicator A in such a way that large |A|’s are
associated to €’s, which have a strong potential for the decrease of J:

1. Nonlinear indicators: One defines

ANE SN = T T, (3.33)

where the .J is the new value of the problem, computed with the full
nonlinear model:

J = J (@ + je), (Z,7) = arg min J(z + ye). (3.34)
reE,yelR
This is the most precise indicator, as it ensures by definition that the
¢ associated to the largest AN* produces the strongest decrease of the
objective function!

But it is also the most computationally intensive one, as its computa-
tion requires the solution of the full nonlinear optimization problem.
Hence it is impossible to use AN¥ = AJ as an indicator to choose ¢
among a large number of degrees of freedom.

2. Gauss—Newton indicators: In the case of nonlinear least squares prob-
lems, where J(z) = }[|¢(x) — z||?, one can define

AON 4 A JON T JON (3.35)
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where the JON is the new value of the problem, computed with the

Gauss-Newton approximation to the forward map ¢:

JON — JON(5FON) - 57ON = arg min JONGE),  (3.36)
0% € span{E, €}
where
1
JN(5z) = 5 ¢’ (2)0z — Az||* with Az =z — p(%). (3.37)

The evaluation of AN requires now one resolution of a linear least
squares problem for each tentative degree of freedom e. This approach
can be used (see, e.g., [42, 60]) when the size and computational cost
of the problem makes its resolution possible by a Gauss—Newton opti-
mization algorithm (one evaluation of the refinement indicator is then
computationally equivalent to one Gauss—Newton iteration). But the
number of tested degrees of freedom is still limited in this approach.

3. First order indicators: We return now to the general situation (3.29).
The optimal objective function 7 € IR ~» J* > 0 in the direction e € T
is defined by

Jr = J(xl + Te), xr = arg mi}gl J(x + Te€). (3.38)
e

Comparison with (3.34) shows that

ry = r; = I,
Ji = J, Jr o= J,
and (3.33) becomes

dJ
NE=AJ =T = 5 = d7f|720g+... (3.39)

In absence of information on g, one can take a chance and chose €
according to the modulus of dJ*/dr in (3.39). This choice is comforted
by the remark that, because of (3.31), perturbing Z of a given amount
||y €| in the direction e will produce a large decrease, at first order, of
the optimal objective function for those €’s that exhibit d.J*/d7’s with
large modulus. Hence one is led to the ...
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Definition 3.7.1 The first order refinement indicator associated to the
tentative degree of freedom € € T at the current optimal parameter T is

Az

™ |.—o. 4
)\ dr ’T—O (3 O)
It is given by

where VJ(Z) denotes the gradient of the objective function with respect
to simulation parameters x € E.

Proof. Derivation of (3.38) with respect to 7 at 7 = 0 gives, when z? is
a derivable function of 7,

*
dx;

A= <VJ(${§), i >E + (VI (@), ) p. (3.42)

But dzf/dr € E and (VJ(2),0x)p = 0 Véx € E (c.f. the definition
(3.30) of z), so that the first term vanishes in the right-hand side of
(3.42) and (3.41) is proved.

Hence the evaluation of A for a tentative degree of freedom ¢ € T
requires only the scalar product of ¢, in the simulation parameter space
IR"= with the known vector V.J(&)! This makes it easy to test a very
large number of tentative degrees of freedom before making up one’s
mind for the choice of a new one.

Remark 3.7.2 One could argue that, because of the potentially large
dimension ngm of x, the gradient V.J(Z) can be computationally unaf-
fordable. However, when the implementation of the inversion is based,
according to the recommendations of Sect. 3.8.1 below, on the adjoint
state approach of Sect. 2.3, the gradient VJ(&) with respect to simu-
lation parameters is available as a byproduct of the computation of x
(search for V.. J in the lower right corner of Fig. 3.8).

Tsim

Remark 3.7.3 The first order refinement indicators A were originally
defined as Lagrange multipliers in the context of estimation of piecewise
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constant parameter functions [23, 10]. We have used a more direct —
and hopefully simpler — presentation above, but the two definitions co-
incide: (3.38) can be seen as a constrained optimization problem:

(rr,y,) = arg min J(x+ye),
reE, yelR
y—7=20
whose Lagrangian is

Lo(x,y,\)=Jx+ye)— Ny —T1).

The necessary Lagrange optimality conditions are then, for a given

7€ IR,
¢ OL
ax((x,y, Nox = (VJ(x+ye),0x)p =0 VYorekE,
oL
ay ((l’,y,)\) = <V‘]($ +y€)7€>E -\ = 07
oL
| a)\((x,y,/\) =y—T =0.

For 7 =0, the second equation gives (3.41) and property (3.40), which
we use now as definition, is the well-known property that a Lagrange
multiplier is the derivative of the optimal objective function with respect
to the right-hand side of the corresponding constraint.

We return now to the case of nonlinear least-squares problems, where

Ta) = o) — 2%

and investigate the relation between the first order indicator A and the Gauss—
Newton indicator AN, We use notations (3.35) through (3.37), and denote by

F' the data or observation space IR,
®  the ¢ X ng,, matrix associated to  ¢'(z),

(3.43)

when E = IR"= and F' = IR? are equipped with the Euclidean scalar prod-
ucts. Because the principle of adaptive parameterization is to stop adding
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degrees of freedom before overparameterization is attained, it is not a re-
striction to suppose that:

® is injective over span{E, ¢} (3.44)

By definition one has

~

)\GN _ J_jGN
1 1,
= _lAz]E = 90z — Az||%,
2 2
1
= (®0i°N, A2)p — 2\|<1>5:EGNH§. (3.45)

The Euler equation for the Gauss-Newton optimization problem (3.36) is

find 629N € span{E, e} C IR"i" such that (3.46)
(@ 07N — Az, ®dz)p =0 Vox € span{E,e}. '
Choosing 0z = 63N in (3.46) and combining with (3.45) gives first
1
AEN — 2H<I> SN2 (3.47)

Subtracting then from (3.46), the Euler equation for 2
(—=Az,®ox)p =0 Voxr e E
and the Definition (3.41) of A
(—Az, Peyp = A
gives

(57N déx)y = 0 VozeE,
(DN De)p = —\

Hence we see that

6z = —An(e),

where n(e) € span{E, ¢} is the unique solution (which exists because of
hypothesis (3.44)) of

(On,Pox)r = 0  Vore E, (3.48)
(P, Pe)p = 1. (3.49)

Combining this result with (3.47) gives
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Proposition 3.7.4 Let notation (3.43) and hypothesis (3.44) hold. Then the
Gauss—Newton and first order indicators are related by

/\2
AT =7 @ n(e)]F (3.50)

where 1(e) is defined by (3.48) and (3.49).

This confirms that the first order indicator carries one part of the information
on the variation of AN with the tentative degree of freedom e.

It is possible to explicit the calculations needed for the evaluation of the
coefficient ||®n(e)||%. We return for this to the optimization variables. The
dimension of the current optimization space E is ngp, and let

€1...n, € ECE=IR""™

be the current optimization basis, and W(e) be the ngm, X (nept + 1) parame-
terization matrix (3.16) for the tentative optimization space associated to e

U(e) =[er...en,, €| (3.51)

Then the vectors n € span{E ¢}, 0x € E and € € T, which appear in (3.48)
and (3.49), are of the form

77 = \IJ(E) /rlopt for some nopt c ]R’Vlopt-f-l’
dr = W(e) (dzopt, 0) for some dxqpy € R,
= WL Y

Nopt times

Hence (3.48) and (3.49) become

<(D\I’(€) Tlopt @‘IJ(G) ((S:L’Opt O))F = 0 V(Sxopt € RnOpt,
(@U(e) g, PU(e) (00 D)p = 1L
Nopt times

This rewrites

(D(€) Nopt, PU(€) Oop ) =
<( Qvg 1)7 5w0pt>B"opt+1 Vél‘opt € Eznopt-i-l7

Nopt times
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that is,
V()" O W(e) nope = (1 0...0 1).
v

7
Nopt times

Solving for 7.y and substituting in (3.50) gives an alternative expression of
AEN:
)\2
GN _
A 9 H \v/ H U(e)TOTP W(e)
Nopt times

(3.52)

This formula is derived in [11] starting from the Lagrange multipliers defi-
nition of first order indicators. It will be useful in Sect. 3.7.3 when applying
refinement indicators to segmentation of black and white images.

3.7.2 Multiscale Refinement Indicators

We consider in this section the case where the unknown parameter is a piece-
wise constant real valued function a : & € Q ~ a(§) € IR over some domain
Q) C IR%. First order indicators have been first introduced [23, 10], and used
[69, 35] in this context, and some convergence results have been obtained in
[9]. But multiscale refinement indicators are not limited to this case:

e They can be adapted to the estimation of smooth functions (see [33]
for the determination of a continuously differentiable function of two
variables)

e The method generalizes naturally to domains of higher dimension

e And results for the case of vector valued parameters can be found in

(44, 11]

Let 75, be the simulation mesh covering 2, made of ng,, cells K. We
approximate the function a : {2 ~» IR by a function a; which takes a constant
value ag over each cell K of 75, and choose as simulation space E = IR"sm=,
and as stmulation parameter:

Agim = (asim,K, K € %) € IR"sm with Asim, Kk = QK- (353)

For simplicity, we have chosen not to adimensionalize a, as all parameters ag
correspond to the same physical quantity.

Because of the large size of the discretization mesh 7;,, the data are usually
not sufficient to estimate the value of the unknown parameter in each cell K.
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We consider here the case where the additional information that is added to
regularize the problem is that a is constant over a number nop of subdomains
(much) smaller than the number ngy, of elements K (this is “regularization
by parameterization” as described in Sect. 1.3.4, see also [38]). We call such
a partition 7" of 7}, into n,y subsets 7; zonation, each one made of cells K of
75, (with the notations of Sect. 3.6.2, 7}, is a sub-mesh of 7°), and we associate
to a function a : {2 ~ IR, which takes a constant value a; on each zone 7; the
vector aope € IR™Pt of its values on each zone calibrated according to (3.1) —
once again we do not adimensionalize for simplicity:

. n . T\ 2
Aopt = (Gopt j;J = 1...Nopt) € IR™  with  agpyj= <”é’|>2aj. (3.54)
The parameterization map ¥ : Gopt ~> Agimy € IR™sim defined in (1.16) is hence
the ngm X ngpy matrix:

=17 ... e ], (3.55)

Nopt

where the vectors ejT € R™™, j = 1...nupy, are defined by (compare with
(3.19))

0 it K ¢ 7,
T =4 |9
€ K | |21 top; K €T, (3.56)
|71
and the current optimization space (see (3.29)) is E = span{e? ... egopt :

With this choice of optimization parameter, the Euclidean scalar product
on E C IR™rt is proportional to the L2-scalar product of functions over
2, which will preserve the conditioning of the original problem, and the
Euclidean norm ||aop|| is & mean value of the function a over Q (Sect.3.1.1).

The “easy” — or at least more classic — part of the problem is the mini-
mization of the NLS objective function ap ~» J(¥ aopt) over the admissible
parameter set for a given zonation 7 ; but the difficult part is that the zona-
tion 7 itself is not known a prioril Hence solving the regularized problem
amounts to find an “optimal” zonation T of € such that:

1. The data are explained up to the noise level (i.e., the minimum of J o v
is small enough)

2. The number of zones is small enough to avoid overparameterization
(i.e., the Jacobian of ¢ o ¥ is injective)
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The determination of the zonation is a difficult geometric problem. Var-
ious approaches to its solution have been proposed: displacement of the
boundaries between zones using geometric gradient methods, level set meth-
ods, etc. We develop below the multiscale refinement indicator approach,
which is particularly well suited for “nicely nonlinear problems” of Defi-
nition 3.6.1, (e.g., the estimation of the diffusion coefficient or the source
term in Sects. 1.4-1.6 of Chap. 1), where a coarse-to-fine scale-by-scale res-
olution has been shown in Sect.3.6.3 to relieve the stationary point prob-
lem. The platform Ref-indic for the use of these indicators is available
at http://refinement.inria.fr/ref-indic/.

The multiscale refinement indicators proceed as follows: one starts with
7° made of one or two zones, and increases the number of zones one at a
time, by splitting one zone of the current zonation 7% into two subzones,
thus producing a new zonation 7 **!. This ensures at each step that the new
degree of freedom is (locally) at a finer scale than the current ones, hence the
name “multiscale” given to these indicators. The zone to be split and the way
it is split are chosen according to refinement indicators. By construction of
the refinement indicators, this ensures that each new optimization problem is
likely to produce the best decrease of the objective function among all tested
degrees of freedom.

The scale-by-scale optimization is stopped, as described in Sect. 3.6.2,
at the first k for which the data are explained up to the noise level. But
the parsimony with which the degrees of freedom are introduced ensures
that the Jacobian of ¢ o W has a full rank at all successive minimizers &’gpt ,
and hence overparameterization is avoided.

Let 7 = 7% denote the current zonation, and ¥ and E denote the cor-
responding current parameterization matrix and optimization space. We de-
scribe now the construction of 7%, Cutting one domain 7; of 7 into two
subdomains 7; ; and 7; _ amounts to add to the basis €] . .. egopt of E defined
in (3.56) the vector € = (ex , K € 7j) defined by

0 K ¢T
e=(ex, K€Ty) e R"™ with ex=4¢ +1 ifKeT, (3.57)
-1 fKeT_.

The (first order) refinement indicator (3.41) associated to this cut is

A= Vol Omrsmn = Y. (Vo) = O (Vo) o (358)

KE'TJ':+ KE'TJ':_
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where V, . J is evaluated at the point WaZ, of IR™m. So we see that, once
V.., J has been made available as by-product of the minimization over the
current zonation, the first order indicator associated to any cut of any domain
7; is obtained by a simple summation of the components of V,__J over the
new subdomains. This makes it possible to test a very large set T of tentative
refinements of the current zonation 7 = 7%. Once the new zonation 7!
has been chosen, the optimization is performed with respect to the local (at
the zonation level) variables aop j,j = 1. Iéljtl as defined in (3.54).

For example, if the simulation mesh ﬂ is made of rectangles (see Fig. 3.6),
one can choose, for the set T' of tentative degrees of freedom, the collection of
the cuts dividing each current zone Z; by a vertical or horizontal line located
on one edge of the mesh, and by a “checkerboard cut” centered at each node
of the zone (see Remark 3.7.9 below). Using these cuts will lead to zones

FE++
FHEH
L+ HE
FH b

Figure 3.6: Examples of vertical, horizontal, and checkerboard cuts
for one zone 7 of a mesh 7;, made of rectangles. The vector e takes
value +1 in cells with a plus sign, and —1 in cells with a minus
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that have “simple” shapes, which is often an implicit constraint. We refer to
[10] for more details and numerical results. But the above list of cuts is not
exhaustive, and one can test any cut suggested to the user by its experience
or intuition.

If the complexity of the zones is not a problem, one can use a set T
containing only one cut in each zone 7;, namely the one that produces the
largest refinement indicator \jmax:

Nmax = O (Vi) icl- (3.59)
KeT;

It corresponds to the vector € given by

_ 0 if K¢ 15,
K= sign(V,,, )k if K €T,

Lsim

(3.60)

This largest refinement indicator approach has been used in [23] for an oil field
modeling problem, and is applied in Sect. 3.7.3 below to the segmentation of
black and white images.

Notice that the vectors e associated to these cuts by (3.57) and (3.60)
satisfy the normalization (3.32) for T.

Remark 3.7.5 The refinement indicators have been defined in the context
of unconstrained optimization. In this case, the optimum doTpt at the current
zonation T satisfies

0/ 0o ; = (Vaund, €] Yimsim =0 Vi =1.. ngp, (3.61)

Lsim

so that formula (3.58) is equivalent to

A= 2 ZKGTJ:Jr (VmSimJ)K
= —2 ZKE'TJ.:_ (szim J) K

In practical applications, however, constraints are taken into account for the
determination of al,, so that (3.61) does not necessarily hold for all zones
(unless all constraints are taken into account via reqularization, see Sect. 3.8.1
below). It is hence recommended to compute the refinement indicators by

formula (3.58) rather than by (3.62).

(3.62)
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3.7.3 Application to Image Segmentation

Let €2 be a rectangle covered by a large uniform mesh 7;, made of ng;,, rect-
angular (usually square) elements K called pixels, and z = (2, K € 7T},) be
a black and white image on the domain €2, where zx € [0, 256], for example,
represents the gray level of pixel K. The segmentation of this image consists
in finding a zonation T of 7y, that is, a partition of 7, into a small number
nept Of subsets 7;, and an #mage a with a constant gray level in each zone
T;,j =1...ngp, such that the number ny, of zones of 7 is small and a is
close to the given image z. This fits clearly in the framework of multiscale
refinement indicators of Sect. 3.7.2, with the particularly simple forward map:

p: a€C=10,256]"" C E=IR"™"™ ~a¢€F = IR"m. (3.63)

Because of the linearity of the forward map, the nonlinear refinement indica-
tor ANV coincides here with the Gauss-Newton indicator ASN. The question
that arises then naturally is: for such a simple inverse problem, does the
largest first-order indicator A also hint at the largest decrease of the objec-
tive function? To answer this question, we explicit the relation (3.52) between
ANE = \SN and )\ in the case of image segmentation. The matrix ® is here
the Ngm X Ngm identity matrix, and so we are left to determine W(e)” ¥(e).

The resolution of the minimization problem (2.5) for a given zonation is
straightforward when ¢ = [, as it amounts to affect to each zone the mean
gray level of the zone in the image! So there is no need here to calibrate
the optimization parameters to maintain the conditioning of the optimiza-
tion problem, and we replace the Definition 3.54 of optimization parameters
simply by

Aopt = (Gopt,j:J = 1. . Nopy) € IR™™ with  aop; = ;. (3.64)
Formula (3.56) for the definition of the basis e;fr € R"im, j=1...ngy, of E

becomes now ‘T
T 0 ifK s
el — ) 3.65

3K { 1 it KeT,. ( )

The parameterization matrix W(e) associated to the tentative splitting of the
T

j-zone 7 into two subzones 7; , and 7; _ is given by (3.51), where e and

€ are given by (3.65) and (3.57). Hence, the (nopt + 1) X (Ngpt + 1) matrix
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U(e)T W(e) is (only nonzero elements are represented):

b1

W(e)T U(e) = b 3 PPl (360)

pnopt

p; —p; pj

where p; ... py,,, are the numbers of pixels in each zone of the current zona-
tion 7, and p; (respectively, p;_) is the number of pixels in the subzone
7, + (respectively, 7; _) of the tentative cut. It is now a simple calculation to
deduce from (3.52) and (3.66) that

2
AN — AN — Agﬂ b (3.67)
Dj+Pj,—
This shows that the largest first order indicator A\; does not always corre-
spond to the largest decrease of the objective function among all tentative
refinements T', even when the forward map is the identity. But for large val-
ues of a, the function 7 ~» a/(7(a— 7)) is almost flat near /2, so there tend
to be a good correlation between A% and the actual decrease of the objective
function, at least during the first iterations of the algorithm.

It is hence natural, when the complexity of the zonation is not a problem,
which is usually the case in image segmentation, to search at each iteration
for the new degree of freedom in a tentative set T containing only, in each
zone 7; of the current parameterization, the degree of freedom e given by
(3.59), which corresponds to the largest refinement indicator \jmax defined
by (3.60).

This approach is developed in [11] for the segmentation of B and W im-
ages, together with a generalization to segmentation of color images. The
platform Ref-image for the application of refinement indicators to image seg-
mentation is available at http://refinement.inria.fr/ref-image/.

3.7.4 Coarsening Indicators

We return to the general context of the estimation of piecewise constant
parameters. Suppose that the refinement indicators of Sect.3.7.2 have sug-
gested to split one current zone 7; into two subzones 7; . and 7;_. Before
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deciding to add this new degree of freedom, one can ask whether aggregating
one subzone, say 7,4, to one adjacent neighboring zone, say 7;, would not
be already beneficial to the objective function, thus leaving unchanged the
number of degrees of freedom.

Coarsening indicators that evaluate the interest of such an aggregation
have been defined in [10] via Lagrange multipliers. We give here a more direct
definition:

Definition 3.7.6 The coarsening indicator for the aggregation of the sub-
zone T; + with one adjacent zone Ty is (see Fig. 3.7)

*
AJj_,_,E - _/~L+(a/opt,€ - aopt,j)a

where p, is the first order indicator associated by Definition 3.7.1 to the
direction

B - 0 ifKﬁéEHrv
n= (nK7K€771)7 where 7k _{ +1 ifKEIZ},+'

T

f b

N
+

Figure 3.7: Coarsening indicators: the current zonation 7 (thick
lines, 5 zones), the tentative division of zone 7; proposed by the
refinement indicators (thin line), and one zone 7, (adjacent to 7, )
to be tested for aggregation with 7; ;.
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It is given by

My = Z (szimJ)K (368)

KeTj+

According to Definition 3.7.1, the coarsening indicator AJ;, , gives the first
order decrease of the objective function incurred by changing, on 7; ., the
parameter from its current value aqp; to the value agp s in the adjacent
zone 7.

AJ3, , can be positive or negative, but if, for some adjacent zone 7y, one
finds that AJL’Z /J* is larger than some a-priori given percentage, one can
consider aggregating the zones 7; | and 7, (rather than splitting the zone 7;
into two). In this case, the new zonation 7**! will have the same number of
zones than 7%, but will nevertheless produce a better fit to the data.

Remark 3.7.7 For the aggregation of T, _ one has to compute (see (3.68))

o= Y (Ve

KeT,

Hence p_ and py are linked to refinement indicators by

A= iy — i
Also, ig;,t minimizes J over the zonation T, so that
aJ .
/’L+ +M— = Z (szlmJ)K - a (az;)t) = 07
Lopt,j

KeT;

which shows that py and p_ are likely to be of opposite signs.

3.7.5 A Refinement/Coarsening Indicators Algorithm

We describe here an example of an adaptive optimization algorithm that uses
the refinement and coarsening indicators of Sects. 3.7.2 and 3.7.4 to estimate
a function a defined over a domain €2 covered by a simulation mesh 7j,.
This algorithm uses a conservative strategy for the choice of the refine-
ment: because the refinement indicators are only first order ones, the indi-
cator(s) with maximum absolute value do(es) not always produce the larger
decrease of the objective function. Hence the algorithm takes a better chance
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by computing the actual decrease of the objective function for a set of indi-
cators with large absolute values before taking a decision. The situation is
different for the coarsening indicators AJ7, ,, which give directly an estima-
tion of AJ* for a given aggregation: the algorithm will decide to aggregate
or not at the sole view of the coarsening indicators.

Of course, many variants of this algorithm are possible: for example, one
could postpone the decision to aggregate after the actual decrease of J* has
been computed for a family of potentially interesting aggregations, which
would require the resolution of a few more minimizations problems at each
step. We describe now the algorithm.

As a preliminary step, one has to choose the family T of tentative refine-
ments of the current zonation 7, which will be explored by the algorithm
to define the next zonation (e.g., the set of cuts of Fig. 3.6 for each zone 7;
of T).

Once this is done, the algorithm can go as follows:

1. Choose an initial zonation 7.
2. Do until data are satisfactorily fitted:

3. Estimate a on the current zonation 7" by minimizing J with respect

T
t0 agpy-

4. Compute the refinement indicators A for all tentative refinements T':

For every zone 7; of T and for every cut of 7; do
compute the corresponding refinement indicator A
Enddo

5. Compute |A|max the largest absolute value of all computed refinement
indicators. Select a subset T'gyy of cuts corresponding to refinement
indicators, which are larger than 80% of |A|yax (this percentage can
be adjusted)

6. Minimize J successively over the zonations associated to the cuts of
T's0%, and let (AJZ)max denote the best decrease obtained.

cuts

7. Compute the coarsening indicators for all selected cuts of Tgyy:

For every cut of Tggy,

every subzone 7; 1,

every adjacent zone 7,  do
compute the coarsening indicator AJ7,,
Enddo
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8. If (AJZ, ()max is larger than 50% of (AJ7,
be adjusted)

then aggregate 7, and 7,
else refine according to the best cut found at step 6.
Endif

Jmax (this percentage can

9. Update the current zonation according to the retained cut or aggre-
gation.

Enddo

Remark 3.7.8 The above procedure is by nature interactive: after comple-
tion of step 7, one can ask the algorithm to display the selected cuts and
aggregations, and the user can mark those that seem of particular interest to
him, or even figure out a new refinement pattern that incorporates his or her
insight of the problem. The minimizations of step 8 can then be limited to the
marked items.

Remark 3.7.9 If one wants the parameter to be constant on zones T; made
of a single connected component (i.e., made of “one piece”), it is necessary
to add a step 5 as
If some cuts of T gy generate subdomains with more than one con-
nected component then

compute the refinement indicators corresponding to the subcuts
associated to each connected component (this will be the case

each time a checker board cut is selected!).
Update the set Tgyy of selected cuts according to the 80% rule.

Endif

3.8 Implementation of the Inversion

As we have seen in Sect. 3.3, it is important for the inversion code to be flex-
ible with the choice of optimization parameters. The organization proposed
in this section takes this into account.

3.8.1 Constraints and Optimization Parameters

Constrained optimization is a delicate and difficult matter as soon as con-
straints other than box constraints are imposed. It is hence often unpractical
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to require that the optimization routine takes in charge the constraints on
Zopt, Which would ensure that zg, € C. An unconstrained optimization rou-
tine is hence often used. We consider below the case where the optimization
routine requires only as input the parameter x, the values J(z) of the ob-
jective function, and V.J(x) of its gradient. But the results can be easily
adapted to the case where the Jacobian ¢'(z) is also required (e.g., in Confi-
dence Regions methods). We refer to [13, 68] for a presentation and analysis
of optimization algorithms.

The input g, to the direct4+adjoint routine is then computed from the
output Zop of the optimizer in two steps (left part of fig. 3.8):

e Return to simulation parameters: A provisory simulation vector g, is
first computed from zp, using the chosen parameterization formula 1):

fsim - ¢(xopt)' (369)

o Take care of the “explicit” constraints: Because of the unconstrained
optimizer used, the vector Ty, does not necessarily belong to the ad-
missible parameter set C. Let us denote by ¢, ¢ € L the constraints
defining C"

C={xe R |c(zr) <0OVle L}

Some of these constraints — say ¢ € Leypiicit — correspond to an explicit
projection operator P: they are simply taken into account by projecting
Tsim on Cogplicit = {2 € R™ [ ¢co(x) < 0V € Logplicir } before using it as
input to the direct+adjoint routine:

Tsim = P(Tsim)- (3.70)
An important practical case is that of the box constraints:
ZTjmin < Tj < Tjmax, j=1...N,
which correspond to the very simple projection operator

Tjmin 1 T < Zjmin,
(P(x))j =1 if Tjmin < < Tjmax J=1...N,
:Uj,max if xj 2 xj,max-

The direct+adjoint routine will work properly only when supplied with
simulation parameters that satisfy some sign and/or range conditions,
and it is a safe decision to impose at least these constraints through
the projection operator P.
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The remaining constraints — say ¢ € Lipmplicit — correspond to an implicit
projection operator, which cannot be evaluated by simple calculations. For
example, the projection operator associated to linear constraints (other than
box constraints!) would require the resolution of a quadratic programming
problem for each evaluation of P(x), which is something one usually cannot
afford. These constraints can be taken care of in a soft way by adding to the
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objective function a penalization term JP®(see center part of Fig. 3.8):

inat
opt

(@) = > (e, n>0,
L€ Limplicit
OPTIMIZER = Tt
4
Top e r g gen | Va4 T )
Y ¢
(0 V' (@opt)"
A
Zsim vfcsim(‘] + Jrlj)en + Jﬁreg)
P P,(xsim)t
A
Tsim V(S + JF + )
N R R
+JI9 +V,. JIY
A A
J 2

DIRECT + ADJOINT MODEL

Figure 3.8: Organization of a mnonlinear inversion code. Bot-
tom: direct and adjoint simulation code, top: optimization code,
v parameterization routine, P: projection on box constraints,

Y (zopt)': adjoint parameterization routine, P’(xgm)":

jection routine

¢ adjoint pro-

(3.71)



3.8. IMPLEMENTATION OF THE INVERSION 129

where

co(x) if ¢x) >0,
)" = { EO if ci(m) <0.

Using a small penalization parameter n will produce a small violation of the
constraints, and also a poorly conditioned optimization problem, in practice
experimentation is needed to choose 7.

Introduction of additional a-priori information via LMT-regularization is
easily taken into account by addition of a regularizing functional J* (see
center part of Fig.3.8). For example, when the information is that the pa-
rameter is “not too far” from some a-priori value o, J¢ has the form (see
Sect. 5.1 in Chap. 5, and (1.25) in Chap. 1)

2

€
reg __
JI%® =

Remark 3.8.1 [t can happen that the reqularizing functional depends on the
parameter x not only explicitly, but also through the state vector y,., as, for
example, in the adapted reqularization considered in Sect.5.4.3, or in the
state-space regularization approach of Chap.5. For a functional J'8(x,y,)
like this, the gradient has to be computed together with that of J by the ad-
joint state technique: this leads to add V,J'*¢(x,y,) in the right-hand side of
the adjoint equation, and a term V. J'*¢(x,y,) in the formula that give the
gradient with respect to x.

3.8.2 Gradient with Respect to Optimization
Parameters

As we can see in the right part of Fig. 3.8, the gradient with respect to opti-
mization parameters is obtained from the gradient with respect to simulation
parameters in two steps:

e Sum up the gradients of J, J};’en, and J!° with respect to Zgm

e Apply, in reverse order, the transpose of the derivatives of the trans-
formations that had been applied to the parameter in the left part of
Fig.3.8.

We detail in this section the implementation of the subroutine that computes
V' (Zopt) T gsim for any given vector ggm € IR™im, where 1 : Zopy ~ Tgim 1S the
parameter change in the left part of Fig. 3.8.
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The first thing is to choose a convenient “direct” sequence of calculations
for the computation of xgy, once oy is given (block ¢ in the left part of
the diagram). For example, if the same quantity is used at different points of
the calculations, it can be computationally efficient to make it an intermediate
variable, which will be evaluated only once, and used later as many times as
needed.

The second thing is to determine a convenient “adjoint” sequence of calcu-
lations to compute the result gop, € IR of the action of the block ¢ (zep )"
(in the right part of the diagram) on any vector gg, € IR"s™:

Gopt = 1//(xopt)Tgsim; (372)

(the adjoint sequence of calculations will be applied to gsm = Vi, (J +
JPer + Jr°®) to produce gops = Vg, (J + JP + JI%)). We shall distinguish
two cases:

e The direct sequence of calculations required for the evaluation of g,
from oy does not involve intermediate variables. In this case, the ad-
joint sequence of calculations can be determined simply by application
of the definition of transposition (as in Example 7 below)

e The direct sequence of calculations required for the evaluation of xg,
from o does involve intermediate variables. It is then necessary to use
the adjoint state technique of Chap. 2 to determine the adjoint sequence
of calculations (Example 8 below)

Example 7: Continuous Piecewise Linear Parameterization on a
Coarse Mesh

We consider here the case where the unknown parameter x is a function
a:&€QcC IR? ~ IR, and where the domain € is covered by two triangular
meshes:

e A fine simulation mesh T, made of triangles K. We shall denote by 07,
the set of nodes M of 7,

e A coarse optimization mesh 7,y made of triangles L. Similarly, we shall
denote by 07, the set of nodes P of 7,y
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According to Sect. 3.1.1, the simulation and optimization parameters are de-
fined, for continuous piecewise linear approximations, by

1
Qsim M\ 2 QM
Qi = ( ) . VM eoT,
|Q’ Aref
(8% . a
opt,P \ 2 P
Qopt, P = ( > 5 VP e a%pta
‘Q‘ Aref

where ogim p and aep s are defined, with obvious adaptation, by (2.61),
and ay;s and ap are the value of the parameter a at nodes M and P. The
simplest parameterization map 1 : aopy ~ sim 1s Obtained by computing a,
by interpolation between the values ap on the mesh 7;:

ay= Y, Cupap, VM €T,
PE({)%pt(M)

where
0Topt (M) = {vertices of the triangle L of 7., containing M},

and where ((yrp, P € 0T (M)) are the barycentric coordinates of M in
the triangle L of 7, containing M. They are given, for every M € 07, by

M = Z Ca,p, P 1= Z Cum,p-

PEITopi (M) PEITopi (M)

The parameterization map v is then

Gsmpr = Y Uap Goprp, VM € 0Ty, (3.73)

PEOTopt (M)

where the nonzero coefficients of v are given by

1
Yarp = (O‘Slm’M> *Cup VM €Ty, and VP € 0T (M).

Qopt, P

The direct sequence of calculation for this parameterization is given by
(3.73): it does not involve any intermediate variable (the coefficients ¢ p
are computed once for all).
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So we shall simply use the definition of transposition to determine the
adjoint sequence of calculation: given gy, € IR™™, the vector gopt = V7 gsim
satisfies by definition, for any dagy, € IR™Pt:

gOpt7 a’Opt IR™opt - gSim, aopt JR™sim
(gopt, Gtopt) (Gsims ¥ Oatop)
- Z gsim,M( Z 77DM,P 6aopt,P)
MeoT, PedTopi (M)

= Z ( Z Jsim, M wM,P)é(ZOptvP’

Pec0Topt MedT,(P)
A ~ -
where Gopt. P
07, (P) = {nodes of 7}, in the elements L of 7, surrounding P}.

Hence the sought after adjoint sequence of calculation is

Gopt,P = E Jsim, M 1/)M,P-
MedT, (P)

Example 8: Polar Coordinates

We compute (3.72) by the step-by-step approach of Sect. 2.4.

Step 0: Forward Map and Objective Function: The forward map is
here

Yo 0= (01 0p1) > x= (1 Tp),

and it is conveniently determined by the sequence of calculation:

) = 1, (3.74)
uf = cosy Vk=1---n—1, (3.75)
ot = a2 Vk=1---n—1 Vj=1---k, (3.76)
zy., = sinfy Vk=1---n—1, (3.77)
followed by
x-za:?’l Vi=1--n

To compute gy = ¢'(0)Tg, for a given g, € IR", one defines the objective
function 6 ~~ G(6,¢(0)) by (c.f. (2.13)):

G0,x) = (z,g:)rn = ijgmj
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Step 1: State-Space Decomposition:

parameter : (6 ---0,),

133

state vector : y= (u¥, 2" k=1--n—-1,j=1--k+1),

[

state equation : (3.75),(3.76), and(3.77),

observation operator : M :y -~z =2""' € R",

Step 2: Lagrangian Formula (2.25) gives here

L(0,y, A) = G0, M(y)) —{e(0,y), A >

n n—1

= g :L‘;-L_l Gzj — g (u* — cos 0;) \F
j=1 k=1
n—1 k

DB ICEERUN
k=1 j=1

n—1

- Z(mzﬂ — sin ) M£+17

k=1

where the Lagrange multiplier vector is
A=p) =N k=1-n—1j=1--k+1).

As expected, the Lagrangian is an explicit function of all its arguments.

Step 3: Adjoint Equation

L n n—1
g oy = Y 6x) g — Y ouF A
y j=1 k=1

n—1 k

- Z Z(émf - (hj?_luk - $§3_15uk) ,u?

k=1 j=1

n—1
k k
- E 5xk+1 Hieyq-
k=1



134 CHAPTER 3. CHOOSING A PARAMETERIZATION

Factorizing 0y = (6u, da%, k=1---n—1,j=1---k+1) gives

k

n—1
gjéy = —g5u wa ! k

n—1 k+1 n—1 k
—1—251’" Ve, — ZZéx Mj‘i‘ZZCSxk 1uku§“
k=1 j=1 k=1 j=1

Making the index shift k& ~ & — 1 in the last summation gives, as dz{ = 0,

a k
= —Z(Su F kb (3.78)
7j=1
—I—Z(Smn H (9zj — i D)
n—2 k+1
=Dy — T,
k=1 j=1

which is of the form (2.26). Following (2.27), the adjoint state Ay is the
solutlon obtained by equating to zero the coefficients of 0z~ ! 5:U . and du¥

in (3.78):
W= Gag Vji=1-n
pho= WPy Vhk=n—2.1, V=1 k+1,

k
Moo=y ah b Vk=n—1---1
j=1
Step 4: Gradient Equation According to (2.28), g9 = ¢/(0)7 ¢, is given

by
oL

- 9 A. vk‘:l--- —1
96,k 86’k( + Yo, No) n g
: k k
= —Em%/\ —I—Eosﬁﬁ,u,ﬁrl Ve=1---n—-1,
k k
$k+1 u
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3.9 Maximum Projected Curvature: A
Descent Step for Nonlinear Least Squares

We have seen in Sect. 3.8.1 how to transform the original constrained non-
linear least squares problem into the formally unconstrained problem:

Sope Minimizes J(zopr) ;HF(%pt)H? over R™ | (3.79)
where (see (3.69) and (3.70) or left part of Fig. 3.8):

F(zopt) 2 o(P(U(2p))) — 2. (3.80)

For the rest of this section, we shall drop the index opt, so that x will denote
the optimization parameter.

We have seen that the determination of the gradient V.J of the objective
function by adjoint state was required both in the preliminary study of the
problem (for the determination of the number of independant parameters
that can be retrieved from the data, in Sect. 3.2), and in adaptive parameter-
ization algorithms (for the determination of first order refinement indicators,
Sect. 3.7, Remark 3.7.2).

It is hence natural to use gradient-based descent optimization algorithms
for the solution of (3.79), and it becomes the only possible choice when the
number of optimization parameters is large enough to make the resolution of
the linearized problem — and hence confidence regions — unaffordable [78, 79].
But the efficiency of descent methods is hampered by the back-tracking —
and the many function evaluations — required at each iteration to obtain an
acceptable descent step. We describe in this section the Maximum Projected
Curvature (MPC) step [22, 2, 3], which takes advantage of the nonlinear least
squares structure of the problem: it uses the first and second derivatives of
the forward map F' in the descent direction to determine a descent step that
is always acceptable.

3.9.1 Descent Algorithms

We recall first the organization of a descent algorithm for the resolution of
problem (3.79). Given the current estimate xy, the algorithm

1. Determines a descent direction y;, such that

(yr, VI (xx)) <0. (3.81)
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It is the way the descent direction v is chosen, which gives its name
to the optimization algorithm class: Steepest Descent, Quasi-Newton,
Gauss—Newton, Levenberg—Marquardt, etc.

Chooses a search curve g : IRT — IR™ in the parameter space, such
that

91(0) =21, ¢'(0) = Y. (3.82)
In practice, all descent algorithms perform a straight line search, along
the half-line originating at x; pointing in the direction yy:

gr(a@) = 1 + ayy a > 0. (3.83)

The reason behind this choice is mostly its simplicity. But we shall
also consider other search curves, in particular, if one can afford to
compute the Jacobian F'(z}), the more intrinsic geodesic search curves
(Definition 3.9.1 below).

Computes an acceptable descent step «y, such that
e oy decreases sufficiently the objective function:

J(ge(on)) < J(xn) +w oy, VI (21)) (3.84)
(Armijo condition),

where 0 < w < 1/2 is a given number (the same through all iterations
of course),
e (o, is not too small:

( (g'(aw), VI (grlan))) = wyk, VI (1))
(Wolfe condition),

J(gk(ar)) = J (k) + o' arlye, VI (21))
(Goldstein condition),

\

where w < W’ < 1 is also a given number. The determination of «y, is
the linesearch part of the optimization algorithm. It differs from one
implementation to the other inside the same class of algorithm, and is
largely responsible for its performance.
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An example of acceptable descent step is the Curry step &: one moves
on the search curve ¢ in the parameter space until the first stationary
point of J = 1/2||F||? is encountered:

d
a = Inf{ar > 0 such that da||F(gk(a))H2 =0}. (3.85)

However, the Curry step cannot be used in practice, as its determina-
tion would require to many function evaluations.

4. Once a4 is accepted, the k + 1 iterate is defined by

Tr1 = gr(an). (3.86)

3.9.2 Maximum Projected Curvature (MPC) Step

We define in this subsection the MPC step «y for given xy, vy, and gx, and so
we drop the iteration index k, with the exception of ) and z,, for obvious
reasons.

Let P be the curve of the data space, which is the image by F' of the
search curve g of the parameter space:

P=Fog:a€R"~ F(g(a)) € R".
We make the hypothesis that
P e W**(]0,a[, IR?), (3.87)

where & is the Curry step defined in (3.85). Hence the two first distributional
derivatives of P with respect to « are in L>(]0, a[, IR?), and we can define,
for almost every a €]0, @[, the residual r, the velocity V', the acceleration A,
the arc length v, and the Curry arc length v along P by

- 1Pl (3.88)
V=  dP/da = DyF(g), (3.89)
A= d?P/da? =D F(9) + Dy F(g), (3.90)

V(o) = /O Vo) do, 7= uv(a). (3.91)

which satisfy
14 GCO([Oa a]7‘Rq>7 Ae LOO(]O7@[7 Rq)
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Definition 3.9.1 Let F' be derivable with F'(z) injective for all x € IR".
We shall say that g is a geodesic search curve if it satisfies the differential

equation
T ! T 2
F'(g) F'(9) 9"+ F'(9) Dy 4F(9) =0 Ya>0. (3.92)

The acceleration A is hence orthogonal to the hyperplane {éy € IR?|dy =
F'(g)ox} tangent to the attainable set F(IR™) at P(g), which shows that P
is a geodesic of F(IR"™). The velocity V' and acceleration A satisfy moreover

dV|*/da = 0 = w(a)=a|V(0)| Va >0,
1Al = 1Dg ¢ F(9)II* = [ Dgr F (). (3.93)

We shall consider in the sequel only the straight search curves (3.83), or the
geodesic search curves of Definition 3.9.1.
The Definition (3.85) of the Curry step a along P implies that

V(a) #0 Va€0,a], (3.94)

and Proposition 8.2.1 shows that the first and second derivatives v and a of
P with respect to the arc length v are given, for almost every « €]0, @, by

v = V/|[V], o[ =1 with (v,a)=0, (3.95)
a = (A= (A00)/IIVIE lalP=(I1AIP—(4,v)%) /IV][*. (3.96)

We make now the additional hypothesis that
J1/R>0 : [[A(a)|| < 1/R [|[V(a)||* for almost every o €]0,al, (3.97)

so that the radius of curvature p(«) along P satisfies (Proposition 8.2.2)

1/p(a) o la(v(a))|] <1/R  for almost every a €]0, &. (3.98)

The idea behind the MPC step is then to use the lower bound R on the
radius of curvature to find a calculable “worst case” lower bound ayy to the
computationally unaffordable Curry step a.

We give first an intuitive presentation of the MPC step in the case of a
two-dimensional data space IR? = IR?. Then P is a plane curve which, as one
can see in Fig. 3.9, starts at F'(z) (arc length v = 0) in the direction v = v(0).
After that, the only thing known about P is, according to (3.98), that its
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curve P : a ~ Fog(a)

Figure 3.9: Geometrical representation of MPC step and
Theorem 3.9.4 in a two-dimensional data space, where projected
curvature and curvature coincide. The two thick dashed lines have
the same arc length

curvature remains smaller than 1/R. Hence there is no way, as expected, to
determine in a computationally efficient way the Curry arc length !

But as one can see in Fig.3.9, the curve that leads to the smallest sta-
tionary arc length vy among all curves of curvature smaller than 1/R that
leave F'(x)) in the direction v is the arc of circle of radius R (lower thick
dashed line) that “turns away” from the target 0. This curve is the “worst”
(hence the subscript W) from the optimization point of view, as it produces
the largest stationary residual 7!

The MPC step is then ayw = v~ (y): it consists in moving on the search
curve g in the parameter space up to the point aw such that xp11 = g(aw)
has its image F(xyy1) at an arc length distance by of the origin F(xy) of P
(thick dashed line part of P on Fig.3.9).
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An important property that can be seen on the figure is that the residual
Tri1 = ||[F(zry1)]| at the point obtained by the MPC step is better (smaller)
than the worst case stationary residual 7y,. This will ensure for the MPC
step a useful “guaranteed decrease property.”

We turn now to the rigorous presentation of the MPC step in the general
case of a data space of any dimension. The curve P does not necessarily
remain anymore in the plane defined by P(0) and v(0), and the curvature
that matters for the determination of the worst-case Curry step turns out
be the projected curvature 1/ppy.;(c) of P on the plane defined by the two
vectors P(«) and v(«). But this plane is defined only when the two vectors
do not point in the same direction, and so we define a set of exceptional
points:

Z ={a € [0,a] such that P(a) — (P(«a), v(a))v(a) = 0}. (3.99)

The measure of Z can be strictly positive, and so one has to give special
attention to its points in the definition of projected curvature.

Definition 3.9.2 The projected radius of curvature along P is defined by

1/ pproj(@) = [a,n) for a.e. a €0,a]\ Z, (3.100)
1/pproj(@) = 0 for a.e. v € Z, (3.101)

where n is a unit vector orthogonal to v in the P,v plane, when it is defined
n=(P—(Pvpv)/([|[P—(Pv)v]) (3.102)
(P,v,a are evaluated at o).

One expects the projected curvature of P to be smaller than its curvature,
this is confirmed by the:

Proposition 3.9.3 Let P satisfy the hypothesis (3.87) and (3.97). Then

1/ pproj(a) < 1/p(a) for a.e. a €[0,a]\ Z, (3.103)
1/ pproj(a) = 1/p(a) =0 fora.e. a € Z, (3.104)

and the following equality holds:
(a, P = |P = (P.)vll /pyney for ae. o €],al, (3.105)

where P, v, a, pproj are evaluated at o
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The proof of the proposition is given in Appendix 1. The next theorem proves
the intuitive properties of the MPC step seen on Fig. 3.9:

Theorem 3.9.4 Let xy,y,q,a be the current estimate, descent direction,
search curve, and Curry step at iteration k of a descent optimization al-
gorithm for the resolution of problem (3.79). Let r(a) denote the residual
along P as defined in (3.88), and suppose that the curve P : a ~~ F(g(a))
satisfies (3.87) and (3.97).

Then one can choose as descent step oy the MPC step aw

ar = aw  defined by  v(aw) = w, (3.106)
which satisfies
0 < aw <a (3.107)
def _ def _ _ def _
re = 1(0) > Tw =7 = r(aw) =7 = r(a), (3.108)

where

e iy and Tw are the worst case stationary arc length and residual:

aw = Rtan~! L 3.109
YW an R—FFL, ( )
fw = (R+7)°+7)2 — R, (3.110)

e i, and 71, are the linear case stationary arc length and residual:
_ Vv
n = [(re )] G

L= \/r,i — 3, (3.112)
where V =V (0) = D, F(xy,) and r, = r(0) = ||F'(z)]|-

e 1/R is an upper bound to the projected curvature of P over the [0, @]
interval:

1/pproj(@) < 1/R  for almost every a € [0, a/. (3.113)
The proof of Theorem 3.9.4 is given in Appendix 2. The theorem remains

true when the data space IR? is replaced by an infinite dimensional Hilbert
space — the proof goes over without change.
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Proposition 3.9.5 Let P satisfy the hypothesis (3.87) and (3.97). Then the
MPC step ay,:

1. Ensures a guaranteed decrease of the objective function:

1 1
J(zp) — J(Thp1) = ) (ri — i) > o VWi > 0, (3.114)

2. Satisfies the Armijo condition (3.84) with the ratio:

_ LIVIi(a)

1 ag
w=, Vo) where ||V||(ak):ak/0 IV(a)||da.  (3.115)

In particular, one can always pretend one has reparameterized the
search curve g by the arc length v along P, as this does not change
Trr1! Then a = v, V(a) = v(v), and |V (a)| = ||[v(v)| = 1, so that
the Armijo condition is satisfied with w = 1/2, which corresponds to a
quadratical decrease property.

The proof of the proposition is given in Appendix 3. The guaranteed decrease
property (3.114) is sharp: for a linear problem, one has R = 400, so that
w = v1, and equality holds in (3.114).

Remark 3.9.6 Choice of the search curve g. One sees from (3.114)
that the decrease of the objective function at iteration k is proportional to vy,
which itself is an increasing function, by formula (3.109), of the upper bound
1/R on the projected curvature. Let 1/psiraight(0) and 1/pgeodesic(0) denote
the curvature at o = 0 of the curves Pitraight and Pyeodesic assoctated to the
straight and geodesic search curves. Pyeodesic has the smallest curvature at
F(zr) among all curves of F(IR™) passing through F(xy) in the direction V.
One of them is Pyraight, hence,

1/pgeodesic(0) S 1/pstraight(0)-

This does not imply necessarily that the projected curvatures satisfy the same
inequality, as it depends on the relative position of F(xy), the acceleration
straight (0) (orthogonal to Vi), and the acceleration ageoqesic(0) (orthogonal to
the tangent plane). But over a large number of problems and iterations, one
can expect that

in the mean: 1/pproj,geodesic<0) S 1/pproj,straight(0)~
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Similarly, there is no reason for 1/pprojgeodesic() to remain smaller than
1/ pproj straight (@t) up to the Curry step a! But one can expect that the upper
bounds on the projected curvature satisfy

in the mean: 1/Rgeodesic < 1/Rstraight - DVV,geodesic > ﬂW,straight-

Hence using the geodesic search curve amounts giving oneself a better chance
of making a larger descent step!

3.9.3 Convergence Properties for the Theoretical
MPC Step

We recall first the definition of convergence for a minimization algorithm:

Definition 3.9.7 A minimization algorithm is convergent if and only if it
produces a sequence of iterates that satisfy VJ(xy) — 0 when k — +00.

Convergent descent algorithm compute only stationary point — one has to rely
on Q-wellposedness results (Chap.4) to ensure that this stationary point is
actually a minimizer.

Proposition 3.9.8 Define
1
D= {x eR"| J(x) = 2||F(x)||2 < J(xo)}, (3.116)

where xq is the initial guess for the resolution of problem (3.79), and suppose
that F'(z) and D} F(x) exist Vo € D,Yy € IR™ and satisfy

|F'(z)v|]| < M| Vo € D,Vy € R", (3.117)
|D; F(z)| < 1/R||F'(z)v|* VaeD,Vye R" (3.118)

for some M >0 and 1/R > 0. Then for any current estimate x), € D and
any descent direction yy, the curve P, = F o gy, where gy is the associated
straight or geodesic search curve, satisfies

Py € W2(]0, al, IRY), (3.119)
|As(@)|| < 1/Ri||Vi(Q)||? a.e. on 0, ax] for some Ry>R. (3.120)

Hence one can apply to the resolution of the nonlinear least squares problem
(3.79) the descent algorithm (3.81), (3.82), and (3.86) with the MPC step
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(3.106) and (3.109) along the straight search curve (3.83) or the geodesic
search curve (3.92). The iterates x) and descent directions yy satisfy then

Z VJ(x) cos® 0y, < oo, (3.121)
keIN

where 6y € [0,7/2] is the angle between —V J(xy) and the descent direction
Y at iteration k, and the algorithm converges for the following choices of the
descent directions:

oy + FpFy =0, (Steepest descent)

o FITFlyp+ FlF, =0, (Gauss—Newton)
provided 35 > 0 s.t. ||[F] y|| > O|ly|]] Yye R* Vk=0,1,2...

o My, + FF, =0, (Quasi-Newton)
provided the matrices My are uniformly bounded and coercive,

o FTElyn + My + FLF, =0, (Levenberg—Marquardt)
provided Ny is chosen such that A, > ¢/(1 — ¢)||F}||.

The proof is given in Appendix 4 below. If C'is a closed convex subset of D,
hypothesis (3.117) and (3.118) show that F, C'is a FC problem in the sense of
Definition 4.2.1. These hypothesis are satisfied in quite general situations: for
the finite dimensional problems considered here, for example, if D is bounded,
F smooth, and F'(x) injective for all x of D (see Sect.4.5).

3.9.4 Implementation of the MPC Step

The exchange of information between the optimization and modeling routine
required for the MPC step is as follows:

1. Knowing the current estimate zj, the modeling routine returns
o cither V.J, & V.J (k) (Steepest Descent or Quasi Newton)
e or F| o p (zx) (Gauss—Newton or Levenberg—Marquardt)

2. Using these informations, the optimization routine determines a descent
direction yy



3.9. MAXIMUM PROJECTED CURVATURE (MPC) STEP 145

3. Knowing y, the modeling routine returns:
. D;}wku (rx) second directional derivative of the forward model
o D, F(xy) in the case where only VJ; is available in step 1

4. Finally, the optimization routine determines

e The search curve gy

e An MPC descent step ay, along g
and sets xp11 = gr(au)

The computation of one or two directional derivatives of the forward model
in step 3 represents the additional computational burden (compare with
Fig.3.8) required for the implementation of the MPC step; it is largely
compensated by a much smaller amount of back-tracking, as the computed
MPC step will be directly admissible most of the time (remember that the
theoretical MPC step defined in the previous section is always admissible,
Proposition 3.9.5).

We detail in this subsection the calculations involved in step 4. One com-

putes first
Vi = Dku(xk) = F}é Yk v = Vi/ || Vil (3.122)

using either D,, F'(xy), provided in step 3 when only VJ; is available, or the
Jacobian F] when it is available in step 1.

e Determination of g,

We shall use for g a second degree polynomial curve in the parameter space:

2

(8]
gla) =z +ay. + . gr, (3.123)

2

where g} is to be chosen.

1. Case of a straight search curve. This choice is the only one for Steepest
Descent or Quasi Newton algorithms, as the modeling routine returns
only VJi, but not F}, so that no information is available on the tangent
plane to the attainable set at F'(zj). One can of course use for g the
linear function (3.83), which corresponds to g; = 0. But one can also
take advantage of the Proposition 3.9.5, which shows that the MPC
step satisfies the Armijo condition with w = 1/2 when the arc length v
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is proportional to «, and use for g the second order polynomial (3.123),
where g is chosen such that d*v/da?(0) = 0:
gg + <Uk, D§k7ku(xk)>yk =0.

The computational cost is negligible, as Dik,ku () has in any case

to be computed for the determination of the MPC step «y, and this
choice increases the chances that the first guess of «a to be determined
below in (3.129) satisfies the Armijo condition.

Case of a geodesic search curve. This choice is possible only for the
Gauss-Newton or the Levenberg-Marquardt algorithms, and in general
for all algorithms where the Jacobian F'(zy) is available. The numerical
resolution of the differential equation (3.92) is feasible, but computa-
tionally intensive. So we shall use for g, the second degree polynomial
(3.123), where g} is chosen such that the associated curve Py has a
second order contact with the geodesic at F'(xy) = P(0):

F[YF gl + F,"D? | F(xy) = 0. (3.124)

Yk, Yk

The additional cost here is the resolution of the linear system (3.124),
which turns out to be the same linear system as the Gauss-Newton
equation for the descent direction y, in Proposition 3.9.8, but with a
different right-hand side. By construction, this (approximated) geodesic
search curve has the same advantages as the straight line search, plus
the prospect of producing in the mean larger steps (Remark 3.9.6), and
hence a faster decrease of J.

In both cases, the arc length along P satisfies d?v/da?(0) = 0, so that the
second order development of v at 0 reduces to

v(a) = af|Vi| + o(a?). (3.125)

e Determination of o

There are two points in the determination of a, by Theorem 3.9.4, where an
exact calculation unfeasible, and which require an approximation:

1. Determination of 1/Ry. A precise determination of the upper bound

1/Ry to the (unknown) projected curvature along Py up to the (un-
known) Curry step ay. (condition (3.113)) would require the evaluation
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of 1/pproj @t many points along Py up to @, and would be at least
as expensive as the numerical determination of the Curry step & itself!
But there is one thing available at almost no cost, namely the projected
curvature at the origin of P;. So one can define a tentative Ry by

Rk = Kk Pproj,k with 0 S R S 1, (3126)

where ky is a security factor that accounts for the possible increase
of the projected curvature along the path, and ppojr is given by
Proposition 3.9.3:

1/ poroje = Kaw, Fil /|| Fr — (Fr, vr) ||,

with ay given by (3.96) and (3.90):

ar = (Ax — (Ar, o)) /| Vil (3.127)
A = Dj , Flzr) + Dy F(xy), (3.128)

where Dy F'(zy,) is given by

[~ D}, F(x)Vi (straight line search)
Dy F (i) = {F,g g o (geodesic search)

2. Determination of oy, An accurate determination of oy by (3.106) would
require the use of a quadrature formula to evaluate the arc length func-
tion v(«), and hence a large number of evaluations of F', something one
cannot afford. So one replaces v(«) by its second order approximation
(3.125), and define a tentative MPC step by

ap = vwr/l| Vil (3.129)
where 7wy is given by (3.109)

1 DL,k:
R, + TLk

oLk = [(Frvk)|,  TLe = \/||Fk|\2 — D, (3.131)

DW,k = Rk tan— with (3130)

Because of the above approximations, there is no guarantee that, at the
difference of the theoretical MPC step, this tentative MPC step satisfies the
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Armijo condition (3.84) with w ~ 1/2 as stated by Proposition 3.9.5! Hence
a tentative ay, will be accepted according to the (less demanding) following
Armijo condition, for some w €]0,1/2] (often w = 107%):

J(gr(ar)) < J(zx) + w gy, VI (zr)). (3.132)
e If (3.132) is violated, then Ry is reduced by a factor 7 €]0, 1:
Ry, «— TRy,
and the calculations (3.129), (3.130), and (3.131) are repeated.

o If (3.132) is satisfied, then «y is accepted, and xj is updated:
Tri1 = gelaw),

with g given by (3.123).

3.9.5 Performance of the MPC Step

A comparison of the MPC step (for both straight and geodesic search) with
the Armijo, Goldstein, and Wolfe line search is available in [2] for the steep-
est descent, Gauss—Newton, and Levenberg-Marquardt algorithms, together
with a comparison of the best performers with the confidence region and
Levenberg Marquardt algorithms of the Matlab library.

The comparison of the algorithms have been conducted on a set of 13
test problems, and for various performance criterions (convergence, number
of function evaluations, value of objective function at convergence, etc). We
refer to [2] for the presentation of the performance profiles used for this
comparison, and for a detailed account of the comparisons. We summarize
here the overall result of this study:

e Straight vs. geodesic search: The comparison turns to the advantage
of the geodesic search whenever it is available (Gauss—Newton and
Levenberg-Marquardt algorithms)

e Steepest descent algorithm: The MPC step (with straight line search
necessarily) performs better than the classical Armijo and Goldstein
stepping algorithms, but worse than the Wolfe stepping (see [13, 2] for
the definition of the stepping algorithms)
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e Gauss—Newton algorithm: The MPC step with geodesic search performs
better than the Armijo, Wolfe, and Goldstein stepping algorithms

e Levenberg-Marquardt algorithms: The MPC step with geodesic search
performs better than the Armijo and Goldstein stepping algorithms,
but worse than Wolfe stepping

e Best performers: Gauss—Newton with MPC step and geodesic search
performs better than the Matlab Levenberg—Marquardt and confidence
region algorithms

Appendix 1: Proof of Proposition 3.9.3

Reparameterization of P by Arc Length

The curve o ~» P(a) of the data space satisfies (3.87) and (3.97), and
Proposition 8.2.2 part (i) shows that the reparameterization p : v € [0, |7] ~
IR of P as a function of the arc lenth v is a W2°°([0, 7], IR?) function: the first
and second derivatives v and a of p given by (3.95) and (3.96), the curvature
1/p defined by (3.98), and the projected curvature 1/pp,0; defined by (3.100)
and (3.101) exist almost everywhere on [0, 7], and belong to L ([0, 7|, IR?).
The a ~~ v change of variable is continuously derivable and strictly in-
creasing (see (3.94)), so that zero measure sets of [0, & correspond to zero
measure sets of [0, 7]. Hence Proposition 3.9.3 will be proved if we show that
1/ ppoj(v) < 1/p(v) a.e. on [0,7]\ Z, (3.133)

1/ pproj(v) = 1/p(v) =0 a.e. on Z, (3.134)
where 7 is now defined by

Z ={v €]0,v] such that p(v) — (p(v),v(v))v(v) = 0}. (3.135)

Comparison of Curvature and Projected Curvature

The inequality (3.133) follows immediately from the Definitions (3.98) of p
and (3.100) and (3.101) of ppro; for v ¢ Z. Then (3.134) will be proved if we
show that

1/p(v) =|la(v)]| =0 for a.e. v e Z. (3.136)
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So let v € Z be given. Two cases can happen:

1. v is an isolated point of Z: There exists n > 0 such that |[v —n,v +
n[NZ = {v}. But the set of isolated points of Z has a zero measure,
and so we can ignore these points.

2. vis not an isolated point of Z: Vn € IN—{0}, there exists v,, € Z,v,, # v
such that |v, —v| < 1/k. Hence (p = p(v), pn = p(vy) etc.):

0 = (Pn— (P> vn)vn) — (p — (p,0)v) (3.137)
= Pn—D — (Do — D, Vn)Vn
—(D, U — V)Up
—(p,v)(vn — ).
Because p and v are derivable almost everywhere on [0, 7], we can sup-

pose that p'(v) = v(v) and v'(v) = a(v) exist. Then dividing (3.137) by
v, — v and passing to the limit gives, as p and v are continuous at v,

(p,a)v + (p,v)a =0,

which implies, as v and a are orthogonal, that (p,a)v = 0 and
(p,vya = 0. By definition of the Curry step 7, one has (p,v) < 0,
and hence a = 0, and (3.136) is proved.

Appendix 2: Proof of Theorem 3.9.4

We suppose for simplicity that the Curry step satisfies
a < 400,

which corresponds to the usual practical situation. But the proof remains
true if @ = +oo, provided one defines 7 by

7= lim r(a).

a—Q

As we have seen in Appendix 1, the reparameterization p of P as a function
of the arc length v belongs to W2>([0, 7], IRY).
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Reparameterization by the Squared Residual Decrease

Following (3.99), we denote by r the residual along p and by 7 its Curry
value:
r(v) = |p(v)| forall v € [0, 7], r=r(v).

By definition of the Curry step v, the v ~» r function is strictly decreasing
over the [0, 7] interval. Hence we can use as new parameter along the curve
the decrease t of the squared residual:

t =12 —r(v)?, where 73 =r(0)? (3.138)

which satisfies

Derivation of (3.138) gives
dtfdv = —2(p, v) = 2{(p, v}, (3.139)

and the Curry arc length 7 we want to minorate can be written as

1At
V_ZA|@ww (3.140)

Notice that this integral is singular, as (p,v) — 0 when ¢ — ¢.

Stationary Linearized Residual and Projected
Curvature

Let now 7, (where L stands for “linearized”) denote the linearized stationary
residual, that is, the stationary residual along the tangent to p at arc length v:

() = p(v) = (p(v), v@)v@)|I* = [IplI* — (p, v)*. (3.141)

For a linear problem, p is a straight half line of the data space IR?, and so
71, is constant. We calculate in this section |d7y,/d¢|, which will provide the
adequate measure of nonlinearity for our purpose.
Derivation of (3.141) with respect to v gives, together with (3.139) and
(3.105),
dr?

a1 = (p,a) = " forae te 0,%].

Pproj
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The function ¢ ~» 7, is derivable a.e. on [0,¢]\ Z (as the square root of
the strictly positive, a.e. derivable function ¢ ~ %), where (c.f. (3.99) and
(3.135))

Z ={t €]0,t[ such that 7(t) = 0}.
Hence

dr 1 ]
) - for ae. t€[0,F]\ Z.  (3.142)

<

2ppmJ ~ 2R
We prove now that this property remains true a.e. on Z. Let t € Z be a
point where d7y,/dt exists. Then 7,(t) = 0 and 7,(t') > 0 for a.e. ¢’ € [0,1],
which implies that drp/dt = 0. Hence (3.142) holds necessarily true at any
such point, where by definition 1/p,0; = 0 < 1/R, and we are left to prove
that 71, is derivable a.e. on [0,].

We define for that purpose a sequence of functions

me = max{ry, 1/k} k=1,2,...,
which converges simply to 71, and hence in the sense of distributions
me — 71 inD'(]0,¢]) when k — +oo. (3.143)
This sequence is bounded independently of k& in the L>°(0,¢) norm:

17kllo0 < max{[|7L]|oo, 1} < max{{|pllo, 1} < max{[|p(0)[|, 1} (3.144)

The functions 7, are derivable a.e. on [0,%], as the square root of the a.e.
derivable functions max{7%,1/k*} > 1/k? > 0. Hence,

dry, 1

1 1
gt (t)‘ = Do < R for a.e. t such that 7. (¢) > 1

dny,
at ! >‘ a

1
0 for a.e. ¢ such that 7 (t) < x

where we have used (3.142) to evaluate dry, / dt when 7, > 1/k. This implies
e

- 2R
which, together with (3. 144) shows that the sequence ng, k = 1,2..., is

bounded in, say, H'(]0,t[). Hence there exists a subsequence, still denoted
by ng, and w € H'(]0,¢[) such that

e — w weakly in H'(]0,7[) € D'(]0,#]) when k — +oco.  (3.145)
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Comparison of (3.143) and (3.145) implies that r;, = w € H'(]0, ), which
proves the desired result: 7, is a.e. derivable over [0,%]. Hence

dry, 1

1 .
- < for ae. £ € [0, 3.146
dt ’ 2prej — 2R orae. t € 0,4, (3.146)

and the following majoration holds for the continuous function 77,:

t def _ _
op © rLw(t) forall t €[0,7], (3.147)

where 71, w is the worst case stationary linearized residual. As we shall prove
in the Sect.3.9.5, and as one can guess from Fig.3.9, ri,w is actually the
stationary linearized residual along the arc of circle pw of radius R (thick
lower dashed line on the figure), which turns away from the target 0 in the
plane containing p(0) and v(0). But for the time being, one can simply take
(3.147) as the definition of 7, w.

r(t) < 7L(0) +

Comparison with the Worst Case

Let 7, and 7w be defined by (3.141) and (3.147), and define, for ¢t > 0

pt) = t+mt)?  =rg—(pt),v(t)?, (3.148)
pw(t) = t+rw(t)? (3.149)
(the graph of pw is a parabola), which satisfy (Fig. 3.10)
p0) = pw(0) = 7(0)* <rg, (3.150)
p(t) < pw(t) for all t > 0, (3.151)

where we have used the fact that (v(0), p(0)) < 0 (v(0) is a descent direction),
and the majoration (3.147).

First, the right equality in (3.148) shows that ¢ corresponds to a stationary
point of 7% = ||p(t)||?, where (p(t),v(t)) = 0, if and only if u(t) = rZ. Hence
the first stationary residual 72 and the corresponding parameter t are given by

t=inf{t >0 plt)=r3}, P=rj—t=r)>

Next, the worst case function pw is monotonous, so we can define uniquely
tw and a worst case stationary residual 7w by (Fig.3.10),

Mw(fw) == 7“(2), 77%\/ = T(Z) — EW = fL,W<ZW)2> (3152)



154 CHAPTER 3. CHOOSING A PARAMETERIZATION

0 tw EW to t t r 3
Figure 3.10: Properties of the puw and p functions

which satisfy, using (3.151),
tw <1, Tw > T. (3.153)

Then combining (3.140) with (3.148), one can express v and define iy by

1 dt _ 1 dtw

"7 /ot G EEA /otw (r§ — pw (tw)) />

We are now close to our objective, which is to show that 7 > vyw. We remark
first, using (3.151), that for a given ¢, the first integrand is larger than the
second one — this goes in the right direction, but it does not allow to conclude,
as the two domains of integrations are not the same! So we make a change

of variable in order to obtain integrals defined over the same interval. Define
first ¢y by (Fig.3.10):

(3.154)

to = max{t € [0,7] | u(t) = 71(0)}.

The range of u over the [to, ] interval is then [ry,(0)?, 73], the same as the
range of uyw over [0, tw]. Hence, we can define a (nonmonotonous) change of
variable ¢ ~ tyw from the [to, {] interval onto the [0, tw] interval by

NW(tW) = :u(t) vt € [tO’ ﬂ’
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where tw is uniquely defined because of the strict monotonicity of . Be-
cause of (3.151), ¢ and ¢ty satisfy, as in (3.153),

tw < t, 'FL,W(tW) > 7L(t) Vt € [to,ﬂ. (3155)

We can now use this change of variable in the integral that gives pyy:

_ 1 /tw dtw 1 /t W (t) dt
v = = )
V2o B pw b)) 2 Sy i (tw) (8 — ()2

where iy (tw) > 0 and /() can be positive or negative. But differentiation
of (3.148) gives, using (3.155) and (3.146),

W@ = (1 2m 0]

dr
< 1+2r) ()

1
< 1+fL,W(tW)R = iy (tw)-

Hence vy satisfies

_ T [* ()] dt I dt
hy < / /Iu 2 g S 2 1/2°
2 to ,Uw(tw> (rg — p(t)) / 2 /i (r5 — p(t)) /

_ 1/f dt _
= v
= 2y (g — ()2 ’

and (3.107) is proved. We turn now to the proof of (3.108). Let ¢(w) be the
squared residual decrease along p at the worst case stationary arc length Dy .
Formulas (3.154) for the arc length give

1 [iew) dt 1/fW dt
Tw = = .
v 2/0 (rg = u®)? 2. ) (r§ — pw(t))?

The first integrand is smaller than the second, so ¢(7w) has to be larger than
tw, which gives, by definition of ¢t and 7y,

ro —r(w)® =15 — Ty,

which is (3.108).
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Determination of the Worst Case

It remains now to prove formula (3.109) and (3.110) for tny and 7w. We

calculate first the integral (3.154), which gives . Formula (3.147) for 7, w

gives, with the notations 7, = 7,(0), 72 = 12 — r.(0)*%

ro —pw(t) = 15— (t+ (L + 2;)2),
= U+ (R+7)— (R+7,+ 2;)2
= (1=v*(®) + (B+7)%),

where u is defined by

ot
R+TL+ 2R
(% + (R +71)?)

With this change of variable, formula (3.154) becomes

B ! du
e R/U(O) (1 —u2)t/?

= R{;T —sin~" u(0)}

u(t) = 12

- VL

= Rtan™'

o R+’

which is (3.109). We calculate now the worst residual 7w. The definitions
(3.152) of tw, 7w, and (3.147) of 7w show that

_ tw
rw =T tw) =T .
rw = Tw(tw) =71 + R
Hence the first equation of (3.152) rewrites
t_w -+ f\QN = 7’(2)
2R(Fw —TL) +T9y = 10

The positive root of this second order equation for 7w is
Fw = —R+ (R* + 2R, +1d)"2,

which is (3.110).
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The above expressions for iy and 7w are those of the first stationary arc
length and residual along a circle pw of radius R (thick lower dashed line in
Fig.3.10), which turns away from the target 0 in any plane containing p(0)
and v(0) (there can be many if these two vectors are colinear). This proves
that the worst case is achieved by the circle(s) pw.

Appendix 3: Proof of Proposition 3.9.5

We prove first the guaranteed decrease property (3.114). One has

i = r(0)?= (7 +71), (by definition)
rig < Ty (formula (3.108))
Let v € [0,7/2[ be defined by (Fig.3.9):
siny = /((R+7)?+ 72)2, (3.156)
tany = up/(R+ 7). (3.157)

Using first the Definition (3.110) of 7w, then (3.156) and (3.157), and finally
(3.109) one finds

1 1,5 _ oy 1 2
JUi i) = AT (R+7)?+ )2 — R))

1
— 2(77% — (R+7.)>— R*+ 2R, /siny)
—Rr, — R+ Ry /siny
—R(p,/tany — R) + R,/ siny
_ R 1 - cos 7y
sin
_ _ 1—cosy
= lwr .
7y sin 7y
The function v ~» (1 —cos~y)/(ysin~y) increases from 1/2 to 2/7 when v goes
from 0 to /2, which proves (3.114). Then the Definition (3.106) of «ay, gives

%—umw—é%mdwwa—%mwmm

and (3.111) gives, as (F(z), V) <0,
5 = ~(F (). VIV = ~(VI@).ud/IVO)l. (3158
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Hence the guaranteed decrease writes
Lo LIV
2 2 V(O

which proves with (3.114) that the Armijo condition (3.84) is satisfied for w
given by (3.115), and ends the proof of Proposition 3.9.5.

(VI (2), yr) = —wo(VJ (2), i),

Appendix 4: Proof of Proposition 3.9.8

Properties (3.119) and (3.120) follow immediately from (3.117) and (3.118)
using either (3.90) with ¢” = 0 when gy, is a straight search curve, or (3.93)
when g, is a geodesic search curve.

Hence the hypothesis of Theorem 3.9.4 are satisfied, and one can use for
all £ the MPC step o = ay computed from Ry, by (3.106) and (3.109). The
guaranteed decrease property (3.114) writes then at iteration k

1

J(ar) = J(zpn) 2 Pwi P
I wk
T 95 YLk
Lk
1 R 1%
T
2 Lk Ry + 7k

The last right-hand side is a decreasing function of 71,k and an increasing
function of Ry. Hence one obtains using 7, < r, < ry and (3.120)

1 R _ VL .k
J —J > tan " ’ 7
(xk> (Ik“l‘l) — 2 ﬂka n (R + TO) Vka
1R To
> tan~! 7 ,
- 2 To <R + 7“0) Lok
_ R 1 r )
where we have used 7, < 7, < ro and the fact that tan ( ) is a
’ r R+

decreasing function of 7 over the [0, R + o] interval. We replace now 77 by
its expression (3.158) and use hypothesis (3.117)

1R oro V(). yk)?
J —J > tan~!
(k) = J(2r11) 2 270 " Rare Va2

1
K -1 7o |V J (21)||* cos® O

t
2M2 To an R+T0
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Summing up the last inequalities for £k =0, - - - K gives

J(x0) = J(0) — J(2K41) > C(M, R, 1) Z |V J (21)|* cos® by,
k=1 K

which proves the convergence of the series (3.121). Finally, the conditions
associated to each choice of descent direction ensure that cos? 6, > cpin > 0.
Together with the convergence of the series (3.121), this implies that

IV I (p)|* — 0,

which is the definition of convergence of the algorithm. This ends the proof
of Proposition 3.9.8.






Chapter 4

Output Least Squares
Identifiability

and Quadratically Wellposed
NLS Problems

We consider in this chapter the nonlinear least squares (NLS) problem (1.10),
which we recall here for convenience:

1
& minimizes J(z) = 5 lo(x) — 2|5  over C. (4.1)
As we have seen in Chap. 1, this inverse problem describes the identification

of the parameter z € C from a measurement z of ¢(x) in F. We suppose
that the minimum set of hypothesis (1.12) of Chap. 1 holds:

(E = Banach space, with norm || |z,
C C FE with C convex and closed,
F = Hilbert space, with norm || ||,
z € F (4.2)
¢ = (C ~» Fis differentiable along segments of C,

and : Jay >0 st. Vag,xp € C, Vit € [0,1],
1D (1 = t)ao + ta1)|[r < aumllzr — zol|p,

\

and we recall the definition of stationary points:

G. Chavent, Nonlinear Least Squares for Inverse Problems: Theoretical Foundations 161
and Step-by-Step Guide for Applications, Scientific Computation,
DOI 10.1007/978-90-481-2785-6 4, (© Springer Science+Business Media B.V. 2009
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Definition 4.0.9 A point & € C is a stationary point of problem (4.1) if it
satisfies the first-order necessary optimality condition:

(p(&) — 2, Dimo (1 = )E+tz))p >0 VzeC. (4.3)

A point T is a parasitic stationary point if T satisfies (4.3) but T is not a
solution of (4.1).

A local minimum of J on C' is a stationary point.

Our objective is to find additional conditions on C', ¢, and z which ensure
that (4.1) is both wellposed and optimizable:

e A wellposed problem in the sense of Hadamard has a unique solution,
which depends continuously on the right-hand side of the equation. For
the optimization problem (4.1) of interest, uniqueness of the solution
Z can hold only if the data z has a unique projection on D = ¢(C),
which cannot be true for any z when D is not convex! So the existence,
uniqueness, and stability properties will be required only to hold for
data z that stay in some neighborhood ¥ of D = ¢(C') in F.

e Optimizability means the absence of parasitic stationary points in the
quadratic objective function. It is an extremely useful property for non-
linear inverse problems, as it make the least squares formulation nu-
merically constructive, by ensuring that local optimization algorithms
will not stop prematurely in a parasitic stationary point.

To ensure constructiveness of the NLS formulation (4.1), these two prop-
erties are combined in the Definition 1.3.2 of quadratic (Q)-wellposedness, or,
in parameter estimation terms, of output least squares (OLS)-identifiability
of x, which we recall here:

Definition 4.0.10 Let ¢ and C be given. The parameter x is OLS-identifiable
in C' from a measurement z of p(x) if and only if the NLS problem (4.1) is
Q-wellposed, that is, if p(C') possesses an open neighborhood ¥ such that

(i) Existence and uniqueness: For every z € 0, problem (1.10) has a
unique solution T

(ii) Unimodality: For every z € ¥, the objective function x ~» J(x) has no
parasitic stationary point
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(iii) Local stability: The mapping z ~ & is locally Lipschitz continuous

from (9,]| -||r) to (C,]| - ||).

In the nonlinear least-squares problem (4.1), the distance of the data z €
F to the attainable set D = ¢(C') represents the modeling and measurement
errors, and we would like to be sure that keeping these errors below a certain
level r will ensure that z belongs to the set ¥ on which existence, uniqueness,
optimizability, and stability hold.

This is why we seek in this chapter sufficient conditions that ensure that
Y contains an open enlargement neighborhood of the attainable set

(V) {z € F|d(z,D) < r} (4.4)

for some r > 0, which then represents the upper limit of the noise and
modeling error level for which the NLS problem is well posed.

We recall first in Sect. 4.1 the results for the linear case we would like to
generalize to nonlinear problems, and define in Sect. 4.2 the class of FC/LD
problems that retain some useful properties of the linear case. We introduce
in Sect. 4.3 the notions of linearized identifiability and stability. These ingre-
dients are used in Sect. 4.4 to state a sufficient conditions for Q-wellposedness
of NLS problems, based on the results of Chaps.7 and 8 on strictly quasi-
convex (s.q.c.) sets. The case of finite dimensional parameters is studied in
Sect. 4.5, where it is shown that Q-wellposedness holds locally as soon as
the linearized problem is identifiable. The remaining sections are devoted to
examples of Q-wellposed parameter estimation problems in elliptic equations.

4.1 The Linear Case

We recall here the case where ¢ is linear:
o(x) = Bx with B € L(E; F), (4.5)

which will serve as a guideline for the study of the nonlinear case.
The output set p(C') = B.C' is then a convex set D, and we can take
advantage of the good properties of the projection on convex sets:

Proposition 4.1.1 Let D be a conver set of the Hilbert space F'. Then

(i) Uniqueness: For any z € F, there exists at most one projection X of z
on D
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(i) Unimodality: Ifz € F admits a projection X on D, the “distance to z”
function fzas no parasitic stationary point on D (its unique stationary
point is X )

(iii) Stability: If zg, z1, € F admit projections Xo, X1, on D, then
1X0 = Xillr < 20 = 21,
(iv) Existence: Ifz € F, any minimizing sequence X,, € D of the “distance

to z” function over D is a Cauchy sequence for the distance || X =Y ||,
and X,, — X = unique projection of z on the closure C' of C'.

If moreover D 1s closed, then XecC.

It is then straightforward to combine the above properties of the projection
with the hypothesis that the parameter x is identifiable (respectively, stable)
according to Definition 1.3.1:

Proposition 4.1.2 Let hypothesis (4.2) and (4.5) hold.
1. If x 1s identifiable, that is,
By=0=y=0, (4.6)

and if the attainable set B.C' is closed, then x is OLS-identifiable for
the “arc length distance”

6(zo, 1) = || B(xo — 71)| (4.7)

in data space: the linear least squares problem (4.1) is Q-wellposed with
¥ = F, and for any zy and z; in F', the unique solutions Ty and 1 of
(4.1) satisfy the stability estimate

(5({%0, .fl) S HZO — ZIHF- (48)
2. If the estimation of x from Bx is stable, that is,

Ja, >0 s.t. anllylle < ||By|lr Yy € E, (4.9)

then B.C' is necessarily closed, and x s OLS-identifiable and problem
(4.1) Q-wellposed for the norm || - || g, with the same ¥ = F, and the
stability estimate

ml|Zo — 2] < |20 — 21| - (4.10)
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For finite dimensional parameters, the stability inequality (4.9) follows
immediately from the identifiability property (4.6) (that is, the injectivity

of B).

Proof. The attainable set B.C' is closed either by hypothesis (part 1), or by
a completeness argument using (4.9) and the fact that C' is closed (part 2).
It is also convex, as the image of a convex set by a linear operator. The
proposition follows then immediately from the properties of the projection
on a closed convex sets recalled in Proposition 4.1.1.

The above proposition may seem to be a complicated way to state simple
results, but its interest is that it gives precisely the stencil of the results we
shall be able to generalize to some nonlinear inverse problems in the rest of
this chapter.

Linear inverse problems that do not satisfy the hypotheses of Proposi-
tion 4.1.2 may or may not have a solution, and the usual cure is to bring
additional information by regularization (Sect.1.3.4). When the L.M.T. reg-
ularization is used, the original problem (4.1) is replaced by (1.25), which
satisfies the hypotheses of Proposition 4.1.2 as soon as € > 0, and exhibits
nice convergence properties when ¢ — 0 (this will be studied in detail in
Sect.5.1.1).

We define in the next section a class of nonlinear problems that retains
the properties of linear problems recalled in Propositions 4.1.1 and 4.1.2.

4.2 Finite Curvature/Limited Deflection
Problems

The good properties of the linear case followed from the convexity of the
output set p(C). To generalize these properties to the nonlinear case, we
introduce the class of FC/LD problems, which all have in common the fact
that their attainable set is strictly quasiconver (s.q.c.) — instead of being
conver as in the linear case.

The generalization of convex sets to s.q.c. sets is the subject of Chaps. 6-8.
These chapters are quite technical, but the only thing we need in the present
chapter is the combination of the practical sufficient condition for strict qua-
siconvexity developed in Chap.8 with the properties of s.q.c. sets regarding
projection developed in Chaps.6 and 7 and summarized in Theorem 7.2.11.
We shall refer to the above chapters for the proofs, and give in this section
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a self-contained and hopefully intuitive presentation of the definition and
properties of FC/LD problems.

We define first the class of FC problems. FC problems were originally
called weakly nonlinear when they were introduced in [28]; but we prefer here
the denomination FC, which describes them better as we shall see below.

To any pair of points xg, 21 of C, we associate a curve P on ¢(C') by

Under the minimum set of hypothesis (4.2), P(t) has a derivative V(t) =
Dip((1 — t)xg + txy), and the arc length of the curve P of the output set

@(C) is 1
L(P) —/0 |V (1) rdt. (4.12)

When ¢t ~» P(t) is constant, then |V (¢)||r = 0 Vt € [0,1] and hence
L(P) =0, so that the curve P is reduced to one point of ¢(C) and does not
provide any information on the shape of p(C).

On the contrary, the curves P for which L(P) > 0 stay by construction
on the attainable set ¢(C'), and so it is understandable that an upper bound
on their curvature brings some information on the shape of ¢(C):

Definition 4.2.1 Let C' and ¢ satisfy the minimum set of hypothesis (4.2).
Problem (}.1) is a finite curvature least squares problem (in short: a FC
problem ) if the following conditions are satisfied:

there exists R > 0 such that
Vg, 1 € C, the curve Pt~ @((1 — xzo)t + txy) satisfies
1
P e W2>([0,1]; F) and ||A(t)||r < R||V(t)||% for a.e. t € ]0,1],
where V(t) = P'(t), A(t) = P"(t).

(4.13)

Of course, linear problems are FC problems, as they satisfy obviously
the definition with 1/R = 0. The “finite curvature” name given to property
(4.13) of problem (4.1) is justified in Chap.8 (Propositions 8.2.1 and 8.2.2),
where it is proved that, when it holds

e Either P(t) =constant, so that L(P) = 0 and the curve P is reduced
to one point of ¢(C') — its curvature is not defined



4.2. FINITE CURVATURE/LIMITED DEFLECTION PROBLEMS 167

e Or V(t) # 0Vt € [0,1], so that L(P) > 0 and the radius of curvature
p(t) along the curve P satisfies

1 AW
ot) = V)2

so that the radius of curvature of the curve P and of the attainable
setyp(C) (Definition 7.2.8) satisfy

for a.e. ¢ in [0, 1], (4.14)

1 def 1 < 1 def 1 < 1 <4
= sup < = sup > o0,
R(P) te[0,1] P(t) R(W(C)) zo,x1€C ,t€[0,1] P(t) R
(4.15)

which explains the FC name given to this class of problems.

The lower bound R to the radius of curvature R(p(C)) of the attainable set
is called a radius of curvature of the inverse problem (4.1) (Definition 4.2.3
below).

Notice that (4.13) is only a sufficient condition for the radius of curvature
along P to be larger than R (compare (4.13) with the formula (8.66) for the
curvature, and/or think of ¢ : [0, 1] ~ IR* defined by ¢(z) = (2%, 2?)).

Without further constraints, the attainable set ¢(C') of a FC problem
may

e Fold over itself, which prevents property (i) of Proposition 4.1.1 to hold
on any neighborhood of ¢(C) (think of the greek letter v as attainable
set, or consider the simple case where C' = [0, diam C] C IR, and p(z) =
(cosz,sinz) € IR?, so that p(C') is an arc of circle of radius 1 and arc
length diam C, when diam C' > 27).

e Or possess no neighborhood on which the unimodality property (ii)
of Proposition 4.1.1 holds (think again of the arc of circle with 7 <
diam C' < 27: the point z = (cosdiam C,sindiam C') is on ¢(C), so
the “distance to 2z” function attains its global minimum on ¢(C) at
z = p(diam C')) (with value 0!), but it has also a stationary point (in
fact, a local minimum when 7 < diamC) at (0,0) = ©(0) (with a
strictly positive value)).

It is hence necessary to constrain further ¢(C') if the properties of the pro-
jection listed in Proposition 4.1.1 for the linear case are to be extended to
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Figure 4.1: The deflection € between two points of a curve P

the nonlinear case. A natural thing is to impose a constraint on the defiec-
tion © of the curves P, defined as the largest angle 0(t,t') € [0, 7] between
any two tangent vectors V(t) and V(') to P (Fig.4.1 and Definition 8.0.4).
For example, the previous arc-of-circle example with radius R = 1 has a
deflection bounded by © = diam C. Let us check whether limiting © can
prevent for this simple case the attainable set to fold over, and can restore
the unimodality of the projection:

e If © < 27, the arc of circle can obviously not fold over itself!

e If © < 7/2, all points of IR? at a distance of the arc of circle strictly
smaller than R = 1 have the uniqueness and unimodality properties (i)
and (ii) of Proposition 4.1.1 (see Fig. 7.3, top).

So the condition © < 7/2 seems to ensure a nice behavior of the attainable
set — at least for the arc-of-circle example. This is in fact general, as we shall
see in Proposition 4.2.7 below, so we make a definition:

Definition 4.2.2 Let C' and ¢ satisfy the minimum set of hypothesis (4.2).
A FC problem (4.1) is a Limited Deflection least squares problem (in short,
a FC/LD problem) if it satisfies the Deflection Condition:

o<’ (4.16)

2
The attainable set of an FC/LD problems is s.q.c. The upper bound © to
the deflection of the curves P is called the deflection of the inverse problem

(4.1).
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Proof. The strict quasi-convexity property of the attainable set follows from
Theorem 8.1.6, which gives a sufficient condition for a set to be s.q.c.

We explain now how to estimate the deflection © of a FC problem. We
remark that when P is an arc of circle, © is simply equal to the length of the
arc divided by its radius, that is, the product of the size of the arc by its curva-
ture. For a curve P other than a circle, a similar formula holds at the infinites-
imal level: the deflection df between the endpoints of the arc corresponding
to parameters t and t + dt is bounded (not equal in general) by the length
of the arc ||V (¢)||r dt multiplied by its curvature 1/p(t) (Proposition 8.1.2):

V()| dt
Q9 < WVOlrdt (4.17)
p(t)
(with the equality if P is a plane curve!). Combining with (4.14) gives
A ¢ V@l
do < dt < dt. (4.18)
VOlr R

If we denote by ty and t; the values of ¢ corresponding to the points of
the curve P where the deflection is maximum, we obtain, for the maximum
deflection ©(P) along the curve P,

/ d9</ 019</1 ”vi “1; dt < L(P)/R<L/R, (4.19)

where L(P) = fol |V (t)||r dt denotes the arc length of P and L an upper
bound to L(P), This shows that any number © which satisfies

LA
V@)l

is an upper bound to the deflection of all curves P defined in (4.11). Of
course, the angle between two vectors belongs always to the [0, 7] interval, so
this upper bound on the deflection constrains actually the deflection of the
curves P of ¢(C) only if © happens to be strictly smaller than 7!

The above geometric approach to the estimation of the deflection is
only meant to provide an intuitive support to formula (4.20). We refer to
Theorem 8.2.3 in Chap. 8 for a rigorous proof.

We summarize the geometric quantities of interest introduced so far for
the analysis of FC problems:

dt<© < L/R forall zg,z; € C (4.20)
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Definition 4.2.3 The geometric attributes of the FC problem (4.1) are the
following:

1. Its radius of curvature R > 0, defined as a lower bound to the radius
of curvature along all curves P of the form (4.11) with L(P) > 0. It is
estimated by (4.13)

2. Its (arc length) size L > 0, defined as an upper bound to the arc length
L(P) of all curves P of the form (4.11). It is estimated by

1
Lgn:/uwmumngaM@mc Vag o € C, (4.21)
0

where diam C' is the diameter of C':

diam C' = sup, yec|lz — yl &, (4.22)

3. Its deflection © > 0 defined as an upper bound to the deflection O(P)
of all curves P of the form (4.11) with L(P) > 0. It is estimated by
(4.23) below

Then formula (4.20) gives

Proposition 4.2.4 Let (4.1) be a FC problem with curvature 1/R and size
L < apdiam C'. Then any angle © that satisfies

Jyo()dt <e < L/R,
where: (4.23)
A r <OV (D)||F for a.e. t €[0,1] and all zg, 2, € C

is an upper bound to the deflection of the FC problem (4.1).

The majoration © < L/R in (4.23) is sharp: consider once again the arc-of-
circle example. Then R = 1 is a lower bound to the radius of curvature of
the curves (4.11), and L = diam C' is the upper bound to their arc length.
When diam C' < 7, the largest deflection of the curves (4.11) is precisely
© = diam C, so that © = L/R.

Corollary 4.2.5 The FC problem (4.1) with curvature 1/R and size L <
ay diam C' is a FC/LD problem as soon as one of the following sufficient
conditions s satisfied:

1
AOlr . =
dt < for all ¢,z € C, 4.24
s Vol Y= 2 071 (4.24)
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or
|A®)||F < ;THV(t)HF for a.e. t €[0,1] and all xg,x; € C, (4.25)

or T
L< R (4.26)

Proof. it follows immediately from Proposition 4.2.4.

Condition (4.26) shows that the deflection condition can be enforced by
a sizex curvature condition, that is, by requiring that the product of the size
L of ¢(C) by its curvature 1/R is bounded, here by 7/2 .

Though the deflection condition ©® < 7/2 can be satisfied for an un-
bounded set p(C) (think, e.g., of the graph of a sine function in IR?),
Corollary 4.2.5 shows that © < 7/2 can be ensured by limiting the size of
the admissible parameter set C' (|[A(¢)|| is proportional to ||z1 — x¢||* and
|V (¢)|| is proportional to ||z1 — z||!). Hence the deflection condition will act
in practice as a localization constraint. this is an example of reqularization
by size reduction mentioned in Sect. 1.3.4.

We can now state the nonlinear counterpart of Proposition 4.1.1 concern-
ing the properties of the projection on ¢(C'). The stability of the projection
will hold for the “arc length distance” 6(Xy, X) on the attainable set ¢(C'),
defined by

VXQ,Xl < QO(C), 5(X0,X1) = Supxoao_l(Xo),mGgo_l(Xl)L(P)7 (427)

where L(P) is the length, defined in (4.12), of the curve P associated to x
and x1 by (4.11).

Remark 4.2.6 The quantity 6(Xo, X1) is positive. But without further hy-
pothesis, it can happen that 6(Xo, X1) = 0 and Xy # X;. However, for a
FC/LD problem, as it is the case in Proposition 4.2.7 below, §(Xo, X1) =0
implies Xo = X (Proposition 6.2.5), so that the first aziom of a distance
is satisfied. The second azxiom of a distance 6(Xo, X1) = 0(Xy, Xo) is always
satisfied, but we do not know whether the third aziom (triangular inequality)
15 satisfied, this is why we use the word distance between quotes.

Proposition 4.2.7 Let (4.1) be a FC/LD problem with curvature 1/R < oo,
and let ¥ be the enlargement neighborhood of ¢(C) defined by

9 = {z cF | d(z,gp(C))<R}. (4.28)
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Then the projection on the attainable set p(C') has the following properties:

(i) Uniqueness: For any z € 0, there exists at most one projection of

z on ¢(C)

(ii) Unimodality: If z € ¥ admits a projection X on o(C), the “distance
to z” function has no parasitic stationary point on o(C)

(iii) Local stability: If 2,21 € ¥ admit projections Xo, X1 on ¢(C) and
are close enough so that there exists d > 0 satisfying

20 — 21| +jfg%>1<d(zja p(C)) < d<R, (4.29)

then one has
1Xo = Xillr < L(P) < (1 —d JR(P)™! ||z — 21|, (4.30)

where P is the curve associated by (4.11) to any a couple To, 1 of the
preimage of Xg, X.

This implies, as L(IS) < 5()?0,)?1) and R(ﬁ) > R > 0, a stability
property for the arc length “distance” ¢ in the attainable set

1 Xo — Xillp <6(Xo, X)) < (1 —d /R |20 — z1]lp. (4.31)

(iv) Existence: If z € ¥, any minimizing sequence X,, € ¢(C) of the “dis-
tance to z”7 function over (C) is a Cauchy sequence for both the dis-
tance || X =Y ||r and the arc length “distance” 6(X,Y"). Hence X,, con-

verges in F' to the (unique) projection X of z onto p(C).
If o(C) is closed, then X € o(C), and §(X,, X) — 0 when n — 0.

Proof. Equation (4.1) is a FC/LD problem, and so its attainable set ¢(C')
is s.q.c. (Definition 4.2.2) and the proposition follows from the properties of
the projection on s.q.c. sets summarized in Theorem 7.2.11.

We investigate now the shape of the preimage sets, that is, the sets of
parameters x € C' that have the same image by ¢. For a linear problem
¢(x) = B.zx, the preimage of X € B.C'is the intersection of the closed affine
subspace {x € E such that B.x = X} of E with the admissible parameter
set C, it is hence closed and convex. For FC/LD problems, the following
result holds:
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Proposition 4.2.8 Let (4.1) be a FC/LD problem. Then the preimage
0 (X)) is a closed and convez set for all X € o(C).

Proof. let X € p(C') be given. The finite curvature hypothesis implies that
C'is closed and ¢ continuous (second and last properties of (4.2)), and hence
that ¢ '(X) is closed. Then the condition © < 7/2 on the deflection implies
that ¢(C) is s.q.c. (Proposition 4.2.7). Let then xg,z; be two pre-image of
X, and P the curve (4.11) image by ¢ of the [zg,x;] segment of C. The
function ¢ ~ || X — P(¢)]|? is s.q.c. (use (7.4) with D = ¢(C) and z = X in
the Definition 7.1.2 of s.q.c. sets), positive, and takes the value 0 for ¢ = 0
and ¢ = 1: this can be possible only if || X — P(¢)||* = 0 V¢ € [0,1]. Hence
z; = (1 — t)zo + tzy belongs to p~1(X) for all ¢ € [0,1], which shows that
¢ 1(X) is convex.

Propositions 4.2.7 and 4.2.8 (and also 4.3.3 below) show that FC/LD
problems are a direct generalization of linear least squares problems.

Remark 4.2.9 All known examples of FC/LD problems correspond to for-
ward maps ¢, which are injective over C, for which (X))~ = {x}, which is
trivially convex. The existence of non injective function ¢ that produce FC
problems — and hence FC/LD problems by reduction of the size of C — is an
open problem.

Remark 4.2.10 When the deflection © is larger than w, we have seen in
the arc-of-circle example that the conclusions of Proposition 4.2.7 cannot be
true. But what when w/2 < © < 7% Theorem 8.1.6, which serves to prove
Proposition 4.2.7, shows that p(C') is still s.q.c., but with a smaller regular
neighborhood

9 = {zeF | d(z,0(C)) < RG}, (4.32)

where Rg < R is the global radius of curvature (Sect. 7.2), as soon as the ge-
ometric attributes 1/R, L , and © of the FC problem (4.1) (Definition 4.2.3)
satisfy the extended deflection condition

Re % R(sin® + (L/R — ©) cos ©) > 0. (4.33)

Figure 8.2 shows that the set of deflection © and sizex curvature product L/ R
that satisfy (4.33) is of the form

O < Onax(L/R) (or < depending on the value of L/R), (4.34)
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with Omax given by (8.19). This shows that the range of authorized deflections
can be extended beyond /2. Examples of simple sets that have a deflection
larger than 7/2 but are nevertheless s.q.c. can be seen in Figs. 7.3 and 8.5.

Hence the use of conditions (4.33) or (4.34) allows to enlarge the size of
the admissible parameter set C' for which p(C') is s.q.c. — so that Propositions
4.2.7 and 4.2.8 above and 4.3.3 below still hold — at the price of reducing the
size of the neighborhood ¥ on which the projection is well-behaved.

For example, in the case where only the worst deflection estimate © =
L/R (see (4.23)) is available, one sees that (4.33) is satisfied for any 7/2 <
© < 7, but on the smaller neighborhood (4.32) of size Rg = R sin ©.

For sake of simplicity, we shall not attempt, in the rest of this chapter
and in Chap. 5, which deal with the reqularization of inverse problems, to
produce the least constraining conditions on the size of C'. So we shall not
use the extended deflection condition (4.34), but only the simple deflection
condition (4.16), which will ensure that the output set o(C') is s.q.c. with a
neighborhood (4.28) of size R independent of the deflection ©.

4.3 Identifiability and Stability
of the Linearized Problems

We introduce in this section identifiability and stability properties of the lin-
earized problems, and look into their relation with the corresponding prop-
erties of the original nonlinear problem (Definition 1.3.1).

Definition 4.3.1 Let C, ¢ satisfy the minimum set of hypothesis (4.2). The
parameter x s linearly identifiable over C' if

xg, 1 € C,t€[0,1] and |V(t)||r =0 = z9 = 1, (4.35)
where V(t) is defined in (4.13).

Remark 4.3.2 Identifiability and linear identifiability coincide of course for
linear problems, but also for the class of so-called “bilinear” problems where
the v mapping admits a state-space decomposition (see (1.33) and (1.54) in
Sect. 1.3.5 of Chap. 1) of the form:

e(r,y) = blz,y) + c(y) + d with b bilinear, ¢ linear, d constant,
M(y) = linear and injective,
b,c, M = continuous.
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This can be seen easily: given xo,x1 € C and t € [0,1], subtraction of the
state equations written at x1 and xqy gives

b(w1 — 20, Y1) + b(w0, y1 — Yo) + c(y1 — yo) = 0, (4.36)
and deriwation with respect to t of the equation at x; = (1 — t)xg — txy gives

Ayt o
o) T o)
where y; is the solution of e(x,y) =0 for z = x,.
Identifiability holds as soon as ¢(x1) — @(xg) = 0 = x1 = o, that is,
using the injectivity of M, as soon as y1 = yo = 1 = xg, or, using (4.30),

b(xl — Xo, yt) + b(‘rh = 07 (437)

b(xl — Xo, yl) =0= 21 = 2. (438)

Similarly, linear identifiability will hold as soon as V' = M Oy, /ot = 0 =
x1 = T, or, using the injectivity of M and (4.37), as soon as

b(xy — xo,y) = 0 = 1 = xp,

which is equivalent to (4.38).

The class of “bilinear” problems is relatively large, as it contains all prob-
lems governed by a linear equation, where the unknown parameter appear as
a coefficient, see the examples in Sects. 1.4 and 1.6 of Chap. 1.

But for nonlinear problems, identifiability does not imply in general lin-
earized identifiability (think, e.g., of p(x) = 2% on C = [—1,+1], but this is
not a FC problem), and conversely linearized identifiability does not imply
identifiability. However, for FC/LD problems the following result holds:

Proposition 4.3.3 Let (4.1) be a FC/LD problem. Then
linear identifiability (4.35) = identifiability (1.14)

Proof. Let X € ¢(C) be given, and xg,z; be two preimage of X. We know
from Proposition 4.2.8 that the curve P defined in (4.11) satisfies P(t) = X
for all ¢ € [0, 1]. Derivation with respect to ¢ gives V (t) = 0 V¢ € [0, 1], and
hence zy = 1 using (4.35).

To define the linearized version of the stability property (4.41), we replace
now the length ||p(z1) — (o) of the [p(z0), p(z1] segment of F' by the arc
length L of the curve P :t ~ o((1 —t)zg — tay):
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Definition 4.3.4 Let C, p satisfy the minimum set of hypothesis (4.2). The
parameter x is linearly stable on C' if

{ day, > 0 such that Vg, z, € C (4.39)

|20 — 21]|p < L(P) = fol |1V ()] dt,

where L(P) is the arc length of the curve P image by ¢ of the [xq, z1] segment,
as defined by (4.13), (4.11), and (4.21). A sufficient condition for (4.39) to
hold s

{ dav, > 0 such that Yay, z, € C,Vt € [0,1] : (4.40)

am [0 — 21llp < [V (#)]|p-
Linear stability is weaker than stability:

Proposition 4.3.5 Let C, ¢ satisfy the minimum set of hypothesis (4.2).
Then
stability = linear stability.

Proof. The stability condition (1.15) implies (4.39) with «,,, = 1/k, which
proves the implication.

4.4 A Sufficient Conditions
for OLS-Identifiability

We establish in this section the additional condition that ensures that a
FC/LD problem is Q-wellposed, or equivalently that x is OLS-identifiable.
Finite dimensional problems are studied in Sect. 4.5, and an infinite dimen-
sional example is given in Sect. 4.8 of this chapter.

The use of regularization to produce a FC/LD problem, which meets this
condition — and is hence Q-wellposed — is studied in Chap.5, for FC/LD
problems in Sect.5.1.2, for general nonlinear problems in 5.1.3, and for a
special family of infinite curvature problems in Sect. 5.3.

As we have seen in (4.21) and (4.23), the deflection © can always be chosen
smaller than L/R < ajsdiamC'/R. Hence the projection on the output set of
FC problems can be made well-behaved by reducing the size of the admissible
parameter set C' until the deflection condition ©® < 7/2 is met. But as in the
linear case, these nice properties of the projection are not enough to ensure
the OLS-identifiability of x in problem (4.1): one has to add the nonlinear
counterpart of the stability condition (4.9).
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The first and most natural way to do that consists in considering that B
in (4.9) is the forward map ¢, and to replace (4.9) by the stability condition
(1.15) of Definition 1.3.1, which we recall here for convenience:

>
{ Jk > 0 such that (4.41)

|20 — 21|le < k(o) —@(21)||lF V0,71 € C.

Of course, combining (4.41) with the stability property (4.30) of the projec-
tion onto p(C') would ensure the desired OLS-identifiability property. But it
would not take full advantage of (4.30), where the stability of the projection
is achieved not only for the usual distance || Xy — X;||, of the projections
of zp and zy, but also for their larger “arc length distance” ¢ ()A(O,)?l) mea-
sured along the curves P. This distance is defined in term of the directional
derivative V(t) of ¢ (see (4.31)). This leads us to consider that B in (4.9) is
rather the derivative of the forward map ¢, and to replace (4.9) by the linear
stability condition of Definition 4.3.4:

Theorem 4.4.1 Let (4.1) be a FC/LD problem with curvature 1/R < oo.
If the linear stability condition (4.39) is satisfied, the parameter x is OLS-
identifiable, that is, the NLS problem (4.1) is Q-wellposed on a neighborhood

9 = {zéF\d(z,gp(C)) < R}, (4.42)

and the following local Lipschitz stability result holds for the inverse problem:
for all zy, 21 € V¥ close enough so that there exists d > 0 satisfying

|20 = z1][F + max d(z,9(C)) < d<R, (4.43)

the corresponding solutions Ty, 1 of (4.1) satisfy
| — #illz < L(P) < (1—d /R(P)™" [l20 — 21, (4.44)
where

e L(P) is the arc length of the curve P : t ~ o((1— )&y +t&1) image by
¢ of the [Ty, T1] segment

° R(ﬁ) > R is a lower bound to the radius of curvature along p
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Proof. The linear stability hypothesis implies of course the linear identifia-
bility of x and, because the problem has finite curvature and satisfies the
deflection condition, identifiability of 2 on C' (Proposition 4.3.3). Hence ¢ is
injective on C: any X € ¢(C) has a unique preimage z = ¢~ 1(X) in C.

Let then X; € ¢(C), j = 0,1, be two points on the output set, and
z; = N(X;), J 2, be the corresponding (unique) preimage. Combining
the Definition (4.27) of 0(X,Y) with the linear stability condition (4.39)
shows that

5(X0. X)) = L(P) = / IV rdt > anllzo — 2]l (4.45)

We prove now point 1 of the Definition 4.0.10 of OLS-identifiability. Let
z € 9 be given. The uniqueness of the solution of problem (4.1) follows
from the injectivity of ¢ over C' (see above) combined with the uniqueness
of the projection of z onto ¢(C) (property i) of Proposition 4.2.7). As for
the existence of a solution, let X,, € ¢(C') be a minimizing sequence of the
“distance to z” function over p(C), and =, = ¢ '(X,,) the corresponding
sequence of preimage. Because the problem has finite curvature and satisfies
the deflection condition (4.16), Proposition 4.2.7 applies, so that X, is a
Cauchy sequence for the “distance” 0(X,Y’) and hence, using (4.45), z,, is a
Cauchy sequence in the Banach space E. But C' is closed, so there exists
& € C such that x, — &.Then the last property of (4.2) implies that ¢ is
Lipschitz continuous, so that X, — X = (). This proves that X is the
projection of z onto gp(C’ ), and that  is the (unique) solution of problem (4.1).

Then point 2 of Definition 4.0.10 follows immediately from property (i7)
of Proposition 4.2.7, combined with the existence of a (unique) projection on
o(C) for all z € 0.

Finally, we notice that the stability property (4.43) (4.44) follows immedi-
ately from the property (iii) of the projection on ¢(C') in Proposition 4.2.7,
combined with the stability result (4.45). This implies the local Lipschitz
continuity of the z ~» & mapping from (9,] - ||r) to (C,|| - || ), which shows
that point 3 of Definition 4.0.10 is satisfied.
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4.5 The Case of Finite Dimensional
Parameters

Using the results of the previous sections, we derive in this section simple
sufficient conditions for Q-wellposedness (Definition 4.0.10) of problem (4.1)
when the unknown parameter x is finite dimensional. These conditions will
allow to check whether the additional information brought to the original ill-
posed problem by regularization (Sect. 1.3.4) and, if necessary, discretization
is sufficient to restore Q-wellposedness.

We shall suppose that the following finite dimension (FD) minimum set
of hypothesis holds (compare with (4.2))

(£ = finite dimensional vector space, with norm || ||z,
C = closed, convex subset of I,
C, = convex open neighborhood of C'in E,
F = Hilbert space, with norm || ||F,
z € F, (4.46)
¢ = C,~ Fis twice differentiable along segments of C,,
0 02
and : V = atgp((l —t)xg +txy), A= o2 o((1 —t)zg + tay)
L are continuous functions of =g,z € C,, and t € [0, 1].

For example, when C'is defined by
C={zxeFE|c(x)<0 Vlel}, (4.47)

where ¢;, £ € L are continuous and convex constraints, the neighborhood C,
can be defined simply by

Cy={rxe€E|cx)y<n Ylel} (4.48)

for some n > 0.

The differentiability and continuity results required in (4.46) happen to
hold in most of the applications, so that the FD minimum set of hypothesis
(4.46) is satisfied for the reduction to finite dimension of a large number of
problems. But it is obviously not sufficient to ensure the Q-wellposedness of
the inverse problem (4.1) over the finite dimensional set C'. The next theorem
indicates which additional properties are sufficient:
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Theorem 4.5.1 Let the FD minimum set of hypothesis (4.46) hold. Then
@ 18 continuously differentiable over Cy,, and the following properties hold:

1. If C is bounded, then

the attainable set o(C') is compact — and hence closed,
the minimum set of hypothesis (4.2) holds on C.

2. If moreover x is linearly identifiable (Definition 4.3.1) over C,, then

x 1is linearly stable over C' (Definition 4.5.4),
the NLS problem (4.1) is a FC problem (Definition 4.2.1).

3. If moreover C' is small enough for the deflection condition © < /2 to
hold, then

x is OLS-identifiable on C', or equivalently:
the NLS problem (4.1) is Q-wellposed on C.

Proof. Let S denote the unit sphere of E. For any xg,z; € C,, o # 1, and
for any ¢ € [0, 1], we can define

1 — 2o

r=(1—t)zo+to; € Cp, h = € S. (4.49)
|1 — 2ol p
Then V and A defined in (4.46) satisfy
V = |lz1 — xollp Drp(x), A= |21 — 0|3 Dipe(a), (4.50)

where Dyp(x) and D} ,p(z) are the first and second derivatives of ¢ at =
in the direction h, which exist by hypothesis. This shows that V/||x1 — ||
and A/||z1 — x0||3 depend only on the point € C, and on the direction
hes.

Conversely, given x € ), and h € S, there are many ways to find x¢, z; €
C,, xo# x1, and t € [0, 1], which satisfy (4.49), for example,

rg = xz—dx,E\Cy)h/2 € C,,
Ty = ov+dz,E\Cy)h/2 € C,, (4.51)
t o= 1/2 e [0,1],
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where d(x, E'\ C))) denotes the distance of z to the complementary set of C,
in £. The function x ~» d(z, £\ C,)) is continuous, and satisfies

d(z, E\ C,) > 0Vz € C),. (4.52)

Hence by composing the continuous mappings (z, h) ~ (xg, z1,t) defined by
(4.51) and (zq,x1,t) ~ (V/]|z1 — 20|, A/||T1 — 70||%) defined by (4.50), we
see that the first and second directional derivatives of ¢ are given by

Dyip(z) = 4

B ||I1 - $0||%

V(w,h) € Cy x S, (4.53)

and satisfy
Dyp(z) and Dj ,¢(x) are continuous functions of z, h over Cy, x S. (4.54)

In particular, the partial derivatives dp(z)/0x; = D.,p(z) exist and are
continuous functions of = over the open set C,, (e; denotes the ith basis vector
of E), which implies that ¢ is continuously differentiable over C,,.

We begin with point one of the theorem: C' is now bounded. As we have
just seen, ¢ is continuous over the open neighborhood C; of the closed,
bounded — and hence compact — set C', which implies that ¢(C) is compact,
and hence closed. As for the minimum set of hypothesis (4.2), the only prop-
erty that does not follow immediately from (4.46) is the existence of an a,
in the last line. The best (smallest) a, is by definition

def V1
ay = sup
x0,21€C , zo#x1 , t€[0,1] Hxl - ‘rOHE
< sup || Dpp(2)||r (use (4.53) left)
2€C | hes
< +o0 (use (4.54) left and C' x S compact).

We prove now the second point of the theorem. The linear identifiability
hypothesis over (), implies that, for any € €, and h € S, the numerator V'
in Dpp(x) = V/||z1 — 20| & is nonzero, as it corresponds to points zg, 21 € C,
such that ||xg— 1| g = d(z, E\C,) > 0, c.f. (4.51) (4.52). The best (largest)
oy, that satisfies (4.40) is, by definition,

def . HVHF

Ay = inf (4.55)
z0,21€C , zo#x1 , t€[0,1] Hxl — $0HE
> i .
> ;ceclr,lfhes | Dro(x)|| p (use (4.53) left)

> 0 (use (4.54) left and Dyp(z)#0 over C'x .S compact),
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which proves the linear stability of x over C'. As for the finite curvature of the
problem, the only thing in Definition 4.2.1 that does not follows immediately
from the FD minimum set of hypothesis (4.46) is the inequality (4.13). The
proof is similar: the best (smallest) 1/R that satisfies (4.13) is by definition

def [All#
1/R = sup 4.56
B e 0 e VI 90
1D we (@)
< ’ use (4.53) left and right
&b s 1D fise (459 )
< +o0 (use (4.54) and Dpp(x)#0 over C'x S compact),

which proves the finite curvature property.
Finally, the last point of the theorem is simply a rewriting of the sufficient
condition for OLS-identifiability of Theorem 4.4.1.

4.6 Four Questions to Q-Wellposedness

We summarize here the successive steps required to prove Q-wellposedness
by application of Proposition 4.2.7, Theorems 4.4.1 or 4.5.1. These steps can
(and ideally should) be performed before any attempt to minimize the least
square objective function is done. Let the minimum set of hypotheses (4.2)
be satisfied, xo, 27 be two admissible parameters, and denote by V(t) (for
velocity) and A(t) (for acceleration) the first and second derivatives with
respect to ¢ of the forward map ¢ at x; = (1 — t)xo + tz; along the segment
[Io, ZEl] .
A full analysis requires the answer to four questions:

1. Linear identifiability:

does V =0 imply x1 = 20 ?
2-a. Closedness:

is the attainable set o(C) closed?
or alternatively,

2-b. Linear stability:

does there exists «,, > 0 such that, for all xq,x, € C,
anllr —zollp < f; V() et ? (4.57)
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3. Deflection condition:

does one have, for all xo,z; € C and t € [0, 1],
IADIF < 0@) V(@) |r with © = [;6(t) <m/28  (4.58)

4. Finite curvature:

does there exist R > 0 such that,
for all zg,x1 € C and t € [0,1], ||[A@®)||r < 1/R|V()||%2 (4.59)

The theoretical and numerical tools available (or not available...) to an-
swer these questions are described in Sect. 4.7 below.

4.6.1 Case of Finite Dimensional Parameters

When the FD minimum set of hypothesis (4.46) is satisfied and the admissible
set C' is bounded, then the minimum set of hypothesis (4.2) is verified, and a
positive answer to question 1 (linear identifiability) implies a positive answer
to questions 2-a (closedness), 2-b (linear stability, for any norm on E), and
4 (finite curvature):

finite dimensional parameters
bounded parameter set = local OLS-identifiability,
linear identifiability

where local OLS-identifiability is a short name for closed attainable set, lin-
early stable parameter, finite curvature problem. Local OLS-identifiability im-
plies that x is OLS-identifiable over any convex and closed subset D of C'
small enough to ensure a positive answer to question 3 (deflection condition):

local OLS-identifiability

deflection condition © < /2 } — OLS-identifiability.

The deflection condition (4.58) provides an estimation of the size of D, which
ensures OLS-identifiability. It is automatically satisfied if D satisfies
ar diamD < ;TR, (4.60)

but this last estimation is usually less precise than the ones derived directly
from (4.58).
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4.6.2 Case of Infinite Dimensional Parameters

When the answer to questions 1, 2-a, 3, and 4 above is positive, the NLS
problem (4.1) is Q-wellposed for all data z in the neighborhood

V={z€ F|d(z¢C)) <R} (4.61)

of the attainable set, for the “distance” § on C' defined by
1
dzo, 1) = / |IV(t)||rdt  (arc length in the attainable set),
0

with the stability property

N -1
5(x0, 1) < (1 - R) 21 — 2ol (4.62)
for any zg, 21 € ¥ and d > 0 such that

|21 — 20| F +jrri%>%d(zj, o(C)) <d < R.

In the case where one is able to give a positive answer to question 2-b
for some norm || - | g, the closedness question 2 is also answered positively,
and one has

a1 — Zoll g < 0(x0, 21), (4.63)

so that the the NLS problem (4.1) is still Q-wellposed on the same neigh-
borhood (4.61), but for the stronger norm || - ||z on the parameter space for
which one has been able to prove linear stability.

Remark 4.6.1 In practice, the infinite dimensional problem has to be re-
duced at some point to finite dimension for computational purpose, by search-
ing for x in a finite dimensional subspace E of E (see Chap.3). When the
infinite dimensional parameter x happens to be linearly identifiable over C,
the results of previous Sect. 4.6.1 apply automatically to the resulting finite
dimensional problem.

4.7 Answering the Four Questions

Most often, the original inverse problem does not satisfy, rigorously or even
approximately, any of the sets of sufficient conditions for Q-wellposedness
recalled in the previous section. Because the conditions are only sufficient,
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this does not mean that it is ill-posed, only that one cannot decide between
well- and ill-posedness. A reasonable thing to do is then to add information,
either by reducing the number of parameters (Chap. 3), or by using L.M.T.
regularization or strengthening the observation in the perspective of using
state-space regularization (Chap.5), until the regularized problem satisfies
one set of sufficient conditions. Hence these sufficient conditions provide a
guideline for the design of a wellposed and optimizable regularized problem,
and it is only at that point that numerical attempts to minimize the least
squares objective function should be made, now with a reasonable hope of
producing meaningful results.

We discuss for the rest of this section the available tools for checking these
condition under the minimum set of hypotheses (4.2): one can try to answer
questions 1-4 either rigorously, by proving the corresponding property or
giving a counterexample, or approximately, when a proof is out of reach,
by checking numerically the property — but this becomes computationally
intensive when there are more than a few parameters.

In any cases, it is useful, whenever possible, to estimate even crudely
the linear stability constant «,,, and the lower bound R to the radius of
curvature of the problem, which provide useful practical information: «,,, R
appear in the stability estimate (4.62) and (4.63) of the inverse problem,
and R gives the size of the neighborhood of the attainable set on which the
inverse problem is stable, and hence provides an upper bound on the size of
the admissible measurement and model errors.

For problems of small size, one can combine formula (4.65), (4.70), and
(4.73) for the numerical determination of «,,, ©, and R with Theorem 4.5.1
and the stability property (4.44) to perform a nonlinear stability analysis,
see, for example, [80].

Checking for Linear Identifiability (Question 1)

This is the first step on the way to OLS-identifiability. For the full nonlinear
inverse problem, identifiability has received much attention in the recent
years, see, for example, [46, 34, 47]. Unluckily, the availability of a nonlinear
identifiability result does not imply automatically linear identifiability (x ~~
23 is injective, but its derivative at # = 0 is not injective...), and, when
a nonlinear identifiability result is available for the problem at hand, it is

necessary to check wether the nonlinear proof goes over to the linearized
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problem. This suggests that the identifiability studies should be devoted to
the linearized problems rather than to the original nonlinear problem.

However, for bilinear problems, where the inverse problem is governed by
a linear state equation with the unknown parameter being one coefficient of
the equation, and with a linear injective observation operator, identifiability
coincides with linear identifiabiliy (see Remark 4.3.2), and the existence of a
nonlinear identifiability result implies automatically linear identifiability.

If none of this works, one is left with the challenge of proving directly
linear identifiability — not necessarily easy, nor necessarily true!

When the theoretical approach fails, one has to resort to numerical de-
termination. This makes sense only after the parameter has been reduced, if
necessary, to finite dimension. The approach is similar to that of Sect.3.2: a
nominal parameter z,., € C'is chosen, and the singular value decomposition
(SVD) (3.9)—(3.11) of the g x n Jacobian ¢'(xpem) is performed. Linear iden-
tifiability is achieved in theory as soon as the number r of strictly positive
singular values p is equal to n for all z,., € C, and it fails if » < n for some
Tnom € C.

Of course, this is impossible to check rigorously on the computer:

e One has to limit the computation of ¢'(Znom) and its SVD to a finite
set C'y of nominal parameters, and then cross fingers that things do not
change too much away from the chosen nominal value(s). The number
of points in Cy depend on the computational power one can afford, it
can be reduced to one for computationally intensive problems. . .

e Testing that a floating number in the computer is strictly positive is a
difficult task. In practice, the test p > 0 is replaced, for the determina-
tion of r, by

2 > Hmin > 07

where fin;, is a threshold determined by the level of noise or error on
the data, as explained in Sect. 3.2 of Chap. 3.

Remark 4.7.1 For infinite dimensional parameters, the existence of a the-
oretical linear identifiability result does not eliminate the need of performing
an SVD analysis after the problem has been reduced to finite dimension: some
of the singular values may (and usually will...) be zero or below the threshold

Hmin -
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Checking for Closedness (Question 2-a)

The attainable set is closed as soon as one can equip the parameter space
E with a norm that makes the admissible parameter set C' compact and the
forward map ¢ continuous. This holds true in particular as soon as F is finite
dimensional and C' bounded.

Also, the attainable set of a linearly stable FC/LD problem is closed as
soon as the parameter space E is complete.

Checking for Linear Stability (Question 2-b)

Analytical proofs of (4.57) are rare, and when they exist, give a pessimistic
(too small) estimate of the constant a,, > 0, or even show only its existence,
without any information on its value.

So one has to evaluate «,, numerically, which will necessarily produce an
optimistic (too large) value. There are two ways to do that:

e One can go along the line used to check numerically for linear identifia-
bility: discretize the admissible set C' into a finite set Cly, and perform
the SVD decomposition (3.9)—(3.11) of ¢'(zpom) for all z,om € Cn.
When linear identifiability holds, one has r = n V.o, € Cy, and ay,
can be estimated by

Oy = xnglenCN Ln nom- (4.64)
The estimate (4.64) is optimistic because one performs the SVD only
at a finite number of points of C, but it can also be pessimistic because
performing the SVD amounts to investigate the stability in all direc-
tions of IR"™, some of them pointing outside of C' when the dimension
of C' is strictly smaller than n.

e One can also go along the line of the next sections on the deflection and
finite curvature conditions: one discretizes both points and directions
of the admissible set C'. Figure 4.2 shows two naturals way to do that:

— On the left, a very coarse coverage where only one (or a few) point(s)
and the directions of the coordinate axis are investigated

— On the right a more comprehensive coverage, based on a discretization
of the boundary dC' into a finite set OCy (circles), where each [xg, x]
interval is in turn discretized into N intervals by N +1 points zy/n, k =
0,1---N (black dots)



188 CHAPTER 4. OLS-IDENTIFIABILITY AND Q-WELLPOSED

Figure 4.2: Very scarce (left) and comprehensive (right) coverage
of the points and directions in C

Then «,, is estimated by

[ Vi1/2]l

O areoCns k=1 |lz1 — xol|

(4.65)

where Vj_1/2 (see (4.13)) is the derivative of the forward map ¢ at

T(k—1/2)/N def ((k—1)/Nn +x/N)/2 along the vector 21 — xy. The deriva-

tive Vj,_1/2 is evaluated either analytically, if the corresponding code is
available, or numerically if not, for example,

Vi @(mryn) — o(T-1y/n)

_ (4.66)
|21 — 20| |ze/N — 1y~

Checking the Deflection Condition (Question 3)

The deflection © of the inverse problem (4.1) can sometimes be estimated
analytically, in particular for bilinear problems (see Remark 4.3.2) with full
observation. The state equation for bilinear problems is of the form:

e(x,y) =b(z,y) + c(y) +d =0, (4.67)
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where b is bilinear and ¢ linear, and by full observation property we mean that
the observation operator M is linear and satisfies, for some k,; > Kk, > 0,

mllylly < [[Myllr < £ullylly forall y €Y. (4.68)

The velocity and acceleration are then given by

Oy,
ot

0? Yt

=M
V(t) ot2 )

and A(t) =M

where y; is the solution of the state equation (4.67) for v = x; = (1—t)zo+tx;.
Deriving (4.67) twice gives the equations for dy, /0t and 9%y, /Ot*:

b( (9yt> —I—C(ayt> + b(zy — o, 4) = 0,

o ot
(O 0Y +e(T0) wom(m =0 M) =0 (aoo)

The same arguments that ensure that the state equation (4.67) has a unique
solution depending continuously on ¢ will, in general, imply that (4.69) has
a unique solution, with

0
v ot

where the constant x(C') can be expressed in terms of the bounds imposed
on z in C. The deflection condition is then satisfied as soon as

82%
ot?

)
Y

M) < /2.

Km
An example of this situation can be found in the deflection estimates of
Proposition 4.9.3 (respectively, 5.4.5) for the estimation of the diffusion co-
efficient in a two-dimensional elliptic equation with H!-observation (respec-
tively, H'-observation with adapted regularization).

As for the numerical evaluation of the deflection ©, it can be performed

on a coverage of points and directions of C' that takes into account the size
of C, as the one at the right of Fig.4.2:

0= max O(k, k), (4.70)
0,81€0C N, kok/=0,1-N, k£k/
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where 0(k, k') is the deflection between the points z;/y and x4 /y:

1 (Vi Vi)
[ Vil | [ Vi

Here V}, is the velocity at x; along xy — xp. It can be evaluated either ana-
lytically, or numerically by

Vie = Vieg1y2 + Vie1/2)/2, (4.71)

O(k, k") = cos™

for example, where Vj,_1 /5 is defined in (4.66).

Formula (4.70), which is based on the definition of O, is the more precise
one, but is computationally expensive, as it requires the comparison of 6(k, k)
for all couples k,k'. A formula with a simple summation in & only, which is
based on the majoration of Proposition 4.2.4 but requires an estimation of
the acceleration A, is given in the next section in (4.74).

Remark 4.7.2 The deflection condition © < /2 is only a sufficient condi-
tion for the more precise extended deflection condition Rg > 0 on the global
radius of curvature, which characterizes s.q.c. sets (see Remark 4.2.10 and
Chap. 7).

So in a situation where one can afford to compute the deflection by (4.70),
one should rather compute, at a similar computational burden, the global
radius of curvature Rg using Proposition 7.5.1

RG = max cp k, k/
x0,21€0CN, k,k'=0,1---N, k#k’ pG( ) )7

where p¢t (k, k') is the global radius of curvature at xy)n seen from xy

(e (k,K) # pd (K k)!), given by

epsr o ) max{0,N}/D if (V,V') > 0,
pi (k) = {max{O,N} if (V,V") < 0, (4.72)
with (Proposition 7.2.6)
X = ol@yn), X' = ol@ymw),
vo= V/VIL o= VIV
N = sgn(k —k)(X' —X,v),
D = (1-{(v,0)*)2

When Rg > 0, all stability results of this chapter apply on a neighborhood of
size Rg < R (Remark 4.2.10).
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Checking for Finite Curvature (Question 4)

Constructive proofs of finite curvature for an inverse problem (4.1), which
provide an estimation of the radius of curvature R of the inverse problem,
are very rare, the author knows of two cases only: the 1D elliptic parameter
estimation problem of Sect. 1.4 in the case of an H'-observation, analyzed in
Sect. 4.8, and the 2D elliptic nonlinear source estimation problem of Sect. 1.5
in the case of an H!'-observation, analyzed in Sect. 5.2.

Hence one has to resort in practice to numerical estimation if one wants
to assign a value to R. Given one coverage of points and directions of C' as
in Fig. 4.2, one can estimate R by

Vi l[?
j 4.73
20,01€0CN, k=1-N-1 || Ay’ )
and, using Proposition 4.2.4, the deflection © by
A €T — X(k—
Z A 2w = 2 2wl (4.74)

il ™ 21 — o]
where x(,_1/2)/n def (T(k—1)/n + 1/n)/2, and Vj, and Ay are the velocity and
acceleration at wy,y along the vector z; — zy. They can be determined ana-
lytically if the codes computing the first and second directional derivative are
available. If not, they can be approximated numerically, for example, using
formula (4.71) for Vj, and for Ay,

Ay Virr2 — Vie1y2

-  k=1---N-1.
|21 — 2ol ||@@+1/2)/8 — Tk—1/2)/nN ]|

With this approximation, the formula for © becomes

_ 21\12_1 Vies1/2 = Vi1 2|
7 | Vig1/2 + Vieayall

4.8 Application to Example 2: 1D Parameter
Estimation with H' Observation

The estimation of the diffusion coefficient a from temperature measurements
is a long-time classic of inverse problems (see, e.g.,[4, 49, 47, 46]). We dis-
cuss in this section the OLS-identifiability of the diffusion coefficient a in a



192 CHAPTER 4. OLS-IDENTIFIABILITY AND Q-WELLPOSED

one-dimensional elliptic problem (1.38) and (1.39) with an H' observation
(1.50) and (1.51), that is, when a measurement z of the space derivative
u’ of its solution u is available, as described in Sect.1.4. This material is
adapted from the original paper [25], with a simpler proof and sharper es-
timations. The case of an L? observation of u will be considered in Chap.5
using state-space regularization. The results of this section can be gener-
alized to problems with distributed sources, at the price of more technical
complexities. We refer the interested reader to Sect. 6 of reference [25].

As explained in Sect. 1.4, we shall search for b = a~! rather than for a.

The state equation over the domain © = [0, 1] is then, with the notations
(1.38),
— (0 Mugde =Y g 0(6—¢),  £€Q, (4.75)
jeJ

with the Dirichlet boundary conditions
u(0) =0, u(1) = 0. (4.76)

We choose as parameter space £ = L?*(Q) for b, with the admissible
parameter set C' defined in (1.47). In fact we shall not be able to achieve
L? stability on this parameter set, but only on a smaller set D C C to be
defined later.

For any b € C, (4.75) and (4.76) have a unique solution u, whose space
derivative is given by

ug = —bq,

where the heat flux profile ¢, defined by (1.41)—(1.43) depend on b through
the b-weighted mean H.

Following (1.50), we choose F' = L?({2) as data space, and the estimation
of b € C from a measurement z € L*(Q) of u¢ corresponds to the inversion of
the forward map ¢ defined in (1.51), which is given here by the particularly
simple closed form formula (1.44):

©(b) = —bag. (4.77)

For any by, b; € C and t € [0, 1], define b = (1 — )by + tby € C.

Derivation of the state equations (4.75) and (4.76) or the closed form
formula (4.77) with respect to ¢ shows that the velocity V = dug/dt =
dp(b)/dt is given either by
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V' =1n¢, where 7 is the solution of

—(b7'ne)e = —(b1 ; b ®)e  EEQ (4.78)
n(0) = 0, (1) =0. (4.79)

or by X
- fjib | = = 1 - (4:80)

Derivation of (4.80) gives then the acceleration A = d%p(b)/dt*:

I Jo (b1 =bo) by — by
A=2 fol b /0 (bl bO)Qb { fol b b } ) (481)

or equivalently, using (4.80),

A=2 (‘g + bl;b0%> {f?b/ol(bl —by) — (by —bo)}. (4.82)

Formula (4.82) will be used to estimate the deflection O, and (4.81) will serve
to estimate the curvature 1/R.

We check first that the minimum set of hypothesis (4.2) is satisfied: the
only part that needs a proof is the last property. Multiplication of (4.78) by
ne and integration over Q = [0, 1] shows that

b

b —
V|2 = [melr2 < b ! b OQb|L2a

and (4.2) holds with

bar
Qpr = b, qnm-

4.8.1 Linear Stability
Linear stability on C' means that we can find «,, > 0 such that
Ay |b1 - bO|L2 S |77§|L2 - |V|L2 Vbo, b1 € C 5 Vt € [O, 1] (483)

With the notation
d= (by —by)/,
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(4.78) and (4.79), which define 7, rewrite

— b 'ne = —d g, + unknown constant, € e (4.84)

n(0)=0, (1) =0

The flux function g, is constant between consecutive source points. If one of
these constants is zero, parameters by and b; that differ only on the corre-
sponding interval produce n = 0, that is, V' = 0, and linear stability cannot
hold. It is hence necessary, if we want stability, to suppose that the flux
satisfies

0<Gnm<aq<qu Vb (4.85)

for some 0 < ¢, < qu (notice that (4.85) will be automatically satisfied if,
e.g., a finite number of sources and sinks of the same amplitude are located
in an alternate way on the [0, 1] interval).

But now ¢, ' is finite, and so it can happen that d = (b; — by)/b becomes
proportional to g, '. In this case, dg, is a constant, and (4.78) and (4.79)
imply 7 = 0. Hence V' = 0, and linear stability fails once again! So we have
to prevent d ¢, to become close to a constant function. To quantify this, we
decompose L?(2) into the direct sum of two orthogonal subspaces

L*(Q) = L*(Q)/R® IR, (4.86)

where L?(Q)/IR is the quotient space of L? by the equivalence relation “v
is equivalent to w if and only if v — w is a constant,” and IR is the space
of constant functions. Let then v € [0,7/2] be the indetermination angle
between the direction of d ¢, and that of constant functions (see Fig. 4.3).

The angle v measure the “distance” of d ¢, to constants. We proceed in
two steps:

— First, we find a linear stability constant that depends on the angle ~

— Second, we reduce the admissible parameter set to D C C by adding
constraints that ensure that v > ~,, > 0 all over D

Step 1: The decomposition (4.86) is orthogonal, hence for any function
v of L?(Q), one has
[v]72 = [v]72/m + VIR,

where

olozsm = inf [0+ elzs = o= [ wlia < lole, oln=1 [ 0] (450)
CER Q 9]
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R

/

Figure 4.3: The decomposition L*(Q2) = L?(Q)/IR ® IR and the
indetermination angle ~

Then (4.84) shows that b='n: = b~'V and d g, are equivalent, so that
ldavlieym = 107 VI m < 07 V]2 < b Ve (4.88)
But, by definition of v, one has
|d qb| 22/ = siny|d gs| 2,
which gives the linear stability estimate depending on ~:
b siny|d gy|r2 < V2. (4.89)

Step 2: To keep the angle v away from zero, we remark that g, bis
constant between two source points, and is discontinuous at each active source
point, where g; # 0. So if we require that the admissible coefficients b (and
hence the vector d = (by — by/bl)) are regular, say, for example, constant,
on some neighborhood of at least one active source, then d ¢, which is also
discontinuous at active source points, cannot be constant, and we can expect
that v remains larger than some -, > 0.

So we define a smaller admissible parameter set

D={beC|VjeJ, b(xr)=b; =unknown constant on I;}, (4.90)
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where
=& —n; & +nf[ Vied (withn >0, n >0) (4.91)

are intervals surrounding the sources §;. Of course, the intervals are chosen
such that

I; cQ=]0,1] Vj € J, LN, =0 Vjkeld j#k. (4.92)
Let v and e be unit vectors in the directions of d ¢, and of constant functions
v=tdqg/|dg|re, e(§)=1 Ve,

where the sign is chosen such that (e, v) > 0. With this convention, the angle
~ between the directions of v and e is given by the median theorem:

1
e—ofe  ye[0T/2 (493)

Ogcosvz(e,v>:1—2

To minor v when by,b; € D and t € [0,1], we have to search for a lower
bound to |e — v|3,:

1
le —v]3, = /\e—v\z
0

> Z/IW““'Z

jeJ 7
= Dl (= dia(§)? + 7 (L= dia())*}, - (494)

where d; = d;/|d q|;2 € IR. We have used the fact that, on each interval I;,

e is equal to 1, and v takes constant values Oqub(S ;) left from &; and gjqb(ff)

right from &;. Taking the infimum over d; € IR for each interval gives

-t
n;n; 2
le—vliz > o g (4.95)
1 z;mM§V+WM$Vj
1 nn;
> > g (4.96)

e T
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Combining (4.95) with (4.93) shows that
Vbe D, 0 <cosy < cosy, <1, (4.97)
where the minimum indetermination angle ~,, is defined by

COS Y = 1 — 2 Z 77]_:7]77 > 0, 0 <7y, <m/2 (4.98)
J

The sum term in the right-hand side of (4.98) depends only on the
strength of the sources (last factor), and on the disposition of the inter-
vals I; surrounding the sources (first factor). It is strictly positive if at least
one active source is interior to the corresponding interval, that is,

3j € J such that 7,7, g; # 0. (4.99)

Combining (4.89) (step 1) and (4.97) (step 2) give then the “flux-weighted
relative stability estimate”
by — bo
b Qv L2

by SIN Yy

< V2. (4.100)
Thus we have proved the

Proposition 4.8.1 Let hypothesis (4.85) and (4.99) hold. The estimation
of b € L* from ug € L? is then linearly stable (inequality (4.83)) on the
admissible parameter set D defined by (4.90)-(4.92), with a stability constant
given by

bm sin vy, > 0, with ~, defined in (4.98). (4.101)

Ay, = qm, bM

Remark 4.8.2 [t is possible to obtain numerically a better (i.e., larger) es-
timation of vy, — and hence of a,. Equation (4.95) can be rewritten, using
the definition (1.41) of g,

le —v[72 > g(Hy).
where g : IR ~ IR and Hy, € IR are defined by (see (1.43))

g(h)=>_ n;n; 2
=y (b= H(E)? +nf (h = H(E))? ™
f H(¢) d5

p =

i bde
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Let QF (resp. Q) be the subsets of Q = [0, 1], where H (defined in (1.43))
is positive (respectively, negative). Then the b-weighted mean H,, satisfies

Hy . < Hy < Hy 1,

where Hy,,, and Hy, pr are defined by
Hy = {bn | HE)AE = bar | HE)dg} /{5l |+ bul27 ]},
O+ -

Hyar = {bw | HE e~ by | HE e} /bl + 1671}

A better estimation 7,, of v, 1s then

- 1
€08 Ym = 1 2 Hb,ménhliHb,M 9(h) < cosm,

where the infimum can be determined numerically, for example, by plotting
the function g.

4.8.2 Deflection Estimate

We start from (4.82). It can be rewritten, with the notations ¢ = b, — by and
d - (bl - bo)/b,

A—Z(‘g—i—dqb){b}olfib/olc—(c—/olc)}.

This gives, using the stability estimate (4.100) and the property (4.87) of the
norm in L?/IR,

2 1 b| 12
Al <, (1 * s )|V|L2 {’ o M (bar — b)) + |C|L2/ZR}. (4.102)

m bm

Let us denote by max € J the index of the source for which [I;| = n; + n;-r
is maximum, and by cpae and dp., the constant values of ¢ and d on I,,y.
Using (4.87) again gives, as ¢ — Cpax and d — dpax vanish over Iy,

|C|L2/R S |C_ CmaX|L2 S (]- - |Imax|)1/2 2(bM - bm)a
<

‘d’LQ/IR ‘d - dmaX|L2 < (1 - ‘ImaX|)1/2 (bM - bm)-
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Hence (4.102) becomes

1

n -y, ’

9
Alys < (1
L G b,

VI52(1 = )2 (bas = b) {2+

A2 < 2((?):[)2 -1) (1+ Smlvm)(l ~ L) V2 [V ] 12

Thus we have proved the

Proposition 4.8.3 Let hypothesis (4.85) and (4.99) hold. The deflection ©
for the identification of b € L*([0,1]) in the admaissible parameter set D,
defined in (4.90), from a measurement of ug € L* is

B bar\2 1 1/2
@_2((bm) 1) (1+Sin7m>(1 | Lnaa) 2. (4.103)
When |/ ,.¢| — 1, that is, when the coefficients tend to become constant over
), we see that

— Last factor goes to zero

— sin+y increases — likely to one —
so that ® — 0, which corresponds to the fact that the problem becomes
“more linear.”

4.8.3 Curvature Estimate

Equation (4.82) we have used for the deflection estimate is no more suited
for the estimation of the curvature: we want to major |A|z2 by [V|3., but the
right-hand side of (4.82) contains the term V' (b; — by), and there is no hope
of majorating |V (b1 — bo)|r2 by |V|z2|b1 — bolz2 < o) |V]3.!

So we start instead from (4.81). The stability estimate (4.100) gives

1
b
)/ (by — bO)Qb‘ < by — bo)agp|pr < [(by — bo)qp|r2 < M VL2,
0

= b, sinvy,,
by — b 1
! 0 >~ . |V’L27
b 2 b G SIN Yy,
which, combined with (4.81), gives
2 bar\2 (bum
Al < ( ) { 1} V|3,.
[Alzz < binGm SN Yim \ b by 1V
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Proposition 4.8.4 (Same hypotheses as Proposition 4.8.3). The estimation
of b € L*([0,1]) in the admissible parameter set D defined by (4.90)-(4.92)
from a measurement of ug € L* is a FC problem. Its radius of curvature is
given by

1 . (bm/bM)3
= byGm SI0° Y, . 4.104
R o bmdl Smfyl—i—bm/bM>0 (4.104)

The question of the behavior of the curvature of the problem when |l | — 1
is open. One could expect that it tends towards zero, but all attempts to prove
it have failed....

4.8.4 Conclusion: OLS-Identifiability

We can now combine the above results with Theorem 4.4.1: the parameter
b in (4.75) and (4.76) is OLS-Identifiable in L?([0, 1], on the admissible set
D defined in (4.90), from a measurement of u¢ in L*([0,1], as soon as the
deflection (4.103) satisfies © < /2. The size of the wellposedness neighbor-
hood of the attainable set is then R given by (4.104), and the linear stability
constant «,, is given by (4.101).

4.9 Application to Example 4: 2D Parameter
Estimation, with H' Observation

We discuss in this section the OLS-identifiability of the diffusion coefficient
a in the two-dimensional elliptic problem described in Sect. 1.6 in the case
of an H' observation, that is, when a measurement z of the gradient Vu of
its solution w is available. This material is adapted from the original paper
[30]. The case of an L? observation of u will be considered in Chap. 5 using
state-space regularization.

There are no distributed source terms inside 2 or on the Neumann bound-
ary 0Q0y in this example. All sources or sinks are modeled by holes with
boundaries 0€2;,7 = 1,..., N, equipped with a given injection or production
rate condition (see (1.64)).

When the diffusion coefficient is only constrained to stay within a lower
and an upper bound, as it was the case for the set C' defined in (1.66), the
coefficient is allowed to oscillate wildly, and the homogeneization theory [71]
shows that the least squares function does not in general attain its minimum
over C.



4.9. APPLICATION TO EXAMPLE 4 WITH H' OBSERVATION 201

So we regularize the problem a first time by adding the information that
we are only seeking

e ...smooth coefficients: This will be achieved by requiring that the dif-
fusion coefficient belongs to the space C%() of functions which are
bounded and uniformly Lipschitz continuous over (2

o ... with limited oscillations: this can be implemented by requiring that
the Lipschitz constants of all coefficients a of C' are uniformly bounded

e ... and which take (unknown but) constant values on the source or sink
boundaries 0€2;: this is the 2D generalization of the hypothesis that a is
constant on some neighborhood of each Dirac source term, which was
required in the 1D case to ensure OLS-identifiability (see Sect. 4.8 above
and [25]). It is also physically not too restrictive, as one can assume
that the sizes of the 9€2;’s, which model the well boundaries, are small
compared to the size of 2 and to the scale at which the coefficient a is
expected to vary.

This leads us to define a vector space
E={aecC"(Q): a|lpn, = unknown constant a; =i=1,---, N}, (4.105)
and to replace the admissible set C' defined in (1.66) by the smaller one

C={a€l | an<al§) <ay VE € Q, (4.106)
(&) — a(éo)] < bull& — &l Véo,& € Q 1,

where a,,, ay, and by, are given numbers that satisfy
ay > a, >0 and by >0, (4.107)

(this corresponds to the technique of Regularization by size reduction
of C of Sect.1.3.4).

To be able to infer the smoothness properties (4.109) below the solution
u of (1.64) from the smoothness (4.105) and (4.106) of the coefficient a, we
will also to suppose that the domain € itself is smooth, in the sense that
its boundary 02 is smooth, and that the subparts 0€Q0p, 0Qy, and 0S2;,
t=1,---, N do not intersect,

{ Q C IR? has a CY! boundary 99,

Oy, OSdp and 0€;,7 = 1,--- | N are pairwise disjoint (4.108)
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With these hypotheses, the regularity theorem in [76], page 180, implies
that {|u,|w2»: @ € C} is bounded for any p > 2. Since W?P(Q) is contin-
uously embedded into C'(Q) for every p > 2, there exists uy; and vy, such
that

[ta| o) < uns [Viglre) < yur forall a € C. (4.109)

The results in this section are derived under the assumption (1.65) that
the Dirichlet condition v = 0 holds on a nonvoid part 0€2p of the boundary
09, but all results can be extended to the case where meas (0§2p) = 0,
see [30].

We have now to choose the Banach parameter space E for which one
hopes to prove the stability of the inverse problem. As we will end up in this
section by further reducing the problem to finite dimension, all norms will
be equivalent, and we shall choose simply for E the space that makes the
a ~» u, mapping naturally regular:

E=C"Q) with the norm |v||co = sup |u(z)|. (4.110)

z€Q

The admissible set C' defined in (4.106) is clearly a closed and convex subset
of E — but with a void interior!

To any a € C, we associate the solution u, of the state equation (1.64),
which we write here for convenience in its variational form. We incorporate
for this the boundary conditions of lower order in the state-space Y:

{ Y ={ve H(Q): v|sa, =0, v|agg, =v; = const ,i=1,--- N}
[olly = Vol

(compare to (1.67)), and define u, as the solution of

N
find u € Y such that / aVuVuv = Z Qiv; forall veY, (4.111)
@ i=1

where the production or injection rates ); € IR, i = 1,---, N, through the
source or sink boundaries 0€); are given.

The observation operator corresponding to the H' observation considered
in this section is (cf. (1.70))

M : weY ~Vw €F, where:
F = 1I*(Q) is equipped with the norm [[o||p = |v|z2(q)-
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Hence we are concerned with the inversion of the mapping:
p:a€CCE=C" Q) ~ Vu, € F=1I*Q) (4.112)
in the least-squares sense
G minimizes }|Vu, — 2|72 over C, (4.113)

where z € IL*(Q) is a given observation.

We analyze now the Q-wellposedness of this problem using the approach
of Sect.4.4 summarized in Sect.4.6. We have to evaluate the velocity V (t)
and acceleration A(t) along the curve t € [0, 1] ~ Vuge € L*(£2) associated
to couples ag, a; of parameters of C' by (4.11) and (4.13). These curves stay
by construction in the range of the mapping a ~~ Vu,. One finds

VOl = IV@®)lg,  [AD]F = V()12

where 7(t) and ((t) denote the first and second derivatives of ua () with respect
to t. The equations for n(t) and ((¢) are simply obtained by derivating one
and two times with respect to t the state equation (4.111) written at point
a=(1—t)ag+tay:

/ aVn-Vu = — /(a1 —ag)Vu, - Vo, forall vey, (4.114)
Q 0

/ aV(¢-Vu = —2/(&1 —ag)Vn-Vu, forall veyY. (4.115)
Q Q
We investigate first the linear identifiability of a (Definition 4.3.1).

Lemma 4.9.1 Forag,a; € C and t € [0,1], define a = (1 —t)ag + ta; € C,
h=a —ag €&, u=1u,, andv:ha“. Thenv €Y and

1 [h2_ o, o= h2
/QhVu-Vv:2/Qa|Vu] —i—; a2 u; Q-

Proof. Since C' C € C C*1(Q), one has v = " € H'({2). Moreover, v satisfies
the boundary conditions defining Y and hence v € Y. It follows that

/hVu-Vv: /’f[VuP—%%/ZVu-VhQ
Q 0 Q

—/ h;“Va -Vu.
Q
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Integrating by parts the second term on the right hand side implies

L[R2 _ 5 1 [ ,/u u 1 h?
/thu-vu: 2/Q IVl —2/Qh (a Au—i—aQVa-Vu)—i-QZ wQi
=1
which, utilizing —aAu — Va - Vu = 0, gives the desired result.

Proposition 4.9.2 Let notations and hypothesis (1.65) and (4.105) through
(4.107) hold. Then a is linearly identifiable over C' as soon as

Q;, 1=1,---, N are not all zero, (4.116)

and
|0Q%], i =1,--- N, are sufficiently small. (4.117)

Proof. Let ag,a; € C and t € [0, 1] be such that the velocity n defined by
(4.114) is zero. Linear identifiability will be proved if we show that h =
a1 — ag = 0. By construction, h satisfies

/hVua-Vv:0 for all v ey,
Q

where u,, is the solution of (4.111) for a = (1—t)ap+ta;. Lemma 4.9.1 implies
then

1 [h2_ o, o R
Vu, o u;Q; = 0. 4.118
o o V0l + 3w (4.118)
We argue first that the second term in 4.118 can be made positive us-
ing (4.118). Suppose that 0f2; surrounds for each ¢ = 1,--- N, a fixed
source/sink location x;. If |09;| — 0, foralli = 1,--- | N, the solution u, con-
verges towards the weak solution associated to a right-hand side with Dirac
N
source term Y Q;0(x — x;), which is singular at x;. Hence ug,|o0, = ta; — 00

=1
if Q; > 0 and u,|on, — —o0 if @Q; < 0. Since C' is compact in E by the Ascoli

theorem, and a — wu,; is continuous on E, we conclude that, when [0€2;]
satisfies (4.117), the solution u, satisfies

Ug; Qi >0 for i=1,--- N, andall a € C,

so that (4.118) implies h-Vu = 0 a.e. on €.



4.9. APPLICATION TO EXAMPLE 4 WITH H' OBSERVATION 205

We argue now that Vu(a) cannot vanish on a set I of positive measure. Let
~ denote a curve in € connecting the inner boundaries 9€2; to 0Q2p U0S 2y, such
that 2\ 7 is simply connected and meas v = 0. Then I, = (€2\ ) N[ satisfies
meas [, > 0. From [5], Theorem 2.1, and Remark, it follows that either u, is
constant on €2\ v and hence on 2 or u, has only isolated critical points, that
is, points z satisfying Vu(z) = 0. But u, cannot equal a constant over € as
this violates the boundary conditions at the wells 0€2; at which @; # 0. On
the other hand, the number of isolated critical points in I, can be at most
countable, and hence meas I, = 0. Consequently, meas{z : Vu,(z) = 0} = 0.

Hence h = 0 a.e. in €2, and « is linearly identifiable over C', which ends
the proof.

We turn now to the deflection condition (4.16):

Proposition 4.9.3 Let notations and hypotheses (1.65) and (4.105) through
(4.107) hold. Then the deflection condition © < 7/2 is satisfied for problem
(4.113) as soon as

g — Gy < Z . (4.119)

Proof: Taking v = ( in (4.115) gives, using (4.107), the Cauchy—Schwarz
inequality and (4.112):

am[|VCllr < 2[lar = aolleo [Vl (4.120)
< 2(an — am)|| Vil F,

that is, using (4.119),
m
¢l < 5 19l

This shows that (4.25) is satisfied, and Corollary 4.2.5 ensures that the de-
flection condition is satisfied.

The next step toward OLS-identifiability would be to prove a linear sta-
bility property (4.39) or (4.57) and a finite curvature condition (4.13) or
(4.59), as this would imply OLS-identifiability using Theorem 4.4.1. How-
ever, there are some hints that already linear stability does not hold for the
infinite dimensional set C' defined in (4.106) (see Remark 5.4.1 in Sect.5.4
below). Hence the problem needs once again to be regularized. We describe in
Sect. 5.4 how to regularize this problem in a way that is specifically adapted
to its nature. But we conclude the present section by the simplest regular-
ization, which is to add the information that we search for the parameter in
a finite dimensional subspace of E. So we define
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(4.121)

E = finite dimensional subspace of &£,
C = CNnE,

(one can, e.g., construct E using finite elements or splines). The result follows
then immediately from Theorem 4.5.1:

Theorem 4.9.4 Let notations and hypothesis (1.65) and (4.105) through
(4.110) hold, as well as (4.116), (4.117), and (4.121). Then

1. a is linearly stable over C:
amllag — aillcoy < [Vuo — Vur| g2y Vao,ar € C,
where the constant o, 1s given by

Vu
| |1L2(Q) -0

Oy, = lnf
a0.a1€C , aoar , tel01] [[ar — ag|co(o

2. The estimation of a € C from Vu € IL*(Q) is a finite curvature
problem, with a curvature

L 2 <+ (4.122)
= o0 .
R oan,

3. If moreover the admissible set C' satisfies anr/am < 1+ 7/4 (condition
(4.119)), the diffusion coefficient a is OLS-identifiable in the finite
dimensional subset C of C' from a measurement z € ¥ of Vu € IL*(€2),
where vV is the neighborhood of the attainable set defined by

_ 2 ‘ _ ,
V={ze€ L (Q) | ;g(fﬁz Vg g2 < R},

and the Lipschitz constant of the z ~~ a mapping is given by (4.43) and
(4.44) with x replaced by a.

Proof. To apply Theorem 4.5.1, we define € = a,,/2 > 0, and, according to
(4.47) and (4.48), C,, by

Ch={aecl|an—€e<alr)<ay+e VreQ,
la(zy) — a(xo)| < (bar + €)||x1 — xo|| Vo, 21 € Q }.
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The FD-minimum set of hypotheses (4.46) is then verified, the set C' — and
hence C - is obviously bounded, and Proposition 4.9.2 applied to C,, instead
of C' shows that a is linearly identifiable over C, — and hence over C,. Then
points 1 and 2 of Theorem 4.9.4 follow immediately from points 1 and 2 of
Theorem 4.5.1, and point 3 follows from Proposition 4.9.3 and point 3 of
Theorem 4.5.1.

Remark 4.9.5 When E is one member of a family of embedded subspace
filling out E, the stability constant o, and , following (4.122), the radius
of curvature R decrease — most likely to zero — when the dimension of E
goes to infinity, that is, when the discretization of the diffusion coefficient is
refined. However, the size condition (4.119) which ensures that the estimation
problem is Q-wellposed remains unchanged.

To figure out the shape of the attainable set for the diffusion problem, one
can take a look at the attainable sets o(C°) and o(C"') at scale 0 and 1 for
the prototype “nicely nonlinear” example of Fig. 3.3, Sect. 3.6: they both have
the same size, are obviously s.q.c., with the second one having a stronger
curvature and hence a much smaller neighborhood 1 on which the projection
18 Q-wellposed.

This leads us to conjecture that the a ~» Vu map under study in the
present section is also a “nicely monlinear” problem in the sense of Def-
inition 3.6.1: directions of coarse perturbations should correspond to large
sensibilities (i.e., large velocities ||V'||) and small nonlinearities (i.e., small
accelerations || Al| ), whereas directions of fine perturbations should correspond
to small sensibilities and large nonlinearities. This “nice nonlinearity” prop-
erty has been shown to hold in [57] for the estimation of a one-dimensional
diffusion parameter, but further research is needed for the present two dimen-
stonal case.

Another hint in favor of this conjecture is the recognized ability of mul-
tiscale parameterizations to overcome stationary points while searching for
diffusion coefficients, which is shared with “nicely nonlinear” problem (see
paragraph 4 of Sect. 3.6.8 in Chap. 3).

Hence Fig. 3.2 (bottom) is a good mental representation of the attainable
set for the diffusion inverse problem .






Chapter 5

Regularization of Nonlinear
Least Squares Problems

We consider in this chapter various approaches for the regularization of the
general NLS problem (1.10), recalled here for convenience:

1
& minimizes J(:E>:2||90($)—2||% over C. (5.1)

and we suppose throughout the chapter that it satisfies the minimum set of
hypothesis (1.12) or (4.2).

We develop three of the five approaches described in Sect. 1.3.4 of the
introduction: Levenberg-Marquardt—Tychonov (LMT), state-space, and
adapted regularization. The two remaining approaches, regularization by
parameterization and regularization by size reduction of the admissible
parameter set, have been already addressed in Chaps. 3 and 4, respectively.

5.1 Levenberg—Marquardt—Tychonov (LMT)
Regularization

The LMT regularization of problem (5.1) is, as announced in (1.25),

2
& minimizes J.(x) = J(z) + 62 |z — x0||3 over C, (5.2)

where € > 0 denotes the regularization parameter and zy represents an
a-priori estimate to a solution of (5.1). The paper by Levenberg [54] goes
G. Chavent, Nonlinear Least Squares for Inverse Problems: Theoretical Foundations 209

and Step-by-Step Guide for Applications, Scientific Computation,
DOI 10.1007/978-90-481-2785-6 5, (© Springer Science+Business Media B.V. 2009
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back to the forties, and that of Marquardt [62] to the sixties. The approach
was popularized in the seventies by Tikhonov and the Russian school [75, 63].

In practice, the available data are always corrupted by noise. So we retain
the letter z to denote the noise free data, and suppose that a sequence z, of
noisy measurement of increasing quality is available:

|20 — 2| < Oy, with ¢,, — 0. (5.3)
One associates to these data a sequence of regularization parameters:
€n >0, with €, — 0, (5.4)

and the sequence of regularized problems:

1 2
T, minimizes J,,(x) = 2||<p(x) — z|l% + 62” |z — x0||5 over C. (5.5)

e For the class of linear problems, where ¢(x) = Az with A € L(E, F),
the theory is rather well developed, see, for example, the monographs
by Baumeister, Groetsch, Louis, and Morozov [8, 43, 59, 63], and the
papers [65, 66, 27]. The main results are the following:

1. The regularized problem (5.2) is Q-wellposed as soon as € > 0,
hence problems (5.5) are Q-wellposed for all n

2. When the original problem (5.1) admits a solution, &, converges
to the xp-minimum-norm solution & when ¢ — 0, provided the
regularization parameter goes to zero slower than the noise on the
data

3. When the zp-minimum-norm solution Z is regular, convergence
rates for z, — & and of Az, — AZ are available, provided the reg-
ularization parameter goes to zero as the square root of the noise
on the data

We give in Sect. 5.1.1 a direct hard analysis proof of these results, which
will serve as guideline for the nonlinear case.

e The results of the linear case are generalized completely in Sect. 5.1.2 to
the class of finite curvature/limited deflection (FC/LD) problems, pro-
vided that the true data z is close enough to the attainable set ¢(C).
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This class contains NLS problems that satisfy both the finite curva-
ture property of Definition 4.2.1 and the deflection condition (4.25) of
Corollary 4.2.5. We follow [28] for the proof, but use sharper estima-
tions that allow to obtain the convergence results even for unattainable
data and without the need for the a-priori guess zy to be close to the
minimal norm solution z.

e For general nonlinear problems, however, where the parameter ~» out-
put mapping ¢ exhibits no interesting mathematical properties except
regularity, e > 0 does not necessarily ensure wellposedness of the regu-
larized problem (5.2) any more, in particular for the small values of e.
We give first in Sect. 5.1.3 an estimation of a minimum value €.;, > 0
of €, which restores Q-wellposedness of (5.2) [18]. Then we study the
convergence of a sequence of (non-necessarily unique) minimizers z,, of
(5.5) when the data z is attainable and the a-priori guess zg is close
enough to a minimum-norm solution z of (5.1) [27]. Convergence results
for unconstrained nonlinear problems are also available in [37, 67, 45].

5.1.1 Linear Problems

We follow in this section the presentation of [27]. We consider here the case
where

p(x) =Ax, A€ L(E,F), C C F closed, convex and z € F, (5.6)
so that the minimum set of hypothesis (1.12) is satisfied. We define
z = projection of z on A(C). (5.7)

The zp-Minimum-Norm Solution
When the unregularized problem (5.1) admits solution(s), one has
z e A(C) (always true when A(C') is closed !), (5.8)
and the solution set of problem (5.1) is then
X={relk : Az=2}nC closed, convex . (5.9)
The choice of an a-priori guess
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implies the selection of a specific solution z in X. It is the element closest to
xg, and is found by solving

1
z € X minimizes 2Hx—xo|]2E over X. (5.11)

Clearly (5.11) has a unique solution, which will be referred to as the -
minimum-norm solution of (5.1).

To exhibit some of its properties, we shall utilize the following notions.
For any convex set K C E and x € K, the tangent cone and negative polar
cone to K at x are defined by

T(K,x) = {y€ FE: 3z, € K,\, >0 with \,(z, — x) — y}, (5.12)
T(K,z)- = {yeFE : (y,y) <0forallyeT(K,x)}. (5.13)

T(K,z) and T(K,z)” are closed convex cones. The tangent cone to X sat-
isfies

Lemma 5.1.1
Vee X, T(X,z) C Ker ANT(C, z).

Proof. Let y € T(X, x), and {z,} in X, {\,} with \,, > 0 be sequences such
that y = lim A\, (x,, — x). It follows that y € KerA and, since z,, € X C C,
we also have that y € T(C, x).

Unluckily, the converse inclusion is not true in general: for example, if C
is a closed ball and X is reduced to one single point {z}, then T'(X, z) = {0}
and Ker ANT(C,z) = Ker A, which do not coincide as soon as Ker A is not
trivial. So we make the following definition:

Definition 5.1.2 An element x € X 1s said to be qualified if
T(X,z) =Ker ANT(C, x). (5.14)

Lemma 5.1.3 Let (5.1) admit a solution and x be identifiable over C' (Def-
inition 1.3.1). Then the solution set X contains one single element &, and &
is qualified.

Proof. The identifiability property implies (1) that X = {2}, so that
T(X,z) = {0}, and (2) that Ker A = {0} and (5.14) is proved.
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For the case of linear constraints, one has the following result:

Lemma 5.1.4 Let C be defined by a finite number Ne of linear constraints:

C={zecE : Miz<b ,iecl®{1...Ns}},

where M; are bounded linear functionals on E and b; € IR. Then all points x
of X are qualified.

Proof. Step 1: for any € C', we prove that

K = {yeFE : Jze€C,\>0such that y = \(z — &}
— U)\>0>\(C_j)

coincides with T'(C, Z). By definition of T'(C, Z), one has T'(C,z) = K, and
hence it suffices to show that K is closed. Let y,, € K and y € E be such that
Yn — Y. Asy, € K, there exist A, > 0 and z,, € C such that y, = \,(z,— ).
Let us denote by I(Z) the set of active indices at z: [(Z) ={i €l : M;Z =
b;}. Then we find My, = \,(M;x, — M;z) = \,(M;z,, — b;) < 0 for all
iel(Z)and n=1,2,.... Hence M;y < 0 for all i € I(Z). Next we choose
A > 0 small enough so that M;z + AM;y < b; for all ¢ ¢ I1(Z). It is simple to
check that  + Ay € C' and hence y € K and K is closed.

Step 2: we prove that Ker AN K C T(X,Z), for any # € X. Let y €
Ker AN K be given. Then y = Az — &), where A > 0 and z € C, and
Ay =0.Hence Ax = AZ,sothat x € X and y = Az — 2) € T(X, 2).

The following property will be useful in the convergence study of the
regularized solutions x,, to the zyp-minimum-norm solution Z:

Lemma 5.1.5 Hypothesis and notations (5.6) through (5.11).

1. If the xo-minimum-norm & solution of (5.1) is qualified, then
rg— T € RgA*+T(C, ). (5.15)

2. Conversely, if (5.15) holds, then & is the xo-minimum-norm solution.

Remark that in the case of an unconstrained problem, where C' = E =
T(C,z), one has T'(C,z)~ = {0}, and property (5.15) reduces to

To— & € Rg A* = Ker At

which expresses the fact that xo — & is orthogonal to Ker A.
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Proof. The Euler condition applied to problem (5.11) shows that the xg-
minimum-norm solution Z satisfies

(xo— 2,2 —2) <0 VrelX,
and, using the definition (5.12) of tangent cones
(vo —2,y) <0 Vy e T(X,12),
or in terms of the negative polar cone
ro—2e€T(X,2)". (5.16)

The qualification hypothesis for & implies that T'(X, Z) is given by (5.14),
and using a property of polar cones

T(X,)” = Ker A~ + T(C, ).
But Ker A~ = Rg A*, and (5.16) becomes
rg— 2T € RgA*+T(C,2)".

Let n > 0 be given. We can first find 21 € T'(C,2)” and 25 € Rg A* such
that |xtg — & — 21 — x9| < n/2. Then we can find z3 € Rg A* such that
|zg — x5 < n/2. Hence we obtain

|zg — & — 21 — x3] <,

which proves (5.15).
The second part of the lemma is proved by reversing the order of the pre-
vious calculations, using lemma 5.1.1 instead of the qualification hypothesis.

The Regularity Condition

To obtain convergence rates for the regularized problems (5.5), we shall re-
quire the

Definition 5.1.6 The xo-minimum-norm solution T satisfies the regularity
condition if
xg—T € RgA*+T(C,z)". (5.17)
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The name given to condition (5.17) will be explained after Definition 5.1.14.

The regularity condition is equivalent to the existence of a Lagrange mul-
tiplier for the optimization problem (5.11), which can be rewritten as a con-
strained optimization problem:

X o1 : .
Z € C' minimizes 5 |z — 20| over C' under the constraint Az = 2.

The Lagrangian for this problem is

L(x,w) = !

e = 2ol + (w, Az = ),

and w is a Lagrange multiplier at z if
L(z,w) < L(x,w) foralzeC

or equivalently, as £ is convex in x

oL (
ox

(# —xg,x —2) + (W, A(x — 1)) >0 forall z e C. (5.18)
If we define n € E by

z,w)(zx—1z) >0 foralaxeC,

To— T =AW+ p,

we can rewrite (5.18) as
(u,x—2) <0 forall zeC.

Hence p € T(C,2)~, and & satisfies the regularity condition (5.17), and the
equivalence is proved.

Remark 5.1.7 An alternative formulation of the reqularity condition
(5.17) is
TE Pc(Rg A"+ {xo}),

where Po denote the metric projection in E& onto C. This formulation is used
in [65, 67] to obtain the convergence results of part 3 of Theorem 5.1.8 below.
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Convergence of Regularized Problems

Theorem 5.1.8 Hypothesis and notations (5.3), (5.4), (5.6), (5.7), (5.9),
and (5.11).

1. Without further hypothesis on z, the unregularized problem (5.1) has
generally no solution, but all reqularized problems (5.5) have a unique
solution Z,,, which satisfies, when €, — 0 and 9,, — 0,

€nZn — 0. (5.19)
AR, — 2. (5.20)

2. Let the data z satisfy (5.8), which means that (5.1) has solution(s).
Then if the xo-minimum-norm solution T satisfies

xg— T € RgA*+T(C,z)~, (5.21)
(e.qg., if & is qualified), one has, when €, — 0 and d, /€, — 0,
T, —2T — 0, (5.22)

|Az, —2|lr = Ofen). (5.23)

3. If moreover T satisfies the reqularity condition
xg—T € RgA"+T(C, )", (5.24)

one has, when ¢, — 0 and 6, ~ €2,

|z, — 2]l = Ol(en) = O(0r), (5.25)
Az, — 2||lr = O(e2

Proof.

Part 1 Let n > 0 be given. Using (5.7), we can find & € C such that
|AZ = Z||p < n/4. (5.27)

Then by definition of z,, we have

[A %, — 2ullE + nll2n — 20l < IAZ = 20ll5 + €17 — 2ol &



5.1. LMT REGULARIZATION 217

To estimate ||Az, — AZ|| and ||Z,, — Z||, we rewrite the above inequality as
1A, = 2)|IF + e llEn — 2l < 1A@E. = D)F + 6 ll2, — 2[F (5.28)
HIAZ = zallf + €117 — ol
—[[Adn =zl — nllEn — ol
Using identity a? + b* — (a + b)? = —2ab, we obtain
||A(j:n - j)”%«“ + 672’L||j77l - j:||2E < 2<A(§3n - ‘%)a Zn — Aj> (529)
4262 (&, — &, 20 — I).
But z—Z is orthogonal to A(Z, —%) € Rg A, and so (5.29) can be rewritten as
[A(En — D)7 + 2|80 — Elly < 2(A(80 — §),20 — 2+ 2 — AT) (5.30)
+2€2 (%, — T, 9 — ),

and, using (5.3) and (5.27) and the Cauchy—Schwarz inequality

. ~ N ~ A ~ n
1AG@n = D)7 + eallin — 2l <21 A@n = D)lr(6+ ;) (5:31)
26 ||n — 2| e |70 — || 5,
which is of the form, with obvious notations,

a’ + b < 2ac + 2005.

Hence,
(a—a)P+ (b= p) <a®+ 5 < (a+ )
and finally
a < 2a + [,
{ b < a + 28 (5.32)
Hence we deduce from (5.31) that
|4 = D)lr < 2(30+ ) +enllen = e, (5.3)
ullin—ls < 6t ) +2eallto - s (5.34)

From the first inequality we obtain, using (5.27),

o 3 )
1Ay — 2||r < 26, + f + enllzo — F|ss



218 CHAPTER 5. REGULARIZATION

so that ||Az, — Z||r < n for n large enough, and (5.20) is proved. Then we
deduce from (5.34) that

enllinlle < eallllp + 0n+

4 -+ 26n||.230 — .fHE,

so that €,]|Z,|| g < n for n large enough, and (5.19) is proved.

Part 2 From now on we suppose that (5.1) has a solution, and hence an
ZTo-minimum-norm solution z. Hence we can choose n = 0 and = 7 in
(5.27), so that (5.30), (5.33), and (5.34) become

Az, — 2|2 + |20 — 2||% <2(AZ, — 2,2, — 2) (5.35)
+263 (&, — &, 20 — T)
and

5+ 26020 — 2|, (5.37)

[AZy —2r <
<

EnHi'n _joE

where (5.36) proves (5.23) as now 6, /¢, — 0. But (5.37) gives no information
on the convergence of Z,, to Z, it is necessary for that to use hypothesis (5.21)
on Z: let again n > 0 be given, and w € F,u € T(C, )~ be such that

lzo =& = (A" w + p)l|r < n/3.
Then we can rewrite (5.35) as

[AZ, = 2%+ enllin —2E < 2(Adn — 2,20 — 2)
422 (2, — &, 00 — & — (A" w + p))
+262 (%, — &, A" w)
26 (Tn — T, ),

and, transposing A* in the right-hand side and using the fact that (z, —
T,p) <0

Az, — 2|5+ |2, — 2% < 2(A%, — 2,2, — 2+ Ew)

4262 (2 — &, 00 — & — (A" w + p)).
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The Cauchy—Schwarz inequality and the formula (5.32) give now

Az, = 2llr < 200, + € llwllp), (5.38)
2
ullin—dllp < Gutelluwle+ e (5.39)
When 6, /¢, — 0, the last inequality shows that ||z, — z||g < n for n large
enough, which proves (5.22).

Part 3 Now Z satisfies the regularity condition (5.24), and so we can choose
n =0 in Part 2, and estimations (5.38), and (5.39) simplify to

260 + enllwllr), (5.40)
On/€n + €nl|w]|F, (5.41)

|Ad—2lp <
i — il <

which prove (5.25) and (5.26).

5.1.2 Finite Curvature/Limited Deflection (FC/LD)
Problems
We consider here the application of LMT-regularization to the class of FC/LD

least squares problems introduced in Definition 4.2.2, which we summarize
here:

Definition 5.1.9 The NLS problem (5.1) is a FC/LD problem if it satisfies,
beside the minimum set of hypothesis (4.2), the finite curvature condition of
Definition 4.2.1:

there exists R > 0 such that
Vg, 1 € C, the curve P : t ~ @o((1 — xo)t + tay) satisfies
1
P e W2([0,1]; F) and ||A(t)||r < RHV(t)H% for a.e. t €0, 1],(
where V (t) = P'(t), A(t) = P"(t),

5.42)

and the deflection condition of Corollary 4.2.5

A || Fr < ;rHV(t)HF for a.e. t €10,1] and all xy,x, € C. (5.43)
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A set of geometric attributes (Definition 4.2.3) of problem (5.1) is then made
of the radius of curvature R given by (5.42), the deflection © = 7 /2 given
by (5.43), and the (arc length) size L = ap,diam C.

Combining (5.42) and (5.43) shows that condition (5.43) is met as soon
as L < TR. Hence, for a FC problem, the deflection condition (5.43) can
always be satisfied by diminishing the size of the admissible set C'.

FC/LD problems have two nice properties:

e The forward map ¢ is not necessarily injective, but the preimages
e 1(X) of any X € ¢(C) are always closed and convex (Proposi-
tion 4.2.8), despite the fact that ¢ itself is not linear. This will simplify
the handling of the xp-minimum-norm solution.

e The attainable set ¢(C') is not necessarily convex nor closed, but Propo-
sition 4.2.7 shows that the projection of z onto ¢(C') is unique and
stable (when it exists) as soon as z belongs to the neighborhood:

9 = {z e F|d(z, cp(C'))<R}. (5.44)

This property will allow to handle the case of nonattainable data, pro-
vided the error level is smaller than R.

Let
z = projection of z on p(C). (5.45)

The unregularized problem (5.1) admits solution(s) as soon as
z € p(0) (always true when (C') is closed !), (5.46)
and the solution set of problem (5.1) is then
X=p()'nC,
which is closed and conver as shown in Proposition 4.2.8.

The zo-Minimum-Norm Solution

Given an a-priori guess xg € F, the xo-minimum-norm solution z of (5.1) is
the element of the solution set X closest to xg, that is, the unique solution of
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the minimization problem (5.11). We shall suppose throughout this section
that
¢ admits a Gateaux derivative ¢'(Z) at z. (5.47)

and we follow the presentation of Sect.5.1.1 on linear problems, with the
necessary adaptations.

The situation concerning the tangent cone to X at the xyp-minimum-norm
solution 7 is similar to that of the linear case:

Lemma 5.1.10
T(X,z) C Ker' () NT(C, ). (5.48)

Proof. Let y € T(X,z), and {x,} in X, {\,} with A, > 0 be such that
y = lim A, (z,, — ). For n given, the point x,(t) = (1 — t)& + tx, belongs to
X C p(2)7! for 0 <t < 1 because of the convexity of X. The existence of a
Gateaux derivative of ¢ at & gives, for each n,

lim (@(xa (1)) = ¢(2)) /t = ¢'(2)(zn — £) = 0,

t—0 < ~ ~
=0

and hence

0= lim A\, (2)(z,, — %) = &' (2)y.
It follows that y € Ker¢/(z) and, since z,, € X C C, we have also y €
T(C,z).
We make the following definition:

Definition 5.1.11 An element v € X is said to be qualified if
T(X,x) =Ker¢'(z) NT(C, ). (5.49)
Lemma 5.1.3 generalizes to the nonlinear case as follows:

Lemma 5.1.12 Let (5.1) admit a solution, ¢ be defined over a convex open
neighborhood C,, of C' (see Sect. 4.5 for an example), and x be linearly identi-
fiable over C,, (Definition 4.3.1). Then the solution set X contains one single
element T and z is qualified.

Proof. Let £ € X denote the minimum-norm solution, and x denote an
arbitrary element of X. Then the curve P : t ~ (1 — t)z + tx satisfies
P(t) = 2Vt € [0,1], so that V(t) = P'(t) = 0Vt € [0,1], and x = & using the
linear identifiability property. Hence X = {%}, and T(X, %) = {0}.
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Let now y € Ker¢/(z) be given. One can always suppose y is small
enough so that y = x — & for some z € (). Then the velocity along the curve
Pt~ (1—t)T+tx satisfies V(0) = P'(0) = ¢'(0)y = 0, which again implies
x = & using the linear identifiability property. Hence y = 0, which proves
that Ker¢'(z) = {0}, and the lemma is proved.

Lemma 5.1.13 Hypothesis and notations (5.42), (5.43), (5.46), (5.47),
(5.10), and (5.11).

1. If the xo-minimum-norm & solution of (5.1) is qualified then

ro— & € Rgy'(2)*+T(C,2), (5.50)
2. Conversely, if (5.50) holds, then T is the xo-minimum-norm solution.

The proof is identical to that of Lemma 5.1.5. In the case of an unconstrained
problem, where C'= FE = T(C, ), property (5.50) reduces to

zo — & € Rg ¢/ (&)* = (Ker (&))",

which expresses the fact that z is a local minimum of the distance to xy over
X =¢7(2).

The Regularity Condition

Definition 5.1.14 The xo-minimum-norm solution T is said to satisfy a
regularity condition if

ro— & € Rgy'(2)" +T(C,2)". (5.51)

The name given to condition (5.51) comes from the distributer parameter
case: when FE is an infinite dimension function space, Rg¢'(Z)* can be a
dense subspace of E made of regular functions, in which case (5.51) can be
satisfied only if o — &, and hence necessarily the data z, are smooth. This is
illustrated by (5.129) in Sect. 5.2 on the LMT regularization of the nonlinear
2D source problem.

As in the linear case, we shall obtain convergence rates for the solutions
T, of regularized problems (5.5) when this condition is satisfied.
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Convergence of Regularized Problems

Theorem 5.1.15 Let (5.1) be a FC/LD problem (hypothesis and notations
(4.2)) plus (5.42) through (5.45)), and let xy € E be a given a-priori guess.

1. When the data z satisfies only
e = {z cF| d(z,gp(O))<R}, (5.52)

the unregularized problem (5.1) has generally no solution, but the regu-
larized problems (5.5) are Q-wellposed for n large enough when €, — 0
and 6, — 0, and

€ntn — O (5.53)
o(@.) — % (5.54)

2. Let in addition ¢ satisfy condition (5.47), and suppose that the data z
satisfy (5.46), which means that (5.1) has a convex nonempty solution
set, and a unique xo-minimum-norm solution T. If this latter satisfies

rg— & € Rgy'(2)*+T(C,2), (5.55)
(e.qg., if & is qualified), one has, when €, — 0 and d, /€, — 0,

By — @, (5.56)
lo(@a) = Zllr = Ofen). (5.57)

3. If moreover & satisfies the reqularity condition
ro— 1 € Rg'(2)" +T(C,z), (5.58)

one has, when €, — 0 and 6, ~ €2,

lin—ile = Olen) = O(03), (5.59)
lo(in) — 2r = O(&2) = 0(5,). (5.60)
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Proof.

Part 1 The regularized problem(5.5) is equivalent to

1
i, minimizes _|| (¢(2), €,7) — (20, €n20) |5y g OVer C. (5.61)
2
def
= on(z)

Along the curves P, : t ~» ¢, ((1 —t)xg + txy), the velocity and acceleration
Va(t) = (V(), en(21 — m0)),  An(t) = (A(2),0),
satisfy, using (4.2),
Va@)llrxe > A+ e /ad) ZIVIOle,  1Au®)llrxe = [A®)]r,
so that ¢, and C satisfies (5.42) and (5.43) with

R,=R(1+é&/a%)>R and 0, =0/(1+e/a2)/? <O < g (5.62)

Hence (5.61) is a finite curvature problem that satisfies the deflection condi-
tion © < 7/2 ;| as well as the linear stability property (Definition 4.3.4):

Vo)l pxe > €nll®r — x0|| with €, > 0.
Then Theorem 4.4.1 proves that (5.61) is a Q-wellposed problem as soon as
dry5((Zn, €nt0), 0n(C)) < R, = R(1 4 €2 /a3,). (5.63)
But

dpxE((2n, €2%0), on(C)) < drxp((2; €n0), 0 (C)) + 0n
<inf {Ulz = (@)1 + €Xllzo — 2)/*} + 6n
Sigg{ﬂz — (@)l + enllzo — 2|} + 0n
< inf {[|z — ¢(2)|| + enRady, O} + 65
<d(z,¢(C)) + €, Rad,,C + 0y,.

Hence, we se that (5.63) will hold as soon as

d(z,0(C)) + €,Rad,,C + 8, < R, = R(1+ €2 /a3,),
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which is true for n large enough as ¢, — 0, d,, — 0, and d(z, p(C') < R be-
cause of (5.52). So the Q-wellposedness of the regularized problems is proved
for n large enough.

We turn now to the proof of (5.53) and (5.54). Let €, d, and 7 be chosen
such that

e >0, (5.64)
0 <d(z¢(C)) <d<R, (5.65)
0<n<d—d(z¢C)), (5.66)
n+2n2 dz <, (5.67)

which is always possible because of (5.52). The points of ¥ which have a
projection on ¢(C') are dense in ¥, and so one can find Z € 9 (Fig.5.1) such

that 0
17~z < (5.68)
Z admits a projection ¢(Z) on ¢(C).

Let L, > 0 be the length of the curve P, : t — ¢((1 — t) + ti,), which
satisfies

lo(@a) = 0(@)lr < L.

Then by definition of z,, we have

le(@n) = 2alli + €lldn — 2ol < ll@(@) — zallE + a7 — ol (5.69)

Figure 5.1: Notations for the nonlinear case
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and we proceed from here as in the linear case, replacing the estimation of
|A(z,, — Z)||r by that of the arc length distance L,, of o(Z) to ¢(Z,) in p(C).
So we rewrite (5.69) as (compare to (5.28))

d\ = d\ -
(1- L) +lan-alE < (1- )E2 +ela—al} (570
| o(@) = 2allf + ellz — 20ll%
— (@) — Zn”% - 6121”‘%71 - xO”%
But the distance of Z to P, has a local minimum at ¢ = 0 by definition
of p(Z) = projection of Z on ¢(C), and we can apply the obtuse angle
lemma 6.2.9
(1= k(2 P))LE < |12 = o(@)l* = 112 = (@) (5.71)
But (5.68) and the triangular inequality give
12— @)l < 12—zl 4+ llz = zull + [[20 — (Z0)]]

= 2=zl + 11z = zull + llz2n = #(@)[| + enllZ = o]

< 202 =zl + 20z = zall + 12 = @(@) [ + €nllE — o
= 2|2 =zl + 2[|z — zll + d(Z,0(C)) + €n|Z — o]
< 312 — 2] + 20|z — zall + d(z, 2(C)) + eallF — 0]
< d(z,¢(C)) + 3n/4+ 26, + €,]|T — 0|

< d for n large enough,

12— (@) d(Z,¢(C))

12 = 2| + d(z, 0(C))

d(z,¢(C)) +n/4 < d.

This implies, as in the proof of Theorem 7.2.10, that k(Z, P,) < d/R, so that
(5.71) gives

IAINA

d\ ~
(1 - R)Li <12 = p(@)]2 = |12 — ()| for n large enough.  (5.72)

Substitution of (5.72) in the right-hand side of (5.70) and addition and sub-
straction of ||Z — z,[|% gives

d\ =~ R B . N - N
(1= 2) B2+ llan—alE < lle@n) - 213 — (@) — 213

+||2 - Zn”%7 - ||2 - Zn”%7
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~lle(@n) = zallf + 1| 0(&) — 2all7
+ €nllEn — 7l
+ |7 — woll

— eplln — o5
Using three times the identity a® + 0* — (a + b)* = —2ab gives
d\ ~
(1= ) L2+ €lldn =&l < 20p(E) = 220 = 2

—2(0(Z) — 2,20 — Z)F
4263 (2, — &, 19 — ) B,

and hence

dy = . - . - -
(1= R ) L2+ Ellan —3lE < 2e@n) = 9(@), 2 — r (5:73)

4263 (&, — T, 20 — T) .

Using the Cauchy—Schwarz inequality and the formula (5.32) gives

(1- d)mzn < 21~ d)_1/2(5n+ " +eallzo — 2, (5.74)

R R 4
o dy\-1/2 )
enllin — Ele < (1—R> (5H+Z>+26n||xo—x||E. (5.75)

Formula (5.74) gives an estimation of ||¢(,) — ¢(Z)||r < Ly, and we need
to estimate ||p(Z) — Z||F to prove (5.54). We shall distinguish two cases:

o If d(z,p(C)) =0, one has z = z € p(C), so one can choose Z = ¢(T) €
©(C). Then

d s dy, - dymn _n
_ —Hp=(1- — s < (1= <
(1= lle@ —2llr = (1= )lz=2lr < (1-5) T <]
which, combined with (5.74), gives
3n d
1—
(-
3 d\1/2
26n+ E"‘ (1_ ) EonO_i'HEa

4 R
< € for n large enough,

d ) . 1/2 .
(1= 2 )llet@n) = 2lr < 20,+ ) eallwo — 7l

IN

and (5.54) is proved.
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o If d(z,p(C)) > 0, let us choose n such that

n

0<4

< d(z,0(C)).

By construction, Z € ¢(C'), so there exists y, € C,p=1,2... such that

1

lo(yp) — 2llr <.
! p

The function d, : t € [0,1] ~ [|Z — ¢((1 — t)& + ty,)||r has a local minimum
at t =0, as ¢(Z) is the projection of Z on ¢(C'), and satisfies moreover

4,(0) = d(Z.¢(0)) < d(z,p(C) + | < d.

1
(1) = 1E = elllr | +d(zp(C)) + | < d for n luge enough.

So we can apply once again the obtuse angle lemma 6.2.9

(1= 2@ = ez + 112 = el < 12 = oz (:76)
But
12— ¢@)lr = d(z,0(C) 2 d(z,0(C) - | 20,
5= plulle < ) +dplO)+ )

which, combined to (5.76), give

(1= W)Ie@ = el < () + e+ ) = (depten - 1)

and, passing to the limit when p — oo,

(1= )@ — 2l < nd(z,9(C)) < . (5.77)
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Combining (5.77) with (5.74) gives

@_2M¢@y¢m~§2%+g+%@—ngwﬁh
(1 )

’27 +n2d2 + 20, + €|z — |5

IN

S ;+25n+€n”l’0—1~7||E,
so that (1 —d/R)||¢(&,) — 2||r < € for n large enough, and (5.20) is proved.
Last, (5.53) follows from (5.75) as in the linear case

ethnHEjgenHiHE—%5n+—Z—%ZQJMh——iHEj§77ﬁm7zkﬂgeenough.

Part 2 We suppose now that (5.1) has a solution, and hence an -
minimum-norm solution . By definition of Z one has p(z) = Z, and so we

can choose Z = 2,7 =0, and ¥ = & in (5.68). Then (5.73), (5.74), and (5.75)
become (with L, replaced by L)

dy » . . . .
(1= p)L2+elen =l < 2p(@n) = ¢(@). 2 = 2)r (5.78)

‘*’QEZ(QA?n — ZIA?, o — ZIAZ‘>E
and

@—Zﬁ%ngz@—gym%+%m—m& (5.79)

d~N —1/2
cllin—ile < (1= 1) o+ 2alleo—dls  (5.80)

where (5.79) proves (5.57) as now 9,,/€,, — 0. But (5.80) gives no information
on the convergence of Z,, to Z, it is necessary for that to use hypothesis (5.50)
on Z: let again n > 0 be given, and w € F,u € T'(C,z)~ be such that

lzo — & = (¢'(2)"w + p)llr < n/3.
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Equation (5.78) becomes

dy ; . 5 3
(1= 5 )2+ €Xllin — % < 2(p(in) — 0(@), 20— 2)

+ 26, (0 — &, 0 — & — (¢'(2)" w + 1))
+ 262 (2, — 2, ¢/ (2)* w)
+ 26%<jn - :i‘a H’):

and, transposing ¢'(Z)* in the right-hand side and using the fact that (z,, —
Top) <0

N -
(1= ) L2+ Ellen — #llE < 2(p(@n) - o), 20— 2)
+ 2€2(Zy, — Z,20 — & — (¢'(2)*w + p))
+ 262 (' (#) (0 — &), 0.

A second-order Taylor expansion for P, : t ~» o((1 — t)& + ti,) gives

() — (@) = (@) (B0 — ) + / BY(t)(1 — 1) dt,
so that

d\ -~
(1= 5) L2+ €llan — ol < 2plin) = @(@), 20— =+ ) (5:81)
+ 265 (&0 — &, 20 — & — (¢'(2)" w + o))

1
- 2e,§</ PY()(1 — 1) dt, w).
0
But the deflection condition (5.43) gives
1 I T L. T
I B -vae< [ 12201 <] [17@]rde =] L
0 0 2 0 2
and, using the Cauchy—Schwarz inequality, (5.81) becomes
dy » . . . .
(1= 5 ) B2+ €llldn — &% < 2l () — (@) (6 + €2l
2 A
+ enllin — s

+ 7T€721j—1n Hw||F7
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which in turn gives, using formula (5.32),
(1—2)1/231 < 2(1—2) (6 +e <1+ )Hw|| ) gen,(5,82)
lltn—ile < (1= 0) (5 (14 ) Y wlle) + e (589

When §,, /e, — 0, the last inequality shows that ||z,, — Z||g < n for n large
enough, which proves (5.56).

Part 3 Now z satisfies the regularity condition (5.58), and so we can choose
n =0 in Part 2, and estimations (5.82) and (5.83) simplify to

(1) = oo 1) (o o)
(- 8) o+ D),

IN

enllZn — 2]z

which prove (5.59) and (5.60).

The previous theorem reduces exactly to the Theorem 5.1.8 when the
forward map ¢ is linear.

5.1.3 General Nonlinear Problems

We investigate in this section the Q-wellposedness of the LMT-regularized
problem (5.2) when the unregularized problem (5.1) satisfies only the mini-
mum set of hypothesis (4.2) and ¢ has a bounded second derivative

there exists > 0 such that

Vg, 11 € C, the curve P : t ~ ¢o((1 — x)t + txq) satisfies
P e W([0,1]; F) and [ A(t)||r < Bl — 2ol

for a.e. t € [0, 1], where A(t) = P"(t).

(5.84)

Hypothesis (4.2) and (5.84) are verified as soon as the map ¢ to be inverted
is smooth, which is the case in most of the situations. Hence the results of
this section apply to all examples of Chap.1 for which no stronger FC/LD
property can be proved:
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e The Knott—Zoeppritz equations of Sect. 1.1, all types of observation,

e The 1D elliptic parameter estimation problem of section 1.4 with L? or
partial or boundary observation (for H1 observation the problem has
been shown to be Q-wellposed in section 4.8),

e The 2D elliptic nonlinear source estimation problem of Sect.1.5 for
boundary or partial observation (the case of H! or L? observation leads
to a FC/LD problem, see Sect. 5.2 below),

e The 2D elliptic parameter estimation problem of Sect.1.6 for L? or
partial or boundary observation (for H' observation, Q-wellposedness
results after reduction to finite dimension are available in Sect. 4.9).

However, under these sole hypothesis, nothing is known concerning the
existence and uniqueness of solution(s) to the NLS problem (5.1) and its
LMT-regularized version (5.2). This is a main difference with the linear case
of Sect.5.1.1 (which corresponds to § = 0) and the case of finite curvature
limited deflection (FC/LD) problems (Sect. 5.1.2), where (5.2) has a solution
as soon as € > 0, possibly small enough!

We use first the Q-wellposedness conditions of Chap.4 to quantify the
natural intuition that “a minimum amount of LMT-regularization” should
be added to compensate for the nonlinearity of ¢ and restore Q-wellposedness
of (5.2) as in the linear case [18].

The size of the parameter set and the position of the a-priori guess in the
admissible parameter set will play a role through the following quantities:

diam C = sup ||z — y||E, rad,,C' = sup ||z — x|/ k.

The regularized problem(5.2) is equivalent to
1
& minimizes _ || (p(2), ex) —(z, €x0)||3r 5z OVer C.
o I WPV E0)

def
= Pe (x)

Along the curves P. @t~ @ ((1 —t)xo +txy), the velocity and acceleration
Ve(t) = (V(1), e(z1 — o)), Ac(t) = (A(2),0)
satisfy, using (4.2) (5.84),

ellar = wolle < |Ve@)llrxe < (ad) + )2 lz1 — 2ol s,
A lrxe = [[A@)lr < Bllzr — 2ol
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and hence
5] g ..
[Act) [ Fxe < 62IIVe(t)H?wm [Ac) e < EdlamCIIVE(t)HFxE

This shows that the the regularized problem (5.2) is linearly stable (Definition
4.3.4), and has a curvature and a deflection bounded by (compare with (5.42)
and (5.43) for the case of FC/LD problems)

LB B
R O, = EdlamC'.

As expected, this upper bound to the curvature blows up to infinity when the
regularization parameter goes to zero. Application of Theorem 4.4.1 shows
that (5.2) is Q-wellposed in E x F' on the neighborhood

62

{(z,xo) € FXFE | dpxp((z,20),p(C)) <R = [3}

of ¢.(C) as soon as the deflection condition
O, = (/e)diam C < 7/2
is satisfied. But one checks easily that
dpp((2,20),9:(C))* < d(2,¢(C))* + €'rad;, C,
which proves the

Proposition 5.1.16 Hypothesis (4.2) and (5.84). If the reqularization pa-
rameter € satisfies

€> emin = Bmax {rad,,C, (2/m)diam C'},

then €2/ = R, > erad,,C and (3/¢)diam C' = O, < /2, and the reqularized
problem (5.2) is Q-wellposed in F' on the neighborhood

9. — {z € F | de(z, cp(C’))<de}, (5.85)

where d. is defined by
d? + érad} C = R’ (5.86)
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When the data zy, 21 € V. are close enough, one can choose d < d. such that
20—l + (maxd(s;,e(C)) +erad?,C)* (5.87)
< (d2 + 621raud3600)1/2 < R.,
and the corresponding reqularized solutions Z.;,j = 0,1 satisfy

(d? + eQradioC)é

-1
R RETEATS (5.88)

€ lico —dealls < (1-
This proposition can be used, for example, to determine, given an estimation
of an upper bound d,,., of the measurement and model errors, a minimum
amount of regularization €,,;,, which ensures Q-wellposedness of the regular-
ized NLS problem on a neighborhood of ¢(C') large enough to contain the
expected data.

Remark 5.1.17 Formula (5.85) through (5.88) describe also the stability
property of the reqularized problem (5.5) for a fized n, both in the linear case
of Theorem 5.1.8 (take 1/R. = ©. = 0, so that d. = +00) and in the case
of FC/LD problems of Theorem 5.1.15 (replace R.,©. by R,,©,, defined in

(5.62)).

Next we study the convergence of solutions &, to (5.5) when n — oo [27].
Because of the possibly infinite curvature of the attainable set, we consider
only the case where

z € p(C) (attainable data), (5.89)

which eliminates the need of projecting z onto ¢(C'). The following additional
properties of ¢ will be needed:

v is sequentially closed, (5.90)
¢ has a Fréchet derivative ©'(2) at Z. (5.91)

Condition (5.90) ensures that the solution set X = ¢(2)~"' of (5.1) is non-
void, and so we can define an xy-minimum-norm solution & of (5.1) as one
solution of the minimization problem (5.11) (there may be more than one
xo-minimum-norm solution as X is not necessarily convex).
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The characterization of & follows the same line of arguments as in
Sect. 5.1.2, with some adaptations: the tangent cone to X at 2 is now defined
by (compare with (5.12))

T(X,2)={y e F:3x, € X, \, >0,2, — T s.t. \y(z, —2) — y},

and a short calculation using hypothesis (5.91) shows that Lemma 5.1.10 still
holds
T(X,z) C Kery'(2) N T(C, 2) ,

and, when 7 is qualified in the sense of definition 5.1.11, that lemma 5.1.13
also holds:
rg— T € Rgyp'(2)*+T(C,z)~ .
The LMT-regularized problems (5.5) are not in general Q-wellposed, but
they all have at least one solution because of hypothesis (5.90).

Theorem 5.1.18 Let hypothesis (4.2), (5.84), and (5.89) through (5.91)
hold, and let & be an xo-minimum-norm solution to (5.1) that satisfies

ro— I € Rg¢'(2)"+ T(C,z)~ (Regularity Condition), (5.92)
Bllwllr <1, (5.93)

where (3 is defined in (5.84), and w € F' is an element satisfying
ro— T =¢ (&) w+pu where e T(C,z)".

Then any sequence {x,} of solutions to (5.5) satisfies, when €, — 0 and
5, ~ €2

n’

Proof. By definition, z,, satisfies
lo(@n) = zally + allEn — 2ol < 0(2) = 2allf + €1 1l2 — ol

Adding and subtracting ||¢(Z,) — 2||% + €2||Z, — &% gives, as in the proof of
Theorems 5.1.8 or 5.1.15,

lo(@n) — 2ll7 + ellEn — 2llE < 2(0(En) — 2,20 — 2)F
+2€Z<j7n — ZIA?, o — ZIAZ‘>E
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By (5.92) this implies

le(@n) = 217 + 3 llEn — 215 < 2p(@n) — 2,20 = 2) (5.94)
+26,(¢(2) (80 — 2),w).

A second order Taylor expansion for P : t ~ ¢((1 —t)& + t&,) gives

() — p(8) = ¢ (#)(En — &) + / P11 — ) dt,

and, using (5.84)

1
L. A

|| P -l < 5la il (5.95)
0
Hence (5.94) becomes

lo(@n) = 2lF + elldn — 25 < 2p(En) — 2,20 — 2 + ) (5.96)

1
—2ei</ P'(t)(1 — t)dt, w).
0
Formula (5.95) and the Cauchy—Schwarz inequality give, rearranging terms,
lo(@n) = 2lI7 +en (1= Bllwllp)llEn — 215 < 2ll@(@n) = 2l r (0, + eaw), (5.97)
and, using (5.32),

26, + epwlip),
(00 + e llwllF),

lo(En) — 2II%

1 A A
(1 = Bllwlr)enlln — 2lle

IA A

and the desired result follows.

Remark 5.1.19 Using weak subsequential arguments, one can show that any
sequence {x,} of solutions to (5.5) contains a subsequence, which converges

strongly to an Xo-minimum-norm solution of (5.1), provided that €, — 0 and
On/€n — 0.
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5.2 Application to the Nonlinear 2D Source
Problem

We give in this section an example of nonlinear infinite dimensional FC/LD
problem to which Theorem 5.1.15 on regularization applies. It is the source
estimation problem in a nonlinear elliptic equation described in Sect. 1.5:

%u: 0 onapart dQp of 0, (5.98)
o, = 9 on 00 = 00\ 0Qp,

where the objective is to estimate the right-hand sides f, g from a measure-
ment z of the solution w in L?*(2). With the notation of Sect. 1.5 and

= (f g) € E=L*(Q) x L*(00), (5.99)

the NLS problem (1.61) coincides with (5.1) and its regularized versions
(1.63) coincides with (5.5).

We show in this section that (1.61) is a finite curvature problem, and
estimate the size of C, which ensures a deflection smaller than 7/2, making
thus (1.61) a FC/LD problem to which Theorem 5.1.15 can be applied. We
follow for the proof reference [28], where the result was proved for a slightly
more complex model involving a convection term.

Remark 5.2.1 When the nonlinearity is in the higher order term, as, for
example, in

— V.(a(u)Vu) = f + boundary conditions,

the finite curvature property is lost. However, the least square objective func-
tion still possesses minimizer(s) over a suitable admissible set, is deriv-
able, and the parameter a can be retrieved numerically over the range of u

(see [31]).

We begin with the FC/LD properties of (1.61). The variational formulation
of (5.98) is, with the definition (1.58) for Y,

find v € Y such that

<VU, Vw>L2(Q) + (k‘(u), w>L2(Q) = <f, w>L2(Q) + (g, w>L2(3QN) (5.100)
for all w € Y.
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We endow Y with the norm
[wlly = [Vw[r2@).

Since 0€2p is assumed to be nonempty, this norm is equivalent to the usual
H*' norm using the Poincaré inequality:

|w|r2(0) < Cp|Vw|r2), where Cp is the Poincaré constant. (5.101)

The right-hand side of (5.100) is a continuous linear form L on Y:

L(w) = /waJr/aQN guw (5.102)

< (CP|f|L2(Q) + CN|9|L2(BQN))HU)”Y
1
< (€ + (7.9 lelhwly,
~
M

where C'y denotes the continuity constant of the trace operator 7y from Y
to L2(0Qx):
[w|z2005) < Onllwlly-

Lemma 5.2.2 (Hypothesis and notations of Sect. 1.5). Then (5.100) has a
unique solution uw € Y, which satisfies the a-priori estimate

lur = wolly < M|(f1,91) = (fo, 90)lle; M defined in (5.102).  (5.103)
Proof. The left-hand side of (5.100) defines an operator A : Y ~~ Y
{ YoeY | A(v) €Y' is defined by
<A(U), w>y/y = <VU, VU}>L2(Q) + <k3(U), w>L2(Q) Yw e Y.

Using the properties imposed on k, one can check that A maps bounded
sets to bounded sets, and that A is hemicontinuous (i.e., for all the function
A~ (A(u + M), w)yr is continuous from IR to IR). For every v,w € Y,
moreover,

(A(v) = Aw),v = w)yry = [V(v = w)[Ta
Lo [ (= tw + to) (v — w)?

> |lv—wlfi

hence A is strictly monotone, and the lemma is proved [56, page 171].
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Lemma 5.2.3 (Hypothesis and notations of Sect. 1.5). Let x; = (f;,9;) €
C,j = 0,1 be given. Then P : t € [0,1] ~ o((1 — t)zg + txy) is in
W2>([0,1],Y), and its first and second derivatives V (t) and A(t) are the
variational solutions in'Y of

—AV() + K (P@)V() = fi—fo in Q,

V() = g1—go on O,
v
—AA(t) + K (P(#)A(t) = —K"(P(t)V()? in Q
A(t) =0 on 6QD,
DA(t) PR (5.105)
ov N

Proof. Because of (5.103), P is Lipschitz continuous and hence a.e. differen-
tiable with

IV(©)[ly < M|(f1,91) = (fo,90)le a.e. on [0, 1], (5.106)

so that P € W1*°(]0,1],Y). By definition, P(t) is the solution of
{ (VP(t), Vw) r2i) + (K(P(1)), w) 120) =

(T=1t)fo+tfi,w)r2) + (1 —y)go +tg1, W) 290y  (5.107)
for all w €Y.

Differentiation of (5.107) with respect to ¢ shows that V' (t) satisfies

(VV (1), Vw) 2@) + (K'(P(1)V (1), w)r2() =
(fi = fo,w) 2 + (91 — 9o, W) L2 (902y) (5.108)
for all w €Y

which is the variational formulation of (5.104). We next argue that t ~» V(¢)
is Lipschitzian from [0,1] to Y. For ¢, 7 € [0, 1] we have

IV(V(E) = V(1) [i2() + (K (PR)), (V(E) = V(7)) 2@
= —((K'(P(t) = K (P(T))V(7), V() = V(7)) 20
for all w €Y,

and hence

V() = V(D)3 < IE(PE) — K (PO aollV () a@lV(#) = VD)l e
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But L3(Q) imbeds continuously into H'() if the dimension m of 2 is smaller
than 6, which is the case as we have supposed m < 3 in (1.57). Hence if we
denote by const the corresponding embedding constant we obtain,

IV(©) =V(D)lly < const|[E"]| | P(t) = P(7)l|s@ IV (7))
< const?||K]| < | P(t) = P(7)lly [V()]ly
<

const’ M|| K" || < || P(t) — P(T) |y || (f1,91) — (fo, 90)| &

where we have used (5.106) to obtain the last inequality. Since ¢ ~» P(t) is
Lipschitz continuous, it follows that ¢ ~~ A(t) is Lipschitz continuous as well.
Hence V is a.e. differentiable, and using (5.103),

IA@)|ly < const® M2 |[ L=< [|(f1,91) = (fo, 90l a-e. in [0,1],

which proves that P € W2°([0,1],Y). Derivation of (5.108) with respect to
t gives then

(VA(t), Vw) 20y + (' (P(1))A(t), w) 2(0) =
— (K" (P(t))V(t)*, w) 1210 (5.109)
for all w €Y,

which is the variational formulation of (5.105).

Proposition 5.2.4 (Hypothesis and notations of Sect. 1.5). There exists
constants oy > 0, Cr > 0, and Cg > 0 such that

IVOllr < anmll(fi91) = (fo, 90) || (5.110)
IA®) | < CrlE" || Loy IV (1)1 7 (5.111)
JAW@ 1 < Collt" |l dinm € [V, (5112)

where F is the data space L*(Q) defined in (1.60). Hence (1.61) is a FC
problem, and its curvature and deflection of (1.61) are bounded by

1/R = Cr ||k || L(m), O = Co ||k"|| Lo () diam C. (5.113)
It follows that (1.61) is also a FC/LD problem as soon as

O = Co ||K"|| 1= () diam C' < ;T (5.114)
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Proof. From (5.106) and the Poincaré inequality (5.101), (5.110) follows with
Qpnr = CPM = CP(C]% + 012\[)1/2

To prove (5.111), we introduce, for fixed but arbitrary ¢ € [0,1] and
(f0,90), (f1,91) € C, an operator B : D(B) ~ L*(2) defined by

oY
o =0 on GQN}, (5115)

Vi € D(B), By = —Av¢ + K (P(t))y € L*(Q), (5.116)

D(B) = {¢ € H*(Q) : ¢ =0 on 8Qp and

where D(B) is endowed with the norm of H*(f2). Because of the assumption
made in (1.57) that JQp is both open and closed with respect to 92 and the
COMloregularity of 9, the regularity results on elliptic equations imply that
B is an isomorphism from D(B) onto L?*(£2):

1
3Cp > 0 such that c |2 < || BY||2e < Cl|||mz Vi € D(B).
B

The same regularity results imply that the solution A(t) of the variational
problem (5.109) satisfies A(t) € H?*(Q), and hence is a strong solution of
(5.105), so that A(t) € D(B), and

BA(t) = —K"(P#)V(t)* € L'(Q2) C L*(Q).
Multiplication by ¢ € D(B) and integration over 2 gives
(BAW),6) ey = — (" (P(O) V(O Wiy V€ D(B).  (5.117)

A(t) and ¢ belong to D(B) C H?*(Q), so one can integrate by part twice in
the left-hand side of (5.117) using the Green formula, which gives

(A(t), B2 = —(K"(P() V()" ¥) 12 VW € D(B).

Since B is an isomorphism from D(B) onto L?*(f2), one has
(A2 = sup (A(t), BY) 2 ()
wGD(B) ’ |Bw|L2(Q):1
= sup (K" (PE) V() V)12

ZZ)ED(B) ) |B¢|L2(Q):1

IN

1E" | Lo @) [V [ 20 sup [l 2 )
¢€D(B) ’ |B¢|L2(Q)=1

CpCrl|E"|| ooV 120,

IN
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where C denotes the embedding constant of H?(Q) into L>®(Q) (here we
use the hypothesis in (1.57) that the dimension m of €2 is smaller than 3).
This proves (5.111) and (5.112) with

Cr=CgsCy,  Co=CCyCp(C%+ C%)\/?

and the proposition is proved.

To this point we have proved that (1.61) is a FC/LD problem when (5.114)
is satisfied. We check now that the remaining hypothesis required to apply
Theorem 5.1.15 on the convergence of LM T-reqularized solutions are satisfied.

Lemma 5.2.5 (Hypothesis and notations of Sect. 1.5). The mapping ¢ is
injective over C, and has a Gateauz derivative ¢'(x) € L(E,F) at every
x € C, which is also injective. Hence x is linearly identifiable over C', and
all points © of C' are qualified.

Moreover, the range of ¢'(x)* € L(F, E) is given by

Rgy'(x) = {(f,9) €E: f € D(B) and g = 7 f}, (5.118)
where D(B) is defined in (5.115), and T denotes the trace on 0S)x.

Proof. Let z; = (f;,9:,) € C, 1 =0, 17 be given, and define u; = ¢(x;), i = 0, 1.
Then ug = vy implies (f1 — fo, w) r2(0) + (91 — go, W) 1290y = 0 for all w € Y,
and hence f; — fy = 0 (take w = ¢ E D( )) and g1 — go = 0 (take w € Y and
use the density in L?(9€y) of the traces of functions of Y'), which proves the
injectivity of ¢.

It is then easy to check that the Gateaux differential du = ¢'(x)(df,0g) €
F=1L*Q) of ¢ at x = (f,g) € C in the direction dz = (df, 59) € E is the
solution of

find du € Y such that
<V(5'LL, VU)>L2(Q) + <l€ ( )(5u U)>L2 Q) = <5f w>L2 + <5g,w>Lz(BQN)
for all w €Y,
(5.119)

where u is the solution of (5.100). The proof of the injectivity for ¢'(z) is the
same as for p(z).

Concerning the qualification of = € C, the injectivity of p(z) ensures that
the solution set X contains at most one element, so that 7'(X, z) = {0}, and
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the injectivity of ¢/(x) ensure that Ker ¢'(z) = {0}, so that (5.49) is trivially
satisfied, and x is qualified.

We determine now ¢'(x)* to find its range. Let dv € F = L*(Q) and
dx = (6f,0g9) € E = L*(Q) x L*(00y) be given, and define du and §h by

du €Y solution of (5.119), (5.120)
dh € D(B) solution of Bdh = v, (5.121)

where B is the operator defined in (5.116) with P(t) replaced by u = p(z).
Then

(¢'(x)"0v,0m)p = (0v,¢/(z)0x)r
(0v, duyp

= (Boh,0u)p
-

Adh + k/( )5h, 5U>F=L2(Q)-

Here 6h € D(B) C H?(2), and du € Y C H'(2), so we can use the Green
formula to integrate one time by part:

(¢ (2)" ov,0z)p = (VOh,Vou) e + (K (W)dh,0u)oq  (5.122)

0oh doh
+ ,0u + ,ou )
v L2(09p) v L2(89y)

Because of the boundary conditions included in the spaces Y and D(B), the
boundary terms vanish in (5.122), which becomes, using (5.119),

(@'(x)" v, 0x)g = (0f, 0h) 2 + (99, 0R) r2(90) (5.123)
((5h.6),(31.69)) .
ox

where we have set

Sk = 7 0h (5.124)
The last equation in (5.123) shows that

Vév € F, ¢'(x)*,0v = (6h,0k) € E, defined by (5.121) and (5.124),
(5.125)

which proves (5.118), and the lemma is proved.
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The nonlinear source estimation problem (1.61) has hence the following
properties before any regularization is applied:

Theorem 5.2.6 Let hypothesis and notations of Sect. 1.5 hold. Then

1. The parameter x is identifiable on C, and (1.61) is a FC problem, with
curvature and deflection bounded by 1/R and © given in (5.113).

2. If moreover the deflection © satisfies (5.114), then (1.61) is a FC/LD
problem, and Proposition 4.2.7 applies: when the data z is in the neigh-
borhood ¥ of the attainable set defined in (5.44), there exists at most one
solution z, when a solution ezists the objective function J is unimodal
over C, and the projection in the data space onto the attainable set is
stable — but there is no stability estimate for x in the L*(Q) x L*(0y)
parameter norm.

3. If moreover C' is bounded, the FC/LD problem (1.61) has a (unique)
solution for all z € 1.

Proof. Points 1 follows from Lemma 5.2.5 and Proposition 5.2.4, point 2 from
Proposition 4.2.7. The proof of point 3 goes as follows: let z;, = (fx, gx) be a
minimizing sequence of J, and u; = ¢(zy) the associated solutions of (5.100).
The sequence ;. is bounded in E and hence uy, is bounded in Y € H'(),
which embeds compactly in L?(€2). Hence there exists & € C, u € Y C H'(Q)
and subsequences, still noted zy, u; such that

T — T in K, uy — 2 in Y and almost everywhere on €2,

where — denotes weak convergence. It is then possible to pass to the limit
in the variational formulation (5.100) giving wuy, which shows that @ = ¢(z).
Hence z is a minimizer of J over C', which ends the proof.

We can now apply the LMT-regularization to the FC/LD nonlinear source

problem:

Theorem 5.2.7 Let hypothesis and notations of Sect. 1.5 as well as the de-
flection condition (5.114) hold, and suppose the data z belong to the neigh-
borhood ¥ defined in (5.44). Then

1. The regularized problems (1.63) are all Q-wellposed for n large enough,
and

Enfn - 07 Engn - 07

U, — Z.

when €, — 0 and 6, — 0, where Z =projection of z onto p(C).
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2. If the unregularized problem (1.61) admits a (necessarily unique) solu-
tion (f,g) — for example, if C is bounded in £ = L2(Q) x L*(00N) -
then z2 = o(f,§), and one has, when €, — 0 and 6, /¢, — 0

[ U )
||un—2||L2(Q) = Ole,).

3. If moreover (f, g) satisfies the reqularity condition:

(fo,90) = (f,9) € {(f € D(B),g = =)} + T(C,&)",  (5.126)

where D(B) is defined in (5.115) and Ty is the “trace on 02y” opera-
tor, one has, when ¢, — 0 and 6, ~ €2

||fn - f“LQ(Q) - O(€n>7 ||fn - §||L2(89N) - O(Gn),

lun = 2lF = Olep)-

Proof. Theorem 5.2.6 shows that the unregularized problem (1.61) is a FC/LD
problem, so we can apply Theorem 5.1.15, which together with Lemma 5.2.5
gives the desired results.

We finally interpret the regularity condition (5.126) in two specific cases
depending on the location of (f, ¢) within C"

e If (f, ) is in the interior of C, then T(C, &)~ = {0}, and (5.126) reduces
to

(fo,90) — (f,§) € {(f € D(B),g = 7f)}. (5.127)

e If C is a closed ball centered at the origin, and ( A, Q)A lies on the bound-
ary of C, then T(C,)~ = {(f,g) : (f.9.) = A(f.9), A > 0}, and
(5.126) becomes

3N >0 (fo,90) = (L+N(f,9) € {(f € D(B),g =7 f)}.  (5.128)

If zero is used as a-priori guess, then both “regularity conditions” (5.127)
and (5.128) are equivalent to

~

A X 0
fe H2€Q)7 f =0 on 0Qp, and 81; = 0 on 1y, (5.129)
§=1nf € H¥?(00).

This justifies the terminology “regularity condition” used for (5.51) or
(5.126).
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Remark 5.2.8 Problem (1.61) is also a FC/LD problem for the stronger ob-
servation space F' = HY(Q)). In this case, it suffices to require in (1.57) that
m < 4, and the condition that OQ2p is both open and closed is not needed. This
follows from Lemma 5.2.3 and its proof, (5.1006), and the following estimate:

IAGONy < 1K [V ()12
1F" | oo () [V (8) L

<
< const|| k" || ooy |V (1) |2,

where const is the embedding constant of Y into L*(Q2) for m < 4. The
proof of the existence of the Gateauz derivative ¢'(x) is the same, and the
characterization of its adjoint follows the same arguments, with now B €

L(Y,Y') and D(B) =Y. Then

Rg ¢'(x —{fg c kb fEYandg—TNf}
and (5.129) is replaced by

{f HYQ), f=0 ond0p,
g

A

v f € HY?(0).

5.3 State-Space Regularization

We have seen in Sect.5.1.3 that LMT-regularization failed to produce Q-
wellposed problems for small €’s when applied to infinite curvature problems,
that is, to problems where no upper bound to the curvature of the curves
P of ¢(C) could be proved. So we consider in this section a special class
of infinite curvature problem, where the origin of the ill-posedness resides
in a poor measurement of the state of the system. To make this precise, we
suppose that a state-space decomposition (2.1) (2.2) of the direct mapping
p:x € C ~ve F exists such that:

e The parameter-to-state map

¢:x€C~yeF solution of e(z,y) =0 (5.130)

can be “inverted” in a sense to be made precise. Hence x would be
“identifiable” if a full measurement of the state y € Y were available,
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e But the only observations available are measures of v € F' related to
y by a linear continuous observation operator, which incurs a loss of

information,
M:yeY ~v=MyeF, M e L(Y,F). (5.131)
So the NLS problems (5.1) considered here are of the form
1
#  minimizes J(z) = _|| Mé(z) —z||3 over C, (5.132)
2'< o~
p(x)
where the data z is supposed to be attainable:
dz e C, z2=2=MyE€F, y=0o(z) €Y. (5.133)

For such problems, the state-space regularization [26, 29] consists in choos-
ing an a-priori guess yo € Y of the state y = ¢(x), and to use this additional
information to build up the state space reqularized problem:

2
Z. minimizes J.(x) = 62 lo(z) — yoll3 + J () over C, (5.134)

to be compared with the LMT-regularized problems (5.2).

State-space regularization corresponds to a widespread approach in the
engineering community, which consists in smoothing or interpolating first
the data before performing inversion. We analyze the behavior of problems
(5.134) for two levels of hypotheses:

e Strong hypotheses: we suppose that the NLS problem associated to
(C, ¢) is Q-wellposed, and that the observation is dense, that is, the
observation operator M is injective, and so there is no irremediable
information loss. We shall prove in this case that the state-space reg-
ularized problems (5.134) are, after localization, Q-wellposed and con-
verging when ¢ — (0. We shall use for this a geometric approach, along
the lines of Chap.4.

o Weak hypotheses: we suppose only that ¢ is invertible on C, and con-
sider the case of a incomplete observation, where M is allowed to be
noninjective — in which case there can be a definite loss of information.
Here, Q-wellposedness of the state-space regularized problems will be
lost, and only weak convergence results to a “state-space minimum-
norm” solution will be available for subsequences of solutions. The tools
there will be soft analysis.
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5.3.1 Dense Observation: Geometric Approach

A typical example of this situation is M = canonical injection from H' in L?.
It corresponds to parameters x, which are known to be OLS-identifiable from
measurements of y in H', but where the only data at hand are measurements of
y in L?. For example, the one-dimensional elliptic inverse problem of Sect. 1.4
has been shown in Sect. 4.8 to be Q-wellposed when astrong H! observation was
available, and sostate-spaceregularizationisindicated when only L? observation
is available. A similar situation for L? observation occurs with the diffusion
coefficient estimation problem in a 2D elliptic equation of Sect. 1.6, whose
Q-wellposedness for H! observation is studied in Sects. 4.9 and 5.4.

Properties of (C,¢) and M:

We suppose that C' and ¢ satisfy

( E = Banach space, Y = Hilbert space,

C = closed, convex subset of F,

there exists 0 < a,,, < apy, R > 0 and © < w/2 such that

Vg, 11 € C, P it~ ¢((1 — xo)t + tay) is in WA([0,1]; F)

and, for a.e. t € [0, 1], (5.135)
|21 — @ol[p < IV ()]ly < amllzr — 2ok,

AWy < A/R)IIVD)T,

[A®) [y <OV (#H)ly,

where V(t) = P'(t), A(t) = P"(t).

\

This ensures by Theorem 4.4.1 that the NLS problem
1
Z  minimizes 5 lo(z) =yl over C (5.136)

is Q-wellposed for y in a neighborhood of ¢(C') of size R in Y. The strict

inequality © < m/2 is not required by Theorem 4.4.1, but it will simplify

(somehow...) the calculations as it will allow to use the simple deflection

condition ©,, < 7/2 to ensure Q-wellposedness of the regularized problems.
Then we suppose that the observation operator satisfies

Me LY, F), with M injective and F' = Hilbert space, (5.137)

so that the true state § and parameter Z associated to z = Z by (5.133) are
uniquely defined.
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Properties of Data:

We suppose that a sequence z, € F, n=1,2... of noise corrupted measure-
ments is available, which converges to the attainable noise free data z = z:

2y € F, |20 — 2llF < On, 0, — 0 when n — oo, (5.138)

and that an a-priori guess
Yo €Y (5.139)

of the true state ¢ has been chosen. This a-priori guess can be enhanced by
application of the linear LMT-regularization theory of Sect.5.1.1 to the esti-
mation of ¢ from z,, n =1,2...: let ¢, — 0 be a sequence of regularization
parameters, and define y,, by the auxiliary problem

2
1
yp €Y minimizes 62”|]y—y0||%/—|— LIM@) = zlh over Y. (5.140)

Suppose that g satisfies the regularity condition (5.24) of Theorem 5.1.8 (iii):
J—yo= M"w for some w € F, (5.141)

and that the regularization parameters €2 goes to zero more slowly than the
error 0, on the data:

3\ > 0 such that Vn € IV : \ ||w||g €2 > 6,. (5.142)
The error estimate (5.41) gives then
19n = Glly < en(A+ Dwlle, (5.143)

which leads us to use y,, as a priori guess for the state-space in lieu of yy in
(5.134). So we replace in a first step (5.134) by

2
1
&, minimizes J,(z) = 62“ [6(2) = gall} + 1M B() = 2ll3 over C. (5.144)

Properties of State-Space Regularized Problem on C':
To study the Q-wellposedness of (5.144), we define

F,, =Y x F equipped with the norm: ||(y, 2)||2 = €||y||3- + ||z]|%
YT E C ~~ (¢(x),M¢(z)> c Fn7
Zn = (Yn 7n) (noisy data), (5.145)

Z = (4,2) = n(&) (error free attainable data),
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and rewrite it as
1
T, minimizes J,(x) = 5 lon(z) — Z,||2  over C. (5.146)

A simple calculation shows that the quantities a, , s, Ry, ©, associated
to C' and ¢, by (5.135) are

Qmp = Q€ >0, (5.147)
om = on(€+ | M[P):2, (5.148)
2
67’1
R, = (&2 + || M]J2)/2 R>0, R, — 0 when n — oo, (5.149)
2 712172
0, = (& +1M]7) © — oo when n — oo, (5.150)
€n
which satisfy, for all n,
2
€nt1 Rn+1 €n+1
< < : 5.151
e T R, T ¢ ( )

We see from (5.147)—(5.149) that (5.146) is a linearly stable FC-problem,
which is good, but (5.150) shows also that its deflection O, will become
larger than /2 for n large enough, which is bad! However, ©,, decreases to
© < /2 when €, — +00, so one chooses ¢ such that

(@+ | MP)> > ((1—-0%/(x/22) 2 IM| & ©</2,  (5.152)

which ensures that ¢o(C) is s.q.c. in Fpy, and guarantees at least that (5.146)
is Q-wellposed for n = 0!

Localizing the State-Space Problem to C, C C:

Then for n =1,2..., we decide to control the deflection by limiting the size
of the attainable set, and replace in a final step (5.146) by

1
%, minimizes Jn(x):2||gpn(3(:)—ZnH72Z over Cp, (5.153)

where we have restricted the search to the subsets C), of C defined by
Cy = C (5.154)
Cn = {zeC:|pulx) - Z||n < xc Ry} forn=1,2..., (5.155)
where 0 < xo < 1 will be chosen later.
Of course, this localization constraint cannot be implemented in prac-
tice, as the center of the ball is the error-free data Z, which by definition

is unknown! But we shall see that the algorithm can be so tuned that this
constraint is never active during the course of the resolution.
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Lemma 5.3.1 Let €y satisfy (5.152), €,,mn = 1,2,... satisfy

JO0<p<1 suchthat € > e, > e

and 0 < x¢o < p be chosen such that

2xc
(1= xc/p)2
Then for alln =0,1,... one has

s
< .
-2

Cn DO Chia,
C, is closed and convex in E,

on(Cy) is closed and s.q.c. in F,,

251

(5.156)

(5.157)

(5.158)
(5.159)
(5.160)

where p,(C,) is equipped with the family of paths image of the segments of

Cyn by on.

Proof. We proceed by induction. The properties are clearly satisfied for n = 0.
We suppose they hold for some n € IV, and we prove that they hold for n+1:

o C, D Chiq: Let x € C), 41 be given. One has

~ €n ~
lnt1(z) = Z||n < X lon+1(z) = Z||ns1 < Xo

En+

where we have used (5.151), so that x € C,,.

€
" Rn—i—l S XC’an
n+1

o (41 is convex: Let zg, x1 € C,41 be given, and denote by P the curve
t € [0,1] ~ @1 ((1 — t)xg + tx1) € Foq1, by p its reparameterization
as function of the arc length v, by L, the arc length of P in F}, 4,

and by f the function

fW) = 11Z = p() 741 for 0 S v < Ly

We want to show that [z, z1] C C, 41, that is,

f(v) < (xcRpy1)* for 0 < v < Ly

(5.161)

(5.162)
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Derivating twice f gives, as in the proof of the median Lemma 6.2.6

') = 2(1—(Z—p(v),a(v))ns1) (5.163)
> 21~ s (| Z=p0)lwr/Burr)  (5.164)
> 2= sw (|7 = p(v)n/Rusa) (5.165)
> 2(1— xcRu/Rusi) (5.166)
> 2(1—x./n). (5.167)

We have used in the fourth line the fact that C), . is included in the
conver C,, and inequalities (5.151) and (5.156) in the last line. The
convexity property gives then

Lyi1—v v
TR0+ T f(Lps) (5.168)
Ln+1 Ln+1

S (XCRn+1)2

IN

F0) (L1 =) ( —fj)

for 0 < v < L,41. The term 1 — x¢/p is strictly positive because of
(5.157), and (5.162) is proved.

e ©(C,)is s.q.c. in Fy,4q: Choosing v = L, 41/2 in (5.168) gives

Ly c
4“ (1—2 ) < (XcRnt1)*. (5.169)

Hence the deflection ©,,,1 of ¢,.+1(Cp11) in F, 1 satisfies

L, 2
Opiy < M < Xe 7 (5.170)

)
by choice of x¢, and ¢, 11(Cphi1) is s.q.c. in F 4.

e (), and ¢,(C,) are closed: C is closed, so the linear stability property of
©n — see (5.147) — implies that ¢, (C) is closed. Hence ¢, (C},) is closed
as the intersection of two closed sets, and C), is closed as the preimage
of a closed set by a continuous mapping.
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Main Result

We can now summarize the hypothesis we have made so far and state the
main result of this section:

Theorem 5.3.2 Let the following hypotheses and notations hold:
e C and p = M o ¢ satisfy (5.135) and (5.1537)
e The true data Z is attainable: 2 = My with § = ¢() (5.133)
e The noisy data z, € F salisfy ||z, — Z||r < 9, with 6, — 0 (5.138)

o An a-priori guess yy of the true state y is available such that

) —yo = M*"w for some w € F (5.141)
o A sequence of reqularization parameters €, — 0 is chosen such that
1 1
(e +11M]]%)2 = ((1—©%/(7/2)%) || M]l, (5.152)
IAN>0:Vn, Mw|re > b, (5.142)
I >0:Vn, € >€. > pue, (5.156)

e A sequence C,, of subsets C,, of C is defined by

o= C, (5.154)
On:{xec: ||90n(x)_Z||n§XCRn} n=12..., (5155)

where 0 < xo < p is chosen such that

0 < 2xc/(1 = xo/p)2 < /2 (5.157)

o The a-priori guess yy s close enough to y so that

1/2

xz/(1=xz2)"" <pxe and xz <1-xe, (5.171)

where xz is defined by

_ 1M ( A+1)2+ A2 )1/2 || (5.172)

R \1-02/(r/2)

Then, for alln =0,1,2,..., one has

1. C, s closed and conver in E
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The state-space regularized problem (5.153)
2
1
T, minimizes J,(v) = 62n Hgb(:p)—ynH%—l—Q | M ¢(2)—2,% overC,, (5.173)

where y, 15 computed from yo by the auxiliary problem
2
1
Yn € Y minimizes 62"||y—y0H§/—|—2||M(y)—an% over'Y (5.140)

15 Q-wellposed in F,,: it has a unique solution &,,, and J, has no para-
sitic local minimum

The localization constraint are not active at Z,,
lon(n) = Zln < xc Ra- (5.174)

Tn € Chy, so it can be used as initial guess for the (n—+1)-th optimiza-
tion

gy 1s strictly convex on C,, forn > 1

Proof. The two first points follow from Lemma 5.3.1, which shows that C,, is
convex, and that (5.173) is a FC/LD problem with an enlargement neighbor-
hood of size R,, given by (5.149) and a linearly stable problem as one can see
in (5.147) — and hence a Q-wellposed problem according to Theorem 4.4.1.
It remains to check that the distance of the data Z,, = (yn, 2n) to ¢, (Cy) is
strictly smaller than R,,. Inequality (5.143) and (5.142) gives

1Z. = ZII: = ellyn — 915+ ll2a — 2117 (5.175)
< {17+ N HwllE

< ()@ I {0 02+ Xl

< () @+ {0+ 12+ 02wl
RN2, oA+ 12+ 22

< () 1P g el

- (XZRn)Qa

where we have used (5.149) and (5.152) in the third and fifth lines. Hence

dn(Zn, on(Cn)) < Xz R0 < Ry, (5.176)

which ends the proof of the two first points.
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We turn now to points three and four. Define

P, cot (1 =82, + t2)
L, = arc length of P, in F,
dn(t) = ”Zn - Pn(t)Hn
d, = SUPg<t<i dn (t)

By construction, d,, has a minimum at ¢ = 0, so we can apply the obtuse
angle Lemma 6.2.9

d ~
- )L <20 = ZII3
LA A

12, - Zull2 + (1
But d,,(Z,, 0.(Cy)) < || Z, — Z\Hn < xcR, < R, with ¢,(C,) s.q.c., and
Proposition 7.2.12 shows that ¢ ~» d,(t) is an s.q.c. function. Hence d,, =
max{d,(0),d,(1)} = ||Z, — Z||. < xz Rn, which shows that

L, < X R < pixo R

(1= xz)t2

But p < 1 gives N N
1Zn — Zl|n < Ln < Xxc Rn,

which is (5.174), and point three is proved. To prove point four, we notice
that L L
||Zn - Z||n+1 S ||Zn - Z”n S Ln < XC,uRn S XcC Rn—i—la

where we have used (5.151), and point four is proved.

We prove now point five. Hypothesis (5.135) on C, ¢ and the properties
(5.149) and (5.147) of ¢, show that, for zq,x; € C,, the second Gateaux
derivative of J, at xg in the direction x; — xg is, with the usual meaning for
V, and A,

T~ = IVaO)IE+ {ealan) — Zus An(O))
> o (1 17 = 20,

v

= Znll
2,2 (1 [n(20) n n)I
enozm< R,



256 CHAPTER 5. REGULARIZATION

But

H@n@o) - Zn”ﬂ < |90n($0) - Z”ﬂ +||Z - Zan < (XC + XZ)Rn < R,.
- ~ -~

< xcR, forn>1

Hence J! is positive definite over C),, which proves the last point.

5.3.2 Incomplete Observation: Soft Analysis

We suppose in this section that C ¢ verify only

E|Y = reflexive Banach spaces,

C = closed, convex, bounded subset of F,

¢ : €'~ Y is weakly sequentially closed, that is, (5.177)
z, — x in £ with z,, € C, and ¢(x,) — ¢ in Y imply

z e Cand ¢ = ¢(x),

{ ¢ is continuously invertible at © € C, that is, (5.178)

if ¢(x,) — ¢(2) in Y then z, — 2 in E,

where the symbols — and — denote, respectively, weak and strong conver-
gence, and that the observation operator M satisfies

M e L(Y,F), with F' = normed linear space. (5.179)

In applications, M may be an imbedding, a restriction, a point evaluation,
or a boundary observation.
We suppose that the true data z = 2 is attainable

dx*eC : Z=p") & =My € Fwithy" =¢(") €Y, (5.180)

but now x* and y* can be multiply defined as M, and possibly ¢, is not
necessarily injective. We also denote by z, € F' a sequence of noisy data

2y € F, |z — 2l|F < On, 9, — 0 when n — oo, (5.138)
which converges to Z, and by
Yo € F (5.139)

an a-priori guess for a “true” state y*. The main difference with the previous
section is that, due to the underdetermination for y*, it is not possible to
deduce from yg an upgraded a-priori guess ¥,,, which converges to one specific
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“true” state y*! There are, however, often natural choices for yq: for example,
if Z represent pointwise data in a finite dimensional space F and Y is a
function space, then yq can be an interpolation in Y of the pointwise data. If
both Y and F' are function spaces with Y strictly embedded in F and Z2 € F
but Z ¢ Y, then y, would arise from Z by a smoothing process, for example,
by solving one auxiliary problem (5.140).

Hence the state-space regularized problems are here (compare with
(5.173))

2
1
Z, minimizes J,(z)= 62" () — yon/+2 | M ¢(z)—2,||% over C, (5.181)
where the regularization parameters €, are chosen such that
€n > 0, €, — 0, dn /€, bounded. (5.182)

Theorem 5.3.3 Hypothesis and notations (5.177), (5.179), (5.180), (5.138),
(5.139), and (5.182). Let &,, be a solution of (5.181) forn = 1,2,... Then there
exists a weakly convergent subsequence of {Z,,}, and every weak limit & of such
a sequence {Z,, } satisfies

1. T is a solution to the unreqularized problem (5.152)

p(L) = Mo(i) = 2.

3. If 6, /e, — 0,
O(Tn,) — ¢(2) strongly in'Y,

and T is a state-space yo-minimum-norm solution.:
6(2) = wolly < min {[|6(x) — olly : 2 € C and M o(x) = 2},

4. If in addition ¢ satisfies the invertibility hypothesis (5.178) on C, then

Tn, — & strongly in E.
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Proof. We follow the proof of [26]. Because of (5.180), there exists z* € C
such that M ¢(z*) = 2, so we have for all n

e 1 . €2 . 1.
2 0(E) — woll3+ ) IM B(En) —2lh < D 10(a") — wolly -+ 12—z l[3(5.189)
A o
< o) — ol +
Boundedness of 6, /¢, implies that ¢(z,,) is bounded in Y. Since C'is bounded
as well, there exists a weakly convergent subsequence of z,, again denoted

~

by x,, and (z,¢) € E'xY such that (x,, ¢(x,)) — (2, ¢(2)) weakly in £ x Y.
Then (5.177) implies that & € C and ¢ = ¢(&). Since M ¢(z,) — % in F, it
follows also that M ¢(&) = 2. This proves point 1 and the first assertion of
point 2.

Since ||z, — 2||r < 6, and 0, /€, is bounded, it follows that

1M () — 2[|F < €nl|@(z7) — yolly + 26, = Oley),
which ends the proof of Part 2. Next we assume that 0, /¢, — 0. Choosing
z* =2 in (5.183) gives
2

) ) O
[6(2n) = wolly < llo(2) — yo!l?ﬂre2 :

n

and consequently

lim H¢(§7n) - yOHY < H¢(§7) - yOHY < lim H¢(i"n) - ?JOHY-

This implies that ¢(&,) — ¢(Z) strongly in Y. Then (5.183) gives, for an
arbitrary element x* satisfying M ¢(z*) = 2,

16(2) =l = lim_[lé(En) = wolly- (5.184)
(52
< tim {lo@) —wl}+ 5} (5.189)
= lo(@") = woll3- (5.186)
and Part 3 is proved. Finally Part 4 follows immediately from the hypothesis

(5.178).
Because of the much weaker hypothesis involved on C, ¢, and M,
Theorem 5.3.3 is more widely applicable than Theorem 5.3.2: it applies of
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course to the same examples (one-dimensional elliptic inverse problem of
Sect. 1.4, diffusion coefficient estimation problem in a 2D elliptic equation
of Sect. 1.6) for point or boundary observation, but also for problems where
Q-wellposedness for a state-space observation cannot be proved. Examples
can be found in the original paper [26].

5.4 Adapted Regularization for Example 4:
2D Parameter Estimation with H*!

Observation

As we have seen in Sect. 1.3.4, adapted reqularization tries to supply only the
information on the parameter that cannot be retrieved from the data. It is
expected to create less bias in the regularized estimate, and is the most desir-
able regularization. But its implementation is possible only after the missing
information has been identified, which is a difficult task. So we illustrate
this approach on the 2D elliptic parameter estimation problem described in
Sect. 1.6, where this happens to be possible. Q-well-posedness of this problem
was studied in Sect. 4.9, where linear stability and finite curvature could be
obtained only at the price of reduction to finite dimension. We show now
that adapted regularization permits to restore at least linear stability for
the infinite dimensional parameter set C' defined in (4.106). The material is
adapted from the two references [30, 21].

Let notations and hypothesis (1.65) and (4.105) through (4.107) hold,
so that Propositions 4.9.2 (a is linearly identifiable) and 4.9.3 (deflection
condition) hold. Let x¢, x; € C be given, and for all ¢ € [0, 1] denote by n(t)
the associated velocity given by (4.114), which we rewrite as

/(a1 — ag)Vgw - Vv = —/ a(t)Vn(t) - Vo, forall veyY, (5.187)
0 0

where a(t) = (1 —t)ap + ta;.

To study the linear stability property (4.39), one has first to equip the
parameter space F with a norm for which this stability has some chance to
hold. As can be seen in (4.111) for u and (5.187) for 7, the diffusion coefficient
a appears always as a coefficient of Vu in the equations. Though Vu # 0 a.e.
in €2, it can vanish at stagnation points (see the proof of Proposition 4.9.2),
and so there is little hope to obtain stability for a norm involving uniquely a.
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So we shall rather consider stability for a gradient weighted “distance” in the
parameter space:

1
dgrad (o, a1) = / (a1 — ao) Vg | g2 dt. (5.188)
0

This quantity satisfies the two first axioms of a distance, but we do not know
whether it satisfies the third one (triangular inequality). This is why we have
written the word distance between quotes.

5.4.1 Which Part of a is Constrained by the Data?

To implement adapted regularization, we have to understand which part of
dgrad(ao, a1) is controlled by the arc length fol |V (t)| g2 dt in the data space
of the curve image by ¢ of the [ag, a;] segment. Once this will be done, it will
be possible to introduce the missing information through the addition of an
ad-hoc regularization term.

Equation (5.187) for n suggests to define an equivalence relation ~ of
vector fields in IL*(2) by

{~q if (§,Vv)=(¢,Vv) forall vey, (5.189)

where (-,-) denotes the scalar product in IL*(€2), and to decompose accord-
ingly IL?(€2) into the sum of two orthogonal subspaces

*(Q)=GoG,
where

(5.190)

G =1I*Q)/. the quotient space
G+ the orthogonal complement,

with orthogonal projections P and P+,
Equation (5.187) becomes then
(a1 — ag)Vuaw ~ —a(t)Vn(t) Vvt e [0,1],
or equivalently

P((a1 — ag)Vuaw) = P(—a(t)Vn(t)),
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and hence
’P((al - a())vua(t))|m2(ﬂ) S aM|vn<t)|EQ(Q) (5191)

Hence we see that [Vn(t)|y2q) constrains only the norm of the component
in G of (a1 — ag)Vug). There is no direct information on the norm of its
component in G+, it is exactly this information that has to be supplied by
the regularization term.

Remark 5.4.1 Before providing the missing information through a reqular-
wzation term, one should investigate whether, by chance, the component in
G+ is not controlled by its component in G through the constraints that de-
fine the set C in (4.106). This would mean the existence of some M > 0 such
that

{ VYag,a; € C' one has

5.192
\PL((al - ag)Vua(t))|Lz(Q) S M |P((a1 — ag)Vua(t))|Lz(Q). ( )

A partial counter example to this property has been given in [30] for a simple
diffusion problem on the unit square with a diffusion coefficient a = 1, no
source or sink boundaries inside the domain, and flow lines parallel to the
x1-axis. It was shown there that for any perturbation h orthogonal to the flow
line — and hence function of xo only — and satisfying

h € €™ (]0,1]), h(0) = h(1) =0, /1 h =0, (5.193)

one has, for some constant c,

{§|h|L2([0,1]) < ]Pl(hVua)hLz(Q)
|P(hvua)|L2(Q) < 2C|h|H*1/2([0,1])'

But given € > 0, one can always construct a sequence h,, n € IN of pertur-
bations satisfying (5.193) and such that

Al 20,11y = € > 0, \Anl-172(0,17) — 0, (5.194)

so that (5.192) cannot be satisfied for large n when a; — aq is replaced by h,.
However, for this construction to be a complete counter example to (5.192)
would require the existence for each n of agp, a1, € C and t, € [0,1] such
that

hp = a1, — aop, a=1=(1—1t,)a0n + tha1n. (5.195)
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This in turn would require that h,, satisfies the additional constraints
| 2nllcoo,1) < anr — @m, Lip(h,) < 2by; Vn € IN, (5.196)

where Lip(h,) denotes the Lipschitz constant of h,,.
Let g be a function on the real axis defined by

g € COY(IR) with g periodic of period one,

9(0)=g(1)=0,  [ig=0, (5.197)
g not identically zero,

and define a sequence of perturbations h,, by
hp(x9) = g(nxy) Vo € IR. (5.198)

This sequence satisfies (5.193) and (5.194) with € defined by €2 = fol g>. It
satisfies also the left part of the additional constraints (5.196), provided g is
chosen such that ||gllcop) < an — am, which is always possible. However,
the Lipschitz constant of h,, is Lip(h,) = nLip(g), so thatl the right part
of (5.196) will necessarily be violated for n large enough. Hence a sequence
hy, defined by (5.197) and (5.198) does not contradict (5.192), as it cannot
satisfy (5.196) and hence cannot be of the form (5.195).

It is not known whether there exists a sequence h,, that satisfies (5.193),
(5.194), and (5.195), and hence would contradicts (5.192). On the other
side, there is for the time no proof that (5.192) holds true, and property
(5.192), which would imply the linear stability for the dgaq “distance” on the
infinite dimensional set C', remains undecided.

5.4.2 How to Control the Unconstrained Part?

To see which regularization term can be used to bring the missing information
on P+ ((a1—ag) Vg ), we use the grad-rot decomposition of IL*(Q) = GBG*.
We introduce for this the space

W ={y € H(Q): ¥|say = 0},

(where the condition [, ¢ = 0 is added to the definition of W in the case
where the Neuman boundary 0y is empty), and recall the definition of
rotational
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O
. O0xo
Vo € HY(Q), rot o = :
O
T 011

Vi e HY(Q) x H'(Q), rotg = o0 -0

Lemma 5.4.2 Let (1.65) and (4.105) through (4.107) and (5.189) and
(5.190) hold. Then

G={Vy: peY}, Gt ={rotv : v e W}, (5.199)
and, for every ¢ € IL*(Q), one has
P =V, PLq = rot 4,
where p € V and v» € W are given by

{ (Vo, Vo)  =(¢.Vv)  forallvey, (5.200)

(rot ¥, rot w) = (q,rot w)  for allw € W.

Proof. Except for the atypical boundary conditions, this decomposition is
rather standard. A outline of the proof, which is adapted from [39], Chap. 1,
can be found in [30].

Let then V¢, rot ¢ be the grad-rot decomposition of (a; — ao) Vg given
by Lemma 5.4.2. We evaluate |P*((a1 — ao) Vuaw) | 2() = ]ratqp\mz(m:

rott[p2) = sup (rote), )
FEL?(Q),8 120y =1
= sup (rote), Vv + rotw)
veY,wEW,|VU\2LQ(Q>+\rStw\?LQ(Q)zl
= sup (rota), rotw)
wEW,|Vw|L2(Q):1
|r5t@Z)|ILz(Q) = sup /(a1 — ag) Ve - rotw,  (5.201)
wGW,|Vw|L2(Q):1 Q

where we have used the grad-rot decomposition Vv 4 rot w of §, the orthog-
onality of G and G, the fact that |rot w| = |Vo|, and the Definition (5.200)
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of ¥. Because of the smoothness hypotheses (4.105) and (4.106) on the pa-
rameters, the gradient — and hence the rotational — of u are in IL°°(£2), and
we can use the Green’s formula in the right-hand side:

/(a1 — ag) Vg - 10t W = / rot(a; — ag) - Vam w (5.202)
Q Q

Ou,
a7

where 0/07 denotes the tangential derivative along 0€2. Since u, = 0 on 9Qp
and u, = const on each 9€);, we have du,/0r = 0 on 0Qp and 08,1 =
1,---,N,and w = 0 on 0y, so that the boundary term vanishes in (5.202).
Combining (5.201) and (5.202) one obtains

|P((ay — ao)Vaw)|r2 = sup /Szrat(al — ag) - Vigw w,

weW, |V 2 =1
which, by Poincarés inequality in W,
w2 < Cw|Vw|peg YweW (5.203)
shows that
[P+ ((a1 — ao) Vg ez < Cyw[rot(ar — ag) - Va2 (5.204)

This shows that the part P+((a; — ag) V() of parameter perturbation,
which is not controlled by the data Vg, is controlled by rat(al —ap)- Vg,
that is, by the wariation of the diffusion coefficient orthogonal to the flow
lines. This observation is in phase with the intuition that the knowledge of
the pressure field Vu, gives little information on the diffusion parameter a
orthogonal to flow hnes

5.4.3 The Adapted-Regularized Problem

In absence of more specific a-priori information, one can then decide to search
for diffusion coefficients which, loosely speaking, are “smooth orthogonal to
the flow lines.” This can be done by replacing the forward map ¢ defined in
(4.112) by the adapted-regularized forward map:

@i a~ (Vg , erot a-Vu,) € L*(Q) x L*(Q), (5.205)
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where ¢ > 0 is the regularization parameter. The corresponding adapted-
regularized problem is then (compare to (4.113)

1 2
a. minimizes 2|Vua — 22+ 62 rota- Vug|3, over C. (5.206)

5.4.4 Infinite Dimensional Linear Stability
and Deflection Estimates

As expected, problem (5.206) is linearly stable:

Proposition 5.4.3 Let (1.65) and (4.105) through (4.107) and (5.188) hold.
Then the adapted-regularized forward map (5.205) satisfies the linear stability
estimate (compare with (4.39)

Yag,a; € C one has
5.207
{ am(e) dgrad(aoaal) S fol ||V;(t)||L2XL2 dt, ( )
where dgaq is defined in (5.188), and where
2
1
2 _ M € 2
Qv (€) m{2C§V’ (1 +205V)a%4}’ (5.208)

with Cy equal to the Poincaré constant for the space W defined in (5.203).

Proof. Let ag,a; € C. For t € [0, 1], derivation with respect to t of ¢, evalu-
ated at a(t) = (1 — t)ap + ta; shows that the velocity V.(¢) of the adapted-
regularized problem is

Vi(t) = <V77(t), e(xot a(t) - Vn(t) + 1ot (a1 — ao) - Vua(t))), (5.209)
where n(t) is given by (5.187).
On the other hand, we obtain from the orthogonal decomposition G' @ G+
of IL*(Q) that
(a1 — a0) Vg |72 = [P((a1 — a0) Ve 72 + 1P ((a1 — a0) Ve )72,
and, using (5.191) and (5.204),

(a1 — a0) Ve | g2 < [(anrVn(t), Cw tot(ar — ag) - V)| p2xre.  (5.210)
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We define now, for each ¢ € [0,1], a linear mapping G, from IL? x L? into
itself by
Gi(q,v) = (arrq , Cw(v/e—rot a(t) - q)),
which satisfies (5.211)
am()[|Ge(q )l 22 < (@ v) [ 222,

so that
G(Ve(t)) = (anVn(t), Cwrot(ar — ag) - Vgw))- (5.212)

Combining then (5.210) with (5.212) and (5.211) gives
({1 — a0) Vetatplgz < IVe(O) gz (5.213)

which gives (5.207) after integration between 0 and ¢.

So we see that adapted regularization ensures the stability of the diffusion
coefficient a in the infinite dimensional set C for the L? norm weighted by
|Vu,|, which is what one could reasonably expect at best. As we have seen in
the proof of Proposition 4.9.2, |Vu,(z)| can only vanish on a set of zero mea-
sure. In this case, the weighted stability constrains a almost everywhere on
2, but with a strength that decreases when one approaches one (necessarily
isolated) stationary point where |Vu,(z)| = 0.

Remark 5.4.4 Unweighted L? stability of a can only be obtained on subsets
of Q where a uniform lower bound v to |Vu,| exists. In the very particular
case where there is only one source or sink boundary 0$)y with a flow rate
@1 # 0, and where the remaining boundary is equipped with a Dirichlet con-
dition (in short OQx = 0), such a v > 0 exists over the entire domain S, so
that

Ylar = aolr2) < dgrad(ao, ar)

and the unweighted L*(Q)-stability holds for a in the infinite dimensional
set C'.

The next step towards OLS-identifiability is to check whether the deflection
condition © < 7/2 can be satisfied by the adapted regularized problem.
The velocity V, for this problem has been already given in (5.209), and the
acceleration is

At) = (VC(t), €(xot a(t) - VC(t) + 210t (a, — ag) - vw))), (5.214)

where 7(t) is given by (5.187).
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Proposition 5.4.5 Let (1.65) and (4.105) through (4.107) hold. The de-
flection condition © < 7/2 is satisfied for the adapted-regularized problem
(5.206) as soon as

™

4 @ (5.215)

((aM — am)2 + eQb?M(aM + am)2)1/2 <

where a,,, ayr, and byy are the constants that define the admissible parameter

set C'in (4.106).

Proof. We use (5.214) to evaluate the norm of A.(¢) to see whether it can
satisfy the deflection sufficient condition (4.25)

| Ac(t)

o< anlVCle + @ (IValle- [V (5.216)
2
+2] V(a1 - ao)llz= V()| 2)
(4llax = aoliZo + € (2basllar — aollco

20|V (@1 = a0)ll~) ) V() 3,

IN

where we haveused themajoration (4.120) of [V {(t)| g2 by 2||a1 —ao]|co | V1 (t)]| g2
Using the Definition (4.106) of C' one obtains

| Ac(t) |5, < 2((anr — am)? + 63, (ans + an)?) (V00| 2. (5.217)

But (5.209) shows that |Vn(t)|z2 < [|[Ve||F., so that (4.25) follows from (5.215)
and (5.217), which ends the proof.

This is as far as one can currently go for the problem (5.206) on the infinite
dimensional set C'

5.4.5 Finite Curvature Estimate

It is an open problem to know whether a finite curvature estimate (4.13)
exists for the infinite dimensional admissible parameter set C'. So one has to
regularize one more time the problem by reduction to finite dimension:

Proposition 5.4.6 Let (1.65) and (4.105) through (4.107) hold, and let C
be the finite dimensional parameter set defined in (4.121). Then the adapted-
reqularized problem (5.206) has a finite curvature over C, given by

1 2

B e MEO), (5.218)



268 CHAPTER 5. REGULARIZATION

where oy, (€) given in (5.208) is independent of the dimension of C, and
where M (e, C) is defined by

M(e, C) = sup Moy ay . ts (5.219)

ap,a1€C , tel0,1]
where

a] — Q oo
Mao,a1,t - |( H ! OHL (1+€2(b1\/[+0,m

V(a1 — ao)|| = 2)1/2
a| — ao)Vua(t)hLz '

llar — aol[ =

When C s defined through a finite element approximation with mesh size
h > 0, the curvature 1/R blows up to infinity like 1/h?.

Proof. From (5.216) and |Vn(t)|zz < ||Ve||r. one obtains, with the notation
|| - || L instead of || - ||co,

|| Ac(t)

r < 2(los = ao

) 9\ 1/2
+e (bullar — aollz= + aml|V(ar — ao)llz=) ) [Ve(t)

Fe-

Combining with (5.213) gives
2

A O (€)

| Ac()

Mamal,t |"/;(t>

2
FES F€7

which proves (5.218) using the finite curvature estimate (4.13).

When C is defined via finite elements with mesh size h, the ratios
|- e/l - llz2 and ||V - || /]| - ||z blow up like 1/h when h — 0, which
proves the last part of the theorem.

5.4.6 OLS-Identifiability for the Adapted Regularized
Problem

One can now combine Propositions 5.4.3, 5.4.5, and 5.4.6 with Theorem 4.4.1
to obtain finite dimensional OLS-identifiability for the adapted regularized
problem. We shall need the diameter D of the attainable set for the adapted-
regularization term

N
D = sup |(rot a- V)| < by v2 ) CilQil, (5.220)

acC i—1

where C; is the continuity constant of the linear mapping v € Y ~» v|gq, € IR.
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Theorem 5.4.7 Let (1.65) and (4.105) through (4.107) hold, and suppose
that

1. The deflection condition (5.215) is satisfied
2. The admissible parameter set C is finite dimensional as in (4.121)

Let 1/R < +oc0 be the curvature of the adapted-regularized problem given by
(5.218), D the diameter introduced in (5.220), and suppose that € is such
that

0 < e < €, where € is defined by €D = R. (5.221)

Then a is OLS-identifiable via the adapted-reqularized problem (5.206) on the
finite dimensional parameter set C for the dg.q “distance” in E:

1. Existence, uniqueness, and stability:
for any zo,z1 in ¥ = {z € IL*(Q): dy2(z,0(C)) < R— e D} (5.222)

such that
||Z()_Zl||L2+m%}%d12(z‘j,(p(C))+€D <d< R, (5.223)
j: b

the least-squares problem (5.206) stated on C admits unique solutions
a;, j=20,1, which satisfy

d
27z = 2ol (5224)

where oy, (€) is given by (5.208) and dgaq by (5.188).

am<€) dgrad(dl - dO) S (1 -

2. Optimizability:

Vz € 0, the least squares problem (5.206) has no parasitic local mini-
mum over C.

Proof. Propositions 5.4.3, 5.4.5, and 5.4.6 ensure that the hypotheses of The-
orem 4.4.1 are satisfied for the adapted regularized problem (5.206). Hence
existence, uniqueness, stability, and optimizability will hold for this problem
as soon as the distance of the regularized data z. = (z,0) to the regularized
attainable set is strictly less than R:

dr.((2,0),(C)) <R. (5.225)
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Using the Definition 5.220 of D we obtain
) 1/2

dr, ((2,0),0(C)) ;gé (Il = ¢(a)||2 + €[rota - Vg2

1/2

IN

: 2 212
inf (Ilz = ¢(@)lly2 + € D7)

IN

: 2 2 12\1/2
(inf ||z = ¢(a)llp= +€*D?)

IN

inf |z~ o(a) [ + D
dp2(2,¢(C)) +€eD.

IN

Hence condition (5.225) is satisfied as soon as dy2(z,(C)) < R — €D, and
the announced existence, uniqueness, stability, and optimizability properties
are simply a rewriting of (4.42)—(4.44) from Theorem 4.4.1.
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Chapters 6 and 7 give a comprehensive presentation of the theory of
quasi-convex (q.c.) and strictly quasi-convex (s.q.c.) sets, which retain the
desirable properties of convex sets listed at the beginning of Chap. 4.

Chapter 8 develops deflection-sufficient conditions for the strict quasi-
convexity of a set, which are then applied to the case of the attainable set of
a nonlinear least squares problem.

The presentation of s.q.c sets given there is different — and hopefully
more natural — than that in the original material [20, 19, 28]. These chapters
can be read independently of the rest of the book if one is interested in the
projection on nonconvex sets in Hilbert spaces.






Chapter 6

Quasi-Convex Sets

In this chapter, we define a new class of subsets of a Hilbert space, called
the quasi-convex sets to which properties (i) (uniqueness), (iii) (stability)
and (iv) (existence as soon as the set is closed) of Proposition 4.1.1 can be
generalized, provided they are required to hold only on some neighborhood.
Technically, the whole chapter will consist in adapting the classical proofs for
convex sets to the case where the segments are replaced by paths with finite
curvature.

We postpone to Chap. 7 the generalization of property (ii) on the absence
of parasitic stationary points.

There exists already many results concerning the projection on nonconvex
sets. For example, given n > 0, a point X is called an n-projection of some
point z € F on D if it satisfies

XeD, | X—z|<dzD)+n. (6.1)
So if one defines the so-called Edelstein set of D by

E(D) = {z € F|Ve>0, In>0 such that (6.2)

Xo, X7 = n — projections of z = || Xy — Xi|| < 5},

then clearly any z € £(D) has the property that any sequence that minimizes
the distance to z over D is a Cauchy sequence. This implies that, when D is
closed, all points of the Edelstein set £(D) have a unique projection on D.
The interesting result is (cf, e.g., Aubin 1979) that this set fills out almost
G. Chavent, Nonlinear Least Squares for Inverse Problems: Theoretical Foundations 275
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completely F, in the sense that it is a dense countable intersection of open
sets. This result alone does not allow to generalize Proposition 4.1.1 as desired
for at least two reasons: the Edelstein result does not guarantee that the “bad
points,” which have no or more than one projection, will stay outside the
neighborhood of D: the set £(D) will, in general, contain no neighborhood
of D.

The second reason is that there is no guarantee, for a point z € £(D),
that the distance to z has no parasitic stationary points, which is one of the
properties of convex sets we want to generalize.

So our generalizations of convex sets, the quasi-convex sets of this chapter
and the strictly quasi-convex sets of Chap. 7, will be chosen in such a way that
their Edelstein set £(D) contains a neighborhood ¥ of D. This will ensure
an easy generalization of the properties (i) and (iv) of Proposition 4.1.1
(uniqueness and existence of the projection). Then (ii) and (iii) (stationary
points and stability) will be generalized by other arguments.

In the applications to inverse problems we have in mind, D is the attain-
able set
D =A{p(z)|lz € C}, (6.3)

image of the usually closed and convex admissible parameter set C' by the
nonlinear mapping ¢ to be inverted. So it will be easy, in the applications,
to draw curves on D using the above parametric representation of D, for
example, the images by ¢ of the segments of C'. We shall call such a curve
a “path,” which, under certain conditions to be made precise at the end of
Chap. 8, will have a finite curvature.

We take advantage of this at the abstract level, and suppose throughout
the present chapter and the next one that the set D of F' is equipped with
a family P of finite curvature paths connecting any two points of D. These
paths will play the role of the segments for D in our proofs when D happens
to be convex. The family of paths P associated with the set D C F will be
defined in an axiomatic way, without reference to C' and ¢. So the results on
quasi-convex and strictly quasi-convex sets can be used for other applications
than for the analysis of nonlinear least squares problems.

The organization of the chapter is as follows:

e In Sect. 6.1, we define precisely the axioms that a family P of paths
equipping D has to satisfy, as well as the geometric attributes that are
naturally associated with a path of P (arc length, curvature, etc...).
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e In Sect. 6.2, we define the property, for a set D equipped with a family of
paths P — in short a set (D, P) — to be quasi-convex. Then we re-do, for
such a set, all classical proofs for the projection of a point on a convex
set, with the necessary adaptations. This leads to the conclusion that
the properties (i), (iii) and (iv) of Proposition 4.1.1 can be generalized
to neighborhoods of quasi-convex sets. However, parasitic stationary
points may still exist, and (ii) does not generalize to quasi-convex sets.

6.1 Equipping the Set D with Paths

The first step of our construction consists in choosing, in the possibly noncon-
vex set D, a family P of paths p, which will play for D the role the segments
play for a convex set.

In a convex set, the segments are “pieces of straight line,” and so have a
zero curvature. We shall relax this property by requiring only that a path p
of D is a “piece of a curve with finite curvature”:

13

Definition 6.1.1 Given { > 0, a curve p : [0,¢] — F is a path of D if and
only if

p e W>([0,4]; F) (6.4)
p(v) e D Yvel0,/ (6.5)
Ip'(V)||F =1 for a.e. v € [0, /] (6.6)

In (6.4), W2°°([0, £]; F) is the space of function from [0, ¢] into F’, whose two
first distributional derivatives happen to be L*([0, ¢]; F') functions.
Condition (6.5) ensures that the path p stays in the set D. Then by definition
of the arc length along p, one has

arc length from p(0) to p(v / ' (V) || dv, (6.7)

which in the view of (6.6) can be rewritten simply as
arc length from p(0) to p(v) = v. (6.8)

Conversely, if v is defined as the arc length along p, then necessarily (6.6) will
hold (the proof will be given in Proposition 8.2.1 below). So the hypothesis
6.6 simply means that we have chosen to parameterize our paths p by their
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arc length v, which brings considerable simplification in the evaluation of the
geometric quantities associated with the path p:

Definition 6.1.2 Let a path p be given as in Definition 6.1.1. Thenv € [0, (|
18 the arc length along p, and
the (arc) length of p is L(p) < ¢, (6.9

the velocity v(v) o p'(v) is the unit tangent vector to p at p(v), (6.10

)

6.10)

the acceleration a(v) o p"(v) is the main normal to p at p(v),  (6.11)
)

the radius of curvature of p at v is p(v) o la(v)]|, (6.12
where p(v) can possibly be infinite.

So we see that, with the above choice of parametrization, the condition
.4) on p can be rewritten as
6.4 b itt

1/p e L>([0,4)),

which is equivalent to say that p is a path with finite curvature.

Now that we have relaxed the “zero-curvature condition” for the paths
of D, we want to equip D with a collection of paths, which retains the other
properties of the segments of a convex set, namely the following:

e There is always one segment connecting any two distinct points of a
convex
e any subsegment of a segment is a segment

So we are led to the following axiomatic definition of a family of paths for D:

Definition 6.1.3 (Family of paths). A set of curves P is a family of paths
on D if and only if

P is made of paths on D : (6.13)
all curves p of P satisfy Definition 6.1.1;
P is complete on D : (6.14)

VX,Y €D, X+4Y,
dp € P such that p(0) = X and p(L(p)) =Y;

P s stable with respect to restriction : (6.15)
Vp e P, VW V" €[0,L(p)|, vV <", the path
p:ve|0,v — V] — p( +v) belongs to P.
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From now on, we shall always consider that the set D C F'is equipped with a
family of paths P, which we shall write as (D, P). The notions of quasi-convex
and strictly quasi-convex sets will be developed for such couples (D, P), and
hence depend on the choice made for the family of paths P, which equips D.
We discuss now possible choices for the family of paths P:

e When D is convex, one can always take P = {segments of D}, and
for this choice, all the results on quasi-convex sets (this chapter) and
strictly quasi-convex sets (next chapter) will reduce to their classical
convex counterparts.

e When D is nonconvex, a first natural idea, which is the direct gener-
alization of one possible definition of the segments in a convex, is to
define P as the collection of all minimum-length paths connecting any
two points of D. The difficulty with this choice will be to check that
the regularity properties of Definition 6.1.1 (in particular finite curva-
ture!) are satisfied by the minimum length paths. This choice, when
it is possible, is undoubtedly the most intrinsic one; the radii of cur-
vature of the paths give in that case a direct information on those of
the “manifold ” D (we use quotes because we shall carefully avoid any
rigorous developments involving D as a differential manifold), and so
one can expect that the sizexcurvature conditions to be derived later
in Chap.8 will then give the most precise characterization of strict
quasi-convexity. However, the choice of the geodesics for P is not nec-
essarily the best, even when D is convex (e.g., in the case where one
searches for the best Lipschitz constant for the projection on a con-
vex set, and where one wants to take into account the curvature of
the boundary of D). The use of a geodesic or adapted collection of
paths P is a completely open problem, which we do not consider in
this book.

e In applications to nonlinear inverse problems, we will take advantage
of D being the attainable set ¢(C') of the mapping ¢ to be inverted
on C (see (6.3)), and choose for P the image by ¢ of all segments
of C"

P ={e(z,y]),xz,y € C}. (6.16)
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It will also be sometimes convenient to suppose the existence in P of a
generating family of paths Pg, which mimics the family of segments connect-
ing two points of the boundary of a convex set:

Definition 6.1.4 (Generating family of paths). A subset Pg of P is said to
be a generating family of paths for P if and only if

P = Upep P[P is a subpath of p}. (6.17)

In the applications to nonlinear inverse problems (Chaps. 4 and 5, where
D is defined by (6.3) and P by (6.16)), a generating family of path is given by

Pe = {¢([z,y]), z,y € OC}. (6.18)

We conclude this section by indicating how the choice of a collection of
paths P on D leads naturally to the definition of an “arc length distance”
on D:

Definition 6.1.5 Let (D, P) be given. Then for any X,Y € D, we call arc
length distance in D of X and Y the quantity

S(X,Y)= s Lip), (6.19)
peP
p: X —=Y

with the convention that
I(X,Y) =0 if there is no path from X toY (6.20)
Because of (6.14), (6.20) can arise only at points X, Y such that Y = X. But

there may exists points X and paths p with nonzero length going from X to
X, so that one would have at such points

5(X, X) > 0. (6.21)

Such paths will not occur if (D, P) is quasi-convex (Proposition 6.2.5 below),
and a-fortiori if it is in the smaller class of strictly quasi-convex (s.q.c.) sets
of Chap. 7. Notice that one always has

IX — Y| <6(X,Y), VX,Y €D (6.22)

and that 0 does not necessarily satisfy the axiom of a distance! The reason
for the sup in Definition 6.1.5 is that it will enable us to write in a simple
way (see Proposition 6.2.11) the stability results for the projection on quasi-
convex sets and s.q.c. sets, where the distance between the two projections
will be measured by the length L(p) of any path p of P connecting the two
projections.
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6.2 Definition and Main Properties
of q.c. Sets

The word “quasi-convex” has been used with various meaning, especially
when applied to functions. We use it here to qualify sets that share some of
the properties of convex sets.

So let us now consider a set D of I’ equipped with a collection P of paths
according to Definition 6.1.3.

Given a point z € F, and a path p € P, we study the properties of the
“distance to z along p” defined by

d:p(v) = llz=pW)ll,, Vv el0,L(p)] (6.23)

(when D is convex and p is a segment, dip is a strictly convex function).
To that purpose, we introduce a quantity k(z,p;v) € IR, which will in-
dicate where the projection H of z on the main normal to p at M = p(v)

is located with respect to the center of curvature C' of p (see Fig.6.1). If we

define
MH

~ MC’
where M H and MC' denote the algebraic measures on the oriented normal,
the condition

k(z,p;v)

k(z,p;v) <1 (6.24)
corresponds to the “good” situation where the point H is as follows:

e Either on the “convex side” of p (k(z,p;v) <0)

e Or on the “concave side” of p, but at a distance smaller than the radius
of curvature (0 < k(z,p;v) < 1).

So one can expect that the situation deteriorates when k approaches 1, as
this corresponds to H approaching C, and quasi-convex sets will be obtained
by requiring that k stays uniformly away from 1. We give first a simple
expression for k(z, p;v) in terms of z and p. With the notation of Fig. 6.1,

p(v) = MC = radius of curvature of p at M,
v = angle between z — p(v) and MC,



282 CHAPTER 6. QUASI-CONVEX SETS

_ — main normal to p

Figure 6.1: Notations for formula (6.25)

k(z,p;v) can be rewritten as

k(z,p;v) = cos 7y, (6.25)

that is, using the fact that a(r) = p”(v) is a normal vector with length 1/p(v)
and pointing to the center of curvature C' (see Definition 6.1.3):

k(z,p; V) = <Z—p(l/),a(V)>. (626)
First derivation of dip with respect to v gives
d o
dy (dz,p>(y> - = 2<Z - p(y),v(y»,
and second derivation gives, as ||[v(v)|| = 1,
a2,
e (B = 2(1=k(zpi)). (6.27)

Then, given z and p, we shall consider the worst case when v varies in
[0, L(P)], which in view of (6.24) is obtained by setting

k(z,p) = sup k(z,p;v). (6.28)

VE[O,L(p)}

Finally, given z and n > 0, we will consider the worst case for all paths p € P,
which connect two n-projections of z on D, that is, which are in the subset

P(z,n) ={p e Pl lp(j) —zllr <d(z, D) +n, j =0,L(p)} (6.29)



6.2. DEFINITION AND MAIN PROPERTIES 283

of P. This leads to define

k(z,m) = sup k(z,p). (6.30)

pEP(2,m)

The function n — k(z,n) is nondecreasing, and so it has a right limit at
n = 0, which we shall denote by k(z,0):

k(z,0) = lim k(z,7n). (6.31)

n—04

By construction, k(z,0) satisfies

k(z,0) < k(z,m), Vn>D0. (6.32)

Definition 6.2.1 (Quasi-convex set). Let D C F be equipped with a fam-
ily of path P. The set (D,P) is quasi-convex if and only if there exists
a neighborhood ¥ of D in F and a lower semi-continuous (l.s.c.) function
Nmax : U —]0, +00], such that

Vz € ¥, Vn, such that 0 < 7 < Npax(z), one has
(6.33)
k(z,m) <1
or equivalently
Vz € ¥, Vn, such that 0 < 7 < Nmax(2), one has (6.34)
d? , is uniformly o — convex over P(z,7). '

We shall call ¥ a regular (q.c.) neighborhood of (D, P).

The equivalence between the conditions (6.33) and (6.34) results from

ddyg (2,)(v) = 2(1 ~ k(2 p; y)), (6.35)
> 2(1—Ek(z,p)), (6.36)
> 2(1—Fk(z,n)), Vp € P(z,n). (6.37)

We shall see soon that, as its name suggests, the neighborhood 1 is the
one on which the “projection on D” is well-behaved. But before getting into
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this, we check first that Definition 6.2.1 ensures the existence of a largest
open regular neighborhood -

Proposition 6.2.2 Let (D,P) be quasi-convex. Then there erists a largest
open regular neighborhood ¥ of D, and a largest l.s.c. function nyay @ ¥ —
10, +00] satisfying the definition 6.2.1 of quasi-convez sets.

Proof. Let us denote by U;, Mmaxi,? € I all open neighborhoods and l.s.c.
functions satisfying Definition 6.2.1. Then

U = User?; (6.38)

is an open neighborhood of D. If we denote by 7jmax; the extension of 7y ax i
to ¥ by zero outside ¥;, then 7yax; is 1.5.c. as Nmax; is Ls.c. on ¥; and ¥J; is
open. Define then

Vz € 0 1 Nmax(2) = SUP Naxi(2), (6.39)

el

which is Ls.c. as a supremum of a family of L.s.c. functions. Hence 9, nya will
satisfy the definition of quasi-convexity as soon as they satisfy (6.33), which
we prove now. Let z € ¢ and 0 < 1 < Nyax(z) be given, and set

@ = (Nmax(2) —1)/2 > 0.
From the Definition (6.39) of 7max(2), there exists iy € I such that

ﬁmax,i()(/z) 2 nmax(z) —a > 77 > O

This proves, as Tmax.i,(2) > 0, that z € ¥;,. But 9J;, and nmax i, satistfy (6.33)
by hypothesis, so that
k(z,m) <1,

which proves that ¥ and 7., satisfy also (6.33).
We give now two very simple examples:

Example 6.2.3 If D is convexr and P made of the family of all segments of
D, then (D, P) is quasi-convez, with

V=F
Mmax(2) = +00  Vz € F.
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Example 6.2.4 Let D be an “arc of circle” of F' of radius R and arc length
L (Fig.6.2), equipped with the sole family of path P available, made of all
sub-arcs of circles included in D.

Then D 1is quasi-convex as soon as

L < 27mR,

and the largest associated q.c. reqular neighborhood ¥ is shown in Fig. 6.2,
together with a graphical illustration of the way Nmax(z) is determined.

o L <mR

Y = complementary
of gray area

Nimaz(2) as shown

e TR< L <21R D

¥ = complementary

of thick half-line
Mhnax(2) = Min{n, n2}

>

Figure 6.2: Quasi-convex arcs of circle
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We investigate now the properties of quasi-convex sets. We begin with the

Proposition 6.2.5 Let (D, P) be quasi-conver, and U, Nmax be associated
reqular neighborhood and function. Then the paths p satisfy

v — p(v) is injective  Vp € P,

or equivalently, in term of arc length distance

5(X,X)=0 VX eD.

Proof. If v — p(v) were not injective, there would exist v/, " € [0, L(p)], V' <
V", such that p(v') = p(v"). Let us call this point of D as X

X =pw)=p()eD VvV <
and p the path
p:ve0, v —vV]~pl +v),

which is in P because of property (6.15) of the collection of paths P. The
path p has both ends at X, and so p € P(X;n) for any 0 < 1 < Nax(X).
This implies, using the Definition 6.2.1 of quasi-convex sets, that the function
d(v)? = ||p(v) — X ||? is strictly convex, which is contradictory to the fact that
d(v) > 0 and d(0) = d(v" — /) = 0. This ends the proof of the injectivity
of v — p(v), which in view of the Definition 6.1.5 of the arc length distance
d(X,Y) is clearly equivalent to 6(X, X) = 0.

We give now a lemma that generalizes the median lemma to triangles
with one curvilinear side:

Lemma 6.2.6 (median lemma). Let D be equipped with a collection of paths
P, and let z € F and p € P be given. Then

L(p)? 1 1
di + (1= k) (4) < 2d§ + Qdf, (6.40)
where (see Fig. 0.3)

&= |l = pL)lr V€ [0,1], (6.41)
k = k(z,p) defined by (6.28) (6.42)
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z

Figure 6.3: Notations for the median lemma

Proof. Define, for any v € [0, L(p)],
fw) =z =pW)|F = (du/rm)?,

which satisfies
f'(v) = 2(1 = k(z,p)).
This proves that the function v — g(v) o fw)+v(L(p) —v)(1 —k(2,p))
is convex over [0, L(p)]. This implies that

o("7)) < o)+ oz,

which is (6.40).

Of course, under the sole hypothesis that z € F' and p € P, it can very
well happen that £ > 1, in which case the formula (6.40) is not very useful!
So we shall use the median lemma in situations where one can ensure that
k < 1, as, for example, in the

Corollary 6.2.7 Let (D, P) be quasi-convez, ¥, Nmax be an associated reqular
neighborhood and function. Then for any z € ¥ and any € > 0, there exists
n =n(z,¢) €]0, Nmax(2)[ such that, for any n-projections X, and Xy of z on
D, one has

HXO_X1HF S (5(X0,X1) SET. (643)
This implies in particular that ¥ is included in the Edelstein set £(D) of D.
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Proof. Let z € ¥ and € > 0 be given. For n €]0, Nmax(2)], let Xy and X; be
two n-projections of z on D. Then

either Xy = X, in which case one has using Proposition 6.2.5

| Xo — Xi||F = 0(Xo, X1) =0 < e for any n €]0, max(2)[.  (6.44)

or Xy # X;, in which case there exists necessarily a path p € P connecting
X to X7. As X and X; are n-projections of z, the path p is in P(z, ),
so that k(z,p) < k(z,n), with k(z,7n) < 1 because of the quasi-convexity
of (D,P). Application of the median lemma 1 to z and p shows that
(6.40) holds with

d1/2 > d(Z, D)v

1>k =k(zn) > k(z,p),
do - ||X0_Z||F §d<Z7D)+n7
dl - ||X1_Z||F Sd(Z7D)+77;

which gives

d(z,D)* + (1 — k(z,n))L(f) < (d(z,D) +n)* = d(z, D)* + 2nd(z, D) + n?,
that is,
5 2d(z, D) +n
Lp)"<4n |~ k(zm) (6.45)

When n — 0+, k(z,m) — k(2,0) < 1 and the right-hand side of (6.45)

goes to zero.

Hence there exists 7(z, €) €]0, max(2)[ such that
L(p) < e assoon asn =n(z,¢),
which implies
| Xo — Xi||lr < L(p) < € as soon asn = n(z,¢).

Taking the supremum for all paths p, connecting X, to X; gives

|1 Xo — Xi||lFr < 0(Xo, X1) < € assoonn=rn(zc¢). (6.46)
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Comparing (6.44) and (6.46) shows that (6.43) holds in all cases as soon as
n is taken equal to the 7(z,¢) determined in the Xy # X; case, which ends
the proof of the Corollary 6.2.7.

Notice that in Corollary 6.2.7, the estimation (6.43) on the proximity
of two n-projections Xy and X; of z is obtained not only for || Xy — Xi||r
(which corresponds exactly to saying that ¥ C £(D)), but also for the arc
length distance (X, X;): this stronger result will be very important in the
applications we have in mind to nonlinear least-squares inversion where D =
©(C), as in this case §(X,Y’) can be made equivalent in a natural way to the
distance in the parameter set C, whereas || X — Y| cannot.

We prove now that some of the properties of the projection on convex
sets recalled in Proposition 4.1.1 generalize to quasi-convexr sets. We begin
with the

Proposition 6.2.8 Let (D,P) be quasi-convex, and 0, Nmax be a pair of as-
sociated regular neighborhood and function. Then properties (i) and (iv) of
Proposition 4.1.1 generalize as follows:

(i) Uniqueness: for any z € 9, there exists at most one projection X of z
on D

(ii) Existence: if z € 9, any minimizing sequence X,, € D of the “distance
to z” function over D is a Cauchy sequence in for both || X —Y||r and
I(X,Y). Hence X,, converges in F' to the (unique) projection X of 2
on the closure D of D.

If D is closed, then X e D, and 5(Xn,)A() — 0 when n — 0.

Proof. We prove first (i). Let z € 9 be such that it admits two projections )/(\'0
and X; on D. As X and X; are n-projections of z for any 1 €]0, Nuax(2)][,
we see from Corollary 6.2.7 that

H)A(o _)A(l“F < 5()?0,)?1) <e foranye >0,

which proves that )?0 = X,. Hence z has at most one projection on D.

We prove now (ii). Let z € ¥ and € > 0 be given, and let n(z, ) be the
associated value of 7 defined in Corollary 6.2.7. Let {X,, € D,n € IN} be a
minimizing sequence of the “distance to z function” over D, which satisfies
by definition

X, = 2l = d(, D) = inf X ~ | (6.47)
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Then there exists N(z,e) € IN such that
Vn > N(z,¢), | Xy — 2|l < d(z,D) +n(z¢), (6.48)

which proves that all X,,,n > N(z,¢) are (z, €)-projections of z on D. Then
Corollary 6.2.7 implies that

Vp,q > N(ng)v ||Xp - XqHF < 5(Xanq) <e¢,

which shows that {X,} is a Cauchy sequence for || X — Y||r and 6(X,Y).
As F'is complete (Hilbert space), the Cauchy sequence {X,,} has a limit

X € D, and using (6.47),
IX — 2|l = d(z,D) = inf | X —z||r,
XeD

which shows that X is the (necessarily unique as we have seen earlier) pro-
jection of z on D. R

When ¢(C) is closed, it remains to prove that X,, converges to X also in the
stronger arc length distance 6(X,Y).

This results once again from the Corollary 6.2.7:

X is an n-projection for any 1 €]0, Nmax(2)[, and X, is an 7(z, €)-projection
for all n > N(z,¢), as we have seen in (6.48), so one has

V> Nze) (X Xllr <6(X, X) <e,
which proves that §(X,,, X) — 0.

Notice that, if we choose for (D, P) a convex set D equipped with the
family P of its segments, then ¥ = F and || X — Y||r = 6(X,Y), and the
Proposition 6.2.8 reduces exactly to the corresponding results of Proposi-
tion 4.1.1!

We turn now to the generalization of the stability property (iii) of Propo-
sition 4.1.1 to quasi-convex sets. We begin with two lemma:

Lemma 6.2.9 (obtuse angle lemma). Let D be equipped with a collection of
paths P, and let z € F' and p € P be given.

If

t—d |z = p(tL(p))|lr has a local minimum att = 0,

then
d + (1= k(z,p))L(p)* < di, (6.49)

(where k(z,p) is not necessarily smaller than one).
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Proof. Define, as in the proof of Lemma 6.2.6, for any v € [0, L(p)]:
fW) =z =pW)llF = (dur)
Then f(v) has also a local minimum at v = 0, so that
f(0) > 0.
Derivating twice f(v) gives, as in (6.36),
f'(v) =z 2(1 = k(z,p)) Vv € [0, L(p)].
Hence, the Taylor expansion

{ F(L(p)) = f(0) + f'(0).L(p) + 5./" (v0). L(p)?,
where vy € [0, L(p)]

becomes
F(L(p) = f(0) + (1 — k(z,p)) L(p)*,
which is (6.49).

We have illustrated in Fig. 6.4 the geometric interpretation of this lemma:
formula (6.49) is the analogous for the curvilinear triangle (z, p(0), p(L(p))) of
the property that, in a triangle, the sum of squared length of edges adjacent
to an obtuse angle is smaller than the squared length of the opposite edge.

Of course, this analogy holds only in situations where z and p are such that
k(z,p) < 1!

Lemma 6.2.10 (Continuity lemma). Let D be equipped with a collection of
paths P, and let zy, z1, € F' be two points of F admitting projections Xy # X1
on D.

Then, for any path p € P from Xy to X1, one has

(1 =Fk)L(p) < |20 — 21l F, (6.50)

where
k:(ZOap) + k(zhp)

k= 5

(6.51)

Proof. Let zg, 21, Xo, X1, and p be given as in the lemma. We define a function
(see Fig.6.5)

t€[0,1) ~ dp = ||(1 —t)z0 + tz1 — p(th)| p.
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p(L(p))

z

Figure 6.4: Illustration of the obtuse angle lemma

Figure 6.5: Notations for the continuity lemma

where we have used the notation

¢ = L(p)

for the length of the path p.
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The second derivative of d? with respect to ¢ is then (with the usual
notation v = p’ and a = p”)

(df)" =221 — 20 — Lo(tO)||% — 2((1 — )29 + tz1 — p(tl), (Pa(tl))p,

which can be rewritten as

(df)" = 2[lz1r — 20l — 4€(21 — 20, v(t€)) r + 26 [0(£0)][7
—2(1 = £)%(z0 — p(tL), a(tl))
—2t0%(z; — p(tl), a(tl)) p.

Using the Cauchy—Schwarz inequality, the fact that [[v(tf)||r = 1, and the
inequality

(zj — p(t0),a(tl))r = k(z;,p; tl) < k(zj,p) j=0,1,

one can minorate (d?)” as follows:

- o 2
(d?)” > 262{1 . 2||ZO EZIHF + ||ZO EQZIHF . (1 B t)k?o _ tkl},

where
kj:]{?(Zj,p>, jZO,]_

This implies the convexity of the function

HZO—‘Zﬂh{+Hzo—*%H%}

2 1
. d$+t(1—t)e2{1—3(ko+k1)+ S (A=t)k+the) =217 »

over the [0, 1] interval. Hence

& H%—%M+H%—%%
4 14 2

We now use the hypothesis that X is a projection of z5 on D. This implies
that the “distance to zy” function has a local minimum on p at v = 0.
Hence the curvilinear triangle (zg, Xo,p(¢/2)) has an “obtuse angle” at X.
Application of the Lemma 6.2.9 gives then, with the notation of Fig. 6.5,

1 1, 1
2 N N 2 2
di+ {1 2(k0 + k1) — 2 } < 2d0+2d1. (6.52)

62
d3+(1—ko)4 <dp.
In a similar way, the fact that X is a projection of z; on D implies that

2 62 12
di+(1—k), <df.
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Combining the two gives

EQ

1 1 1 1 1
St < g R = {1 o+ k)

which, combined with (6.52), shows that
£2
2

But F' is a Hilbert space, and from the median theorem in the triangle
(z0,p(€/2), z1), we see that the right-hand side of (6.53) is equal to zero.
Dividing then (6.53) by ¢/2, we obtain

1 14 1 1 1
{1—2(k0+k’1>}—2||20—21”}7‘ S 2d62+2d112—d2; —4||Zo—21H2 . (653)

1
{1 — o+ /ﬁ)}e <z — 2l r,

which is the announced result.
We can now prove the

Proposition 6.2.11 Let (D,P) be quasi-conver, and ¥, Nmax be a pair of
associated reqular neighborhood and function. Then property (iii) of Proposi-
tion 4.1.1 on the stability of the projection generalizes as follows:

If
20, 21, € ¥ admit projections Xq, X1 on D, (6.54)

and are close enough so that

dd > 0 such that
||ZO — 21 ||F + max;—o,1 d(Zj, D) (655)
< d < minj—o1{d(2;, D) + Nmax(;) },

then, for any d chosen as above, one has
1 X0 — Xal[r < 8(Xo, X1) < (1= k)20 — 21y (6.56)
where k < 1 is defined by
k= (k(z0,m0) + k(z1,m)) /2, (6.57)
with nj,7 = 0,1 defined by

0<n =d—d(z;,D) < Nmax(%;). (6.58)
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Proof. We check first that the hypothesis (6.55) is satisfied as soon as ||zo— 21 ||
is small enough: if zy € ¥ and z; — 2p, then

|20 — 21||F +jfg%§d(zj>D) — d(z0, D)

because of the continuity of the norm and the “distance to D” function, and

lim inf  min{d(zj, D) + Nmax(2;) } — d(z0, D) + Nmax(20) > d(20p)

e—0 |lzo—z1||<e j=0,1

because of the lower semi continuity of the function f : z ~ d(z, D) +Nmax(2),
which implies that z ~ min{f(z), f(z0)} is Ls.c. at z = 2. This ensures the
existence of a d satisfying (6.55).

We check now that the functions 79, 7; defined by (6.58) satisfy inequali-
ties announced there, namely

0 <1 < Nmax(%), j=0,1. (6.59)
As d satisfies (6.55), we see that
20 = z1l|F + d(z;, D) < d < d(zj, D) + max(2;)  Jj=0,1,

which proves (6.59) by subtracting d(z;, D) from all three terms and using
the definition
T]j:d—d(Zj,D), ]:O,l

of n;. Majoration (6.59) implies, by definition of quasi-convex sets, that
k(zj,m;) < 1 for j = 0,1, so that k defined by (6.57) satisfies also k < 1.
We check now that X is an 7;-projection of z; on D:

[Xo — z1llr < (| X0 — 20|l + |20 — 21l
= d(Zo, D) -+ ||Z() — ZIHF
<d=d(=,D)+m .

A similar proof shows that X is an ny-projection of 2y on D. Hence
Xo, X; are n; — projections of z; on D, j =0,1. (6.60)
We conclude with the proof of the stability result (6.56):

e If X, = X, then the Proposition 6.2.5 ensures that §(Xo, X;) = 0, so
that (6.56) holds trivially.
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o If Xy # X, then there exists at least one path p € P going from X to
X1, so that we can apply the continuity Lemma 6.2.10 to zg, 21, and p:

(1 —=Ek(p))L(p) < [l20 — 21| F, (6.61)

where

k(p) = (k(20,p) + k(21,p))/2.

But from (6.60) we see that p € P(z;,n;) for j = 0,1 so that, by definition
of k(zj,m;), one has
k(z5,p) < k(z,m5),
which proves that
k(p) <k <1,

with & defined by (6.57). Hence (6.61) can be rewritten

L(p) < (1 =k) "Mz — zlr
for any path p € P from X, to Xj,

which proves (6.56) by taking the supremum over all paths p from Xy to X;.
This ends the proof of Proposition 6.2.11.

Corollary 6.2.12 Let (D, P) be quasi-convex and ¥ be one associated regu-
lar neighborhood. Then

(i) The projection on D is (whenever it exists) locally uniformly Lipschitz
continuous on ¥

(ii) The injection of (D, || ||r) in (D,0d) is continuous, that is,

X, XeD

W&_XMHO}$&XWDHQ (6.62)

Proof. We prove first (i). Let zp € ¥ be given, and suppose that z; — z.
For z; close enough to zg, hypothesis (6.55) will hold, so that (6.56) will hold
(provided zy and z; admit projections of course), with the following upper
bound for k: b4 1

k< 02 <1,
which is independent from z; and hence proves the continuity of the
projection.
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Then, (ii) results immediately from the application of Proposition 6.2.11
to the case zp = X, 2 = X,,, in which case the projection of z; on D obviously
exists!

If we summarize now the situation, we see that quasi-convex sets pro-
vide a satisfactory generalization of the following properties of convex sets
listed in Proposition 4.1.1: uniqueness and existence (Proposition 6.2.8), and
stability (Proposition 6.2.11). However, the absence of parasitic stationary
points (property ii) of Proposition 4.1.1) is not guaranteed for quasi-convex
sets, as it appears clearly on Fig. 6.2: for the two quasi-convex arcs of circles
D, and for the chosen z € ¢, the “distance to z” function admits a global
minimum at one end of the arc, and one parasitic local minimum at the other
end. In both cases, one sees in Fig. 6.2 that the value of the parasitic local
minimum is larger than (top) or equal (bottom) to d(z, D) + fmax(2). This is
in fact general:

Proposition 6.2.13 Let (D, P) be quasi-convez, and ¥ be an associated reg-
ular neighborhood. Then if, for a given z € ¥, the function

d2(X) = ||lz = X]P*

admits two distinct stationary points over D, then necessarily one of them
gives to d. a value larger than or equal to d(z, D) + Nmax(2).

Proof. Let z € 9 be given such that the “distance to z” function admits two
distinct stationary points at X, X; € D, with values strictly smaller than
d(z, D) 4 Nmax(2):

HX] _ZHF < d(Z7D)+77maX(Z)7 ] :0,1 (663)

As Xy and X, are distinct, there exists p € P going from X to X7, because
of (6.63) is in P(z,n) for some 7 €]0, Nmax(2)[. Hence from Definition 6.2.1,
we see that v ~ d? (v) = |[p(v) — 2|7 is strictly convex. But, as X and X,
are stationary points of d? over D, necessarily the function dip, which is its
trace on p, has two distinct stationary points at v = 0 and v = L(p), which
is impossible for a strictly convex (Definition 6.2.1). Hence the assumption
(6.63) is false, and the proposition is proved.

So we introduce in Chap. 7 for a stronger notion, which will eliminate the
parasitic stationary points.






Chapter 7

Strictly Quasi-Convex Sets

The quasi-convex sets introduced in Chap. 6 do a good job in generalizing the
properties of convex sets with respect to uniqueness, stability, and existence of
the projection. But they miss their point on the subject of parasitic stationary
points. So we shall start in this chapter from a complementary point of
view, and introduce in Sect.7.1 another family of sets, called the strictly
quasi-convez sets (s.q.c. sets in short) which, almost by definition, will ensure
the absence of parasitic stationary points. Note that the name “s.q.c.” has
provisorily to be taken as a whole, as it will not be clear at all from the
definition that s.q.c. sets are quasi-convex!

In Sect. 7.2, we shall characterize s.q.c. sets (D,P) as those for which
Ra (D) > 0, where Rg is a new geometric attribute, called the global radius of
curvature. As a byproduct of this characterization, we shall prove that s.q.c.
sets necessarily satisfy R(D) > Rg(D) > 0, where R is the ordinary radius
of curvature, and that s.q.c. sets are quasi-convex in the sense of Chap.6.
The end of Sect. 7.2 will be devoted to summarizing the nice generalization
provided by s.q.c. sets concerning uniqueness, absence of parasitic stationary
points, stability, and existence of the projection. Finally, we shall discuss in
Sect. 7.3 the computation of the global radius of curvature R (D) of a set D
equipped with a family of paths P, both from an analytical and a numerical
point of view.

G. Chavent, Nonlinear Least Squares for Inverse Problems: Theoretical Foundations 299
and Step-by-Step Guide for Applications, Scientific Computation,
DOI 10.1007/978-90-481-2785-6 7, (© Springer Science+Business Media B.V. 2009
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7.1 Definition and Main Properties
of s.q.c. Sets

Let D C F be given, and equipped with a family of paths P in the sense of
the Definition 6.1.3. For any z € F and p € P, we denote as usual by

d.p(v) = llz =pW)lr (7.1)

the “distance to z along p” function.

When D is convex and P is made of the segments of D, d?,p is a quadratic
and strictly convex function, which is hence 2-convex and has a unique sta-
tionary point.

According to the Definition 6.2.1, (D, P) is quasi-convex as soon as dz ,
retains from the convex case the property that it is uniformly a-convex over
P(z,m) as soon as z € ¥ and 0 < 1 < Npax(2).

This property is very local, as paths p of P(z,n) connect two n-projections
of z, which become close when n — 0 (cf Corollary 6.2.7).

So we shall require, to define strictly quasi-convex sets, that (D, P) in-
herits from the convex case a different, more global property, namely that
dip has a unique stationary point as soon as z € ¥ and p connects any two
points of D through an n-projection of z, 0 < 1 < Npax(2).

It will be convenient to give a name to functions with a unique stationary
point:

Definition 7.1.1 A function f € CY([0, L)) is called strictly quasi-convex
(s.q.c. in short) if and only if the inequation

WA > 0 YAeR, v+Ae|0,L] (7.2)
has a unique solution v in [0, L.
A function f € C°([0, L]) is usually said to be quasi-convex when it satisfies

{ vyo, V] € [O,L], Vg < vy, (7 3)

Vv €y, m: f(v) < Max{ f(w), f(1)}

A quasi-convex function has one or more global minima, and no parasitic sta-
tionary points. But it can have parasitic stationary points (in the zones where
f is constant), as well as inflexion points. Sometimes, the name “strictly
quasi-convex” is used for functions f € C°([0, L]), which satisfy (7.3) with
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a strict inequality. Such functions eliminate parasitic local minima (strict
or not), but not, when f € C([0, L]), parasitic stationary points where f’
vanish.

Elimination of all parasitic stationary point — and hence of all parasitic
local minima — is essential for our purpose, as it guaranties that local opti-
mization algorithms used to compute the projection on D will not stop at
such a stationary point. So we shall always use s.q.c. function in the sense of
Definition 7.1.1.

We define now our new family of sets:

Definition 7.1.2 (Strictly quasi-convez sets). A set (D, P) is strictly quasi-
convex (s.q.c. in short) if and only if there exists a neighborhood ¥ of D and
a function Nmax : 0 —1]0, +00| such that

Vz e, ¥n, 0 <n < Nmax(z) one has (7.4)
d(z,p) < d(z,D) +n = d?, is s.q.c. along p, '
and (Mmax 18 continued by zero outside of ¥):
lim inf { D) + Tma } . .
i nf d(z, D) + Nmax(z) ¢ > 0 (7.5)

The neighborhood ¥ is called an (s.q.c.) regular neighborhood of D.

Condition (7.4) of course is meant to handle the problem of parasitic
stationary points, but condition (7.5) is difficult to interpret directly. As we
shall see in the proof of Theorem 7.2.5, it will have the effect to ensure that
the regular neighborhood 1 associated to s.q.c. sets contains necessarily an
enlargement neighborhood of D, which is a desirable property (see (4.4) in
Chap.4). Notice that (7.5) is automatically satisfied as soon as F' is a finite
dimensional, D bounded, and 7., an lLs.c. function.

We check first that, as for quasi-convex sets, there exists a largest neigh-
borhood ¥ and function 7,ay:

Proposition 7.1.3 Let (D,P) be a s.q.c. set. Then there exists a largest
regular open neighborhood ¢ of D, and a largest function 7.y : ¥ —1]0, +00]
satisfying the Definition 7.1.2 of s.q.c. sels.

Proof. Let 9;, Nmaxi,% € I denote the collection of all open neighborhoods
and functions satisfying Definition 7.1.2, and let ¢ and 7. be defined by
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(6.38) and (6.39). Then 7.y satisfies obviously (7.5). We check now that ¢
and 7 satisfy (7.4); let us choose z € ¥ and p € P such that

d(z,p) < d(2, D) + Nmax(2)-

From the formula (6.39) defining ny,.x, we see that there exists 1 € I such
that

d(z,p) < d(z,D) 4+ 1y (2). (7.6)

As d(z,p) > d(z,D), (7.6) implies that 7, :(2) > 0, which shows that
necessarily z € ;. Then the strict quasi-convexity of dip over p results from
the fact that (7.4) holds, by hypothesis, for all ¥ = ¥; and imax = Mmaxi, @ € 1,
and hence in particular for .

The definition chosen for s.q.c. sets makes it very easy to handle the
problem of parasitic stationary points:

Proposition 7.1.4 Let (D,P) be s.q.c., and ¥ be an associated regular
neighborhood. Then property (ii) of Proposition 4.1.1 on stationary points
generalizes as follows:

If = € ¥ admits a projection X on D, the “distance to z” function has
no parasitic stationary point on D (its unique stationary point is X) In
particular, X s necessarily unique.

Proof. Let z € 9 be given such that it admits a projection X on D, and sup-
pose that the “distance to z” function possesses, beside the global minimum
on D at X, a stationary point on D at a point Y # X. Let p € P be a path
connecting X to Y. As X € p and X is the projection of z onto D, one has

d(z,p) < ||z — X|| =d(z,D) < d(z, D) + Nmax(2).

Using the Definition 7.1.2 of s.q.c. sets, this implies that the “distance to 2”
function d?,p is s.q.c. along the path p, which contradicts the fact that this
function has a global minimum at ¥ = 0 (because X is a global minimum on
D) and a stationary point at v = L(p) (because of the hypothesis we have
made that Y is a stationary point of d? on D).

Of course, convex sets, which were already quasi-convex sets as we have
seen in Chap. 6 earlier, are also s.q.c. sets with a regular neighborhood ¢ = F'
and a function 7p.x(2) = +00. Arcs of circle of radius R and length L,
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L <7mR

¥ = complementary
of gray area

Nmaz(2) as shown

Figure 7.1: s.q.c. arc of circle

however, are s.q.c. only if L < 7R, with a largest regular neighborhood 1
shown in Fig.7.1. Comparison with Fig.6.2 shows the diminution in size of
the neighborhood ¥ associated to the same arc of circle of length L < 7R
when it is considered as s.q.c. instead of quasi-convex.

As we see in Fig. 7.1, the largest regular neighborhood ¢ associated to
the arc of circle D by the Definition 7.1.2 of s.q.c. sets catches exactly all
points z of the plan admitting a unique projection on D with no parasitic
stationary points on D of the distance to z. So the notion of s.q.c. provides
a sharp description of the sets D to which the result of Proposition 4.1.1 can
be generalized, when D is an arc of circle. In fact, as we shall see in the next
section, this remains true for all D made of one path p.

The definition of s.q.c. set is quite technical. We have been able to use
it directly and to determine the associated largest regular neighborhood
in the above examples only because they were extremely simple (D was a
convex set or an arc of circle). Using the definition itself to recognize s.q.c.
sets in the applications to nonlinear least-squares problems (see Chap. 1)
seems quite impractical, if not unfeasible. So we develop in the next section
a characterization of s.q.c. sets, which will be more easy to use, and will
provide the size R of the largest open reqular enlargement neighborhood

v ={z¢€ Fld(z,D) < R}

associated to the s.q.c. set (the reason for calling Rq the size of the neigh-
borhood will become clear in the next section).

For the applications to nonlinear least-squares, the determination of such
a regular enlargement neighborhood is very important, as Rq gives an upper
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bound to the size of the noise level (measurement and model errors) on data
for which the least-squares problem remains Q-wellposed.

7.2 Characterization by the Global Radius
of Curvature

The idea in this section is to use the Definition 7.1.1 of s.q.c. function to
localize, for a given path p € P and a given v € [0, L(p)], the points z € F
such that dﬁjp has one stationary point at v. This leads to

Definition 7.2.1 (Affine normal cone)
Given a path p € P and v € [0, L(p)], we define the affine normal cone
N(v) by

N(v) = {z €F|(z—p),w)r < 0 VAER, v+Ae [O,L]},
where as usual v(v) = p'(v) is a unit tangent vector to p at p(v).

Hence z € N(v) means exactly that dz,p has a stationary point at v. So
by construction, when v # v/, the intersection N(v)NN(v') is made of points
z such that dip has two distinct stationary points at v and v/, so that dip is
not s.qg.c.

Figure 7.2 shows these affine normal cones N(v) and N (v') at two different
points v and ¢/ of a given path p of IR?, and their intersection (bold point,
bold line or darker grey area) in three different cases:

(a) The two points p(v) and p(/) are interior points of the path. Then the
intersection of N(v) and N(7/) is a point. If we call z this point, one
sees clearly that the dz,p function possesses, besides a global minimum
at v, a parasitic stationary point at /.

(b) One of the two points (here p(v)) is an endpoint of p. Then the intersec-
tion of N(v) and N(v') is a half-line. If we call z the projection of p(v)
on this half line, one sees once again that the dip possesses, as earlier,
a parasitic stationary point at v/’

(c) The two points are the endpoints of p. Then the intersection of N(v)
and N(v') is the bold dashed area. If we call z the projection of p(v)
on the intersection, once again dip has a parasitic stationary point at
the endpoint v/ = L.
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Figure 7.2: Intersection of affine normal cones at two points of a
given paths p

So we see that the distance of p(v) to N(v) N N(v/) plays a particular
role, and we give it a name:

Definition 7.2.2 (Global radius of curvature)
Let p € P be given. Then, for any v,V € [0, L(p)] with v # V', we define
the global radius of curvature of p at v seen from v' by
p(v,) = d(p(v), N(v) N N () € [0, +oc], (.7)

with the natural convention that pg(v,v') = +oo if N(v) and N(V') do not
intersect.

Consideration of the worst case for v € [0, L(p)] then for all p of P leads
to the
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Definition 7.2.3 (Global radius of curvature of a path and a set).
Let (D, P) be given. Then we define the global radius of curvature of a
path p € P by

Ra(p) = inf pa(v, V'), (7.8)

v €[0,L(p)] , vV

and that of the set (D, P) by

Re(D) Y inf Re(p). (7.9)

peEP

As we have seen in Fig. 7.2, the dz,p function has parasitic stationary
points as soon as d(z,p) is equal to the global radius of curvature at the
projection p(v) of z on p, seen from some other point p(v’) of p. It seems
reasonable to make the conjecture that d2 will have no parasitic stationary
points as soon as d(z,p) is strictly smaller than the infimum of all global
radii of curvature! This is confirmed by the

Proposition 7.2.4 Let (D,P) be given. Then

Rg(D) =inf {d(z,p) | z€ ', pe P and d2, not s.q.c.}, (7.10)
where dZ , is defined in (7.1).
Proof. We show first that Rg(D) < inf{...}.

So let h € {...} be given, and z € F and p € P be a couple of corresponding
point and path, which hence satisfy

2 .
d;, is not s.q.c.

Then Definition 7.1.1 of s.q.c. functions implies that d;p possesses at least,
beside a global minimum at some 14, a second stationary point at vy # 1.
Hence (7.2) with f replaced by dZ, holds at both vy and v4. This can be
rewritten, using the Definition 7.2.1 of affine normal cones, as

z € N(v) N N(1y),
which implies

d(p(ro), N(vo) NN (1)) < |lp(ro) — 2| p- (7.11)
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But the left-hand side of (7.11) is pg(vp, v1) from the Definition 7.2.2 of the
global radius of curvature, and the right-hand side is d(z, p) by definition of
vy. Hence (7.11) becomes

pG(V0> Vl) < d(Z,p), (712)
and, using the Definition 7.2.3 of Rg(D) and the properties of z, and p
RG(D) SpG(VO’Vl) Sd(zap)v (713)

which ends the first part of the proof.
We check now that Rg(D) > inf{...}. Let ¢ > 0 be given. From the
Definition (7.9) of R (D), we see that there exists p € P such that

Rg(p) < Rg<D)+E/2, (7.14)

and, from the definition (7.8) of Rg(p) , that there exists vy, vy € [0, L(p)],
vy # vy, such that
pc(vo, 1) < Rg(p) +¢€/2. (7.15)

Let z € F' be the projection on N (v, N N(v1)) of p(1g). By construction, d2 ,
has two distinct stationary points at 1y and v, and so cannot be s.q.c.! On
the other hand, the definition (7.7) of pg shows that

pa(vo, 1) = ||z = p(wo)llr = d(z, p). (7.16)
Combining (7.14), (7.15), and (7.16) gives
d(z,p) < Rg(D)+e. (7.17)

Hence given € > 0, we have been able to find a z € F' and p € P such that
(7.17) holds and dﬁ’p is not s.q.c., which proves that

inf{...} < Rg(D) +e.
This holds for any € > 0, which proves that inf{...} < Rg(D).
Proposition 7.2.4 gives immediately a characterization of s.q.c. sets:

Theorem 7.2.5 A set D C F equipped with a family of paths P is s.q.c. if

and only if
Rg(D) > 0. (718)
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The largest associated open regular enlargement neighborhood ¢ is given by
9 = {z € Fld(z, D) < RG(D)}, (7.19)
and the corresponding Nmax function by

Vz €9, Nmax(2) = Ra(D) —d(z,D) > 0. (7.20)

Proof. We prove first the sufficient condition. So let (7.18) hold, and define
Y and Npax by (7.19) and (7.20). Then for any z, n, and p satisfying the
hypothesis of (7.4), one has, by definition of 7.y,

h=d(z,p) < Rg(D),

which by Proposition 7.2.4 implies that dZ , is necessarily s.q.c. So (7.4) holds,
and (7.9) holds trivially as d(z, D) + fmax(2) = Rg(D) > 0. Hence (D, P) is
s.q.c.

We prove now the necessary condition. So let (D, P) be s.q.c., and suppose
that Rg(D) = 0. Using Proposition 7.2.4, we can find z, € F, p, € P for all
n = 1,2, ... such that

1
d(zn,pn) = 7.21
(Zns Pn) i (7.21)
2

d;, ,. ~nots.q.c. (7.22)

But (7.21) implies that d(z,, D) — 0, and, using (7.9), the existence of v > 0
such that
d(Zn, D) + nmax(zn) > vo> 0 Vn.

Hence, for n large enough, one has

2
d(zn, D) + Nwax(z) > (7.23)

This implies, as d(z,, D) < d(z,,p,) = 1/n, that

1

max n > .

Mmax(2n) >
So (7.23) can be rewritten as

1
d(znvpn) = n S d(Zn,D) +77n7
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1
where 1, = Nmax(2,) —  satisfies
n

0 < M < Nmax(2n)-

As (D, P) is s.q.c., the two last inequalities imply that dgmpn is s.q.c. for n
large enough, which contradicts (7.22); hence necessarily Rg(D) > 0, and
Proposition 7.2.4 implies that ¥ defined in (7.19) is the largest regular en-
largement neighborhood associated with the s.q.c. set (D, P).

Theorem 7.2.5 is illustrated graphically in Fig.7.3 in the case of a set D
made of one s.q.c. arc of circle p: one sees that the enlargement neighbor-
hood of size Rg(p) is the largest regular enlargement included in the largest
possible regular neighborhood, which is recalled from Fig.7.1.

0<0<7/2
Ra(p) =R

T/2<f<m

Re(p) = Rsind [

Figure 7.3: Largest regular enlargement s.q.c. neighborhood of size
Ra(p) (in gray) for paths p made of an arc of circle of radius R and
length L = R 6 (the overall largest s.q.c. neighborhoods correspond
to the complementary of the dashed areas)
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Now that we have defined, and characterized, s.q.c. sets that allow for
the generalization of property (ii) of 4.1.1 (no parasitic stationary points for
the projection), we would like to see whether properties (i), (iii), and (iv)
(uniqueness, stability, and existence) can also be generalized to s.q.c. sets.
According to the results of Chap. 6, this would be true if s.q.c. sets happened
to be quasi-convex sets; to prove that this is indeed the case, we need to study
further the analytical properties of the global radius of curvature pg(v, ')
and its relation with the usual, local radius of curvature p(v) = |la(v)]| ™"
defined in Chap. 6.

Proposition 7.2.6 Let a path p € P and v,V € [0, L(p)], v # V' be given,
and denote

X = »p), X =pi),
voo= o), vo= v(V),
N = segn(v —v)(X' — X,v), (7.24)
1/2
D = ( (v,0")? >
Then pg(v, V') is given by the following formula:
NUM
/
= 2
pc(v, V') DEN’ (7.25)
where: ] /
N| if ' is interior,
NUM = { NT if v/ isan end point, (7.26)
[ D if v isinterior or N(v,v") >0,
DEN = { 1 if v isan end point and N(v,v") <0, (7.27)

where NT = Max {N,0}, and “interior” and “end point” are relative to p.

The proof of this formula is elementary, with the basic ingredients being the
projection of a point on a hyperplane and the angle between two hyperplanes.
If the reader looks now at Fig. 7.2 and imagines what is going to happen when
V' — v, he will not be surprised by the

Proposition 7.2.7 Let a path p € P be given. Then

(i) Foranyv € [0, L(p)], there exists an open neighborhood I1(v) in [0, L(p)]
such that, for any v € I(v) one has, with the notation (7.24),

pc(v,v') = N/D, pc(V',v) = N'/D, (7.28)
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(i) For almost every v € [0, L(p)], we have

IOG(V7 V/) - p(y), p(;(V,, V) - p(y)’ (729)

I

when V' — v in I(v), where p(v) = |la(v) is the usual radius of

curvature of p at v.

Proof. Property (i) follows immediately from Proposition 7.2.6 if we prove
that N and (v,v’) are positive when v/ is close enough to v. But, with the
notation dv = v/ — v, one has

N =sgndv (p(v +pv) —p(v), o(v+dv)),
that is, using a Taylor formula
N = |dv] (v(v+6dv), v(v+dv))
for some 0 < 6 <1, and
w0,y = (u(v), v(v+dv).
As the velocity v is a continuous function over [0, L(p)], we see that

N /|ov] —1
when v — 0, (7.30)

(v, V) — 1
which ends the proof of (i).

We compute now the limit of pi when 1/ — v. Because of (i), this amounts
to searching for the limit of N/D. We have already found in (7.30) an equiva-
lent of N in term of dv = v/ — v, and we give now an equivalent of D in terms
of op = ||v/ —v||. The theorem of the median applied to v and v implies that

(v, 0"y = 1=06p* /2.

Hence
D = su(1—op* /)"

and, as o — 0 when dv — 0,

D/épp— 1 when dv — 0. (7.31)
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Using (7.30) and (7.31), we can replace the search for the limit of pg (v, v+dv)
by that of the limit of |dv| /éu when dv — 0. As our guess for this limit is

p(v) = |la(v)||z", let us choose one realization of a(v) in L <[O, L(p)] ; F) —

which will still be denoted by a(v) — so that a(v) is well-defined, and compare
op [ldv] to [la(v)]

op [v" = Lo
L o,
v | |4 /0 aly +r)dr|

The triangular inequality implies then

o~ o0e] < g, [Casonrav]ao

But the right-hand side of (7.32) tends to zero when dv — 0 each time
v is a Lebesgue point for the chosen realization of a (see, e.g., Theorem 8.8
of [Rudin 1987]). As almost every point of [0, L(p)] is a Lebesgue point, we
have proven the left part of (7.29). To prove the right part, we remark that

pa(v, V) —dB < pa(V,v) < palv,v') +dp,

where

(X' =X, o=  |dv] [(v(v+0dv,v —)|

<dp =
0<dp D D

for some 0 < 0 < 1. The Cauchy—Schwarz inequality implies then

which, as D /6 — 1 (see (7.31)), shows that
08 — 0 when dv — 0.

This ends the proof of the theorem.

We can now compare the global radius of curvature of a path and a set
to the usual ones:
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Definition 7.2.8 (Radius of curvature of a path and a set)
Let (D, P) be given. Then we define the (local) radius of curvature of the
path p € P by

def .
R(p) = infess p(v), 7.33
1) infess p(v) (733)

and that of the set (D, P) by

R(D)Y inf R(p). (7.34)

peEP
Proposition 7.2.9 Let (D,P) be given. Then
(i) For any p € P one has

+o00 > R(p) > 0, (7.35)

and

R(p) > Ra(p) > 0, (7.36)
(11) The local and global radius of curvatures of D satisfy
R(D) > Rg(D) > 0. (7.37)

Proof. Inequality (7.35) holdsbecausep € W2°°([0, L(p)]) (cf. Definition6.1.1),
and inequalities (7.36) and (7.37) follow from Proposition 7.2.7 (ii).

We can now state the second main result of this chapter:
Theorem 7.2.10 Let (D,P) be given. Then

(D,P) s.qc. = (D,P) quasi— convex. (7.38)

Proof. Let (D, P) be s.q.c. Then we know from Theorem 7.2.5 that
Rg(D) > 0, (7.39)
and that

{ﬁ:{zeF\d(z,D) < Ra(D)},

nmax(z) = RG(D) — d(Z, l))7 (740)

satisty (7.4).
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Then Proposition 7.2.9, together with (7.39), imply that
R(D) > Rg(D) > 0, (7.41)

so that the curvature of the paths of P is uniformly bounded.

We check now that ¥ and ny.x defined by (7.40) satisfy (6.33), which will
prove, as Nmax s continuous and hence ls.c., that (D, P) is quasi-convex.

So let z € ¥ and 1, 0 < 1 < Nmax(2) be given. We want to prove that
k(z,m) < 1, that is, k(z, p; v) stays uniformly away from 1 over all p € P(z,n)
and v € [0, L(p)]. So let p € P(z,n) and v € [0, L(p)] be given. By definition,
p satisfies

Iz =p()llr < d(z,D)+n j=0Lp), (7.42)

which implies that
d(z,p) < d(z,D)+n,

and, as ¥ and 7.y satisfy (7.4)
2 .
d;, iss.q.c. (7.43)
Combining (7.42) and (7.43), we obtain
d.p(v) < max d,,(j) < d(z,D)+mn, Vve|0,L(p). (7.44)

jZOaL(p)
From the definition (6.26) of k(z, p;v), we see that
k(zp;iv) < |k(zp, )] < llz = pW)l[F lla(@)]r,
or, with the notation d, ,(v) = ||z — p(v)||r and ||a(v)|Fr = 1/p(v)

kf(Z,p, V) S dZ,P(”)/p(V)a
and, using (7.44) and the definition of R(D)

d(z,D) +n

k(z,p,v) < R(D)

This upper bound is clearly uniform in p, v, and satisfies, as 7 < M.y defined
in (7.40)
d(’Z?D)_"n RG(D) <1
R(D) R(D) —

because of (7.41). Hence (6.33) is satisfied, and (D, P) is quasi-convex.
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We summarize in the next theorem the nice properties of s.q.c. sets with
respect to projection, which generalize those recalled for the convex case in
Proposition 4.1.1:

Theorem 7.2.11 Let (D,P) be s.q.c., and
9 = {zeF | d(2,D) < RG(D)} (7.45)

be the largest associated open reqular enlargement neighborhood. Then:

(i) Uniqueness: for any z € 1, there exists at most one projection of
z onD.

(ii) Unimodality: if z € ¢ admits a projection X on D, the “distance to z”
function has no parasitic stationary point on D other that X.

(iii) Stability: if 29,21 € ¥ admit projections )A(o,)A(l on D and are close
enough so that there exists d > 0 satisfying

Iz0 = 21l +maxd(z;, D) < d < Rg(D), (7.46)
]: b

then for any path p going from )?0 to )/(\'1
X0 = Xull, < Lp) < (1 =d /R(p) ™ lz0 = 2illr,  (7:47)
where R(p) > R(D) > Rg(D) > 0.

(iv) existence: if z € ¥, any minimizing sequence X,, € D of the “distance
to z” function over D is a Cauchy sequence for both distances || X =Y || r

and 0(X,Y'). Hence X,, converges to the (unique) projection X of z onto
the closure D of D.

If moreover D is closed, then X €D, and 5(Xn,f() — 0 when n — 0.

Proof. Theorem 7.2.11 is simply a compilation of Propositions 6.2.5, 6.2.8,
and 7.1.4 and Theorems 7.2.5 and 7.2.10, with some simplifications in the
stability formula brought by the simple form of the 7. (2) function.

We summarize also the properties of the “squared distance to z” function
d? , along paths of P when (D, P) is s.q.c.:
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Proposition 7.2.12 Let (D, P) be s.q.c. Then, for any z € ¥ and anyp € P
such that

d(Z,p) < RG(D)a

the function dg’p satisfies

(i) dgﬁp —and hence d,, — s s.q.c. over the whole path p

(i1) For anyn such that 0 <1 < Rg(D)—d(z, D), d2 , is a-convex between
any two n-projections of z, where

o= 2(1 _ d<z’RZZ;)+ 77) > 2(1 _ d(zél&));r ”) > 0.

7.3 Formula for the Global Radius
of Curvature

We establish in this section the formula which will be our starting point for
the evaluation of Rg(p) and Rg(D) both numerically and analytically.

We remark first that, when computing Rg(p) for some path p, one does
not need to consider in the computation of pg(v, ') all the cases indicated
in Proposition 7.2.6, according to whether v and/or v/ are interior or end
points of the paths: it is enough to evaluate pg(v, ') always as if v and v/
were endpoints. This is made precise in the next proposition.

Proposition 7.3.1 Let p € P be given. Then
Rg(p) = inf  p&F(v, 1), (7.48)

v,v'€[0,L(p)]
v#£v/

where p& (“ep” stands for “end points”) is given by

N*t/D if (v,0') > 0
€p / _ ) - )
pg (v V') = { N+ if (v,0') < 0, (7.49)

where NT =max{N,0} and v, v/, N, and D are defined in (7.24).
Moreover, the infimum in (7.48) is not changed if one eliminates from
the search all couples v # V' such that

{ v is an interior point of p, (7.50)

N >0 and (v,v) < 0.
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Proof. From the definitions of pg and pZ’ one has

pa(v, V') > p&wv, V) Vv #V,
which shows that

inf cp v, V, S R ‘
v’ €0,L(p)] , v#£V! pG( ) G(p)

So (7.48) will hold as soon as
Vv, €10, L(p)] , v# v/, v € [0, L(p)] such that (7.51)
/)2)(”77//) Z pG(D?V/)u .

which we prove now. So let p € P, and v,/ be given such that (a similar
proof holds if v/ < v)
0<v<v <L(p).

Let X, X', v, v/, N, and D be defined as in (7.24), and set, for any 7 €
[0, L(p)],
N(r. V') = (X'=p(7),0),
u(r) = p(7).

We treat separately the cases according to the signs of N and (v, v'):
Case 1: N = N(v,v') < 0.

The mapping 7 — N(7, /) is continuous, negative at 7 = v, and positive
when 7 is inferior and close enough to /. Hence, there exists v € [v, V[ such
that N(v,v') = 0. Hence

pR0) 2 0 = pa(mr),

and (7.51) is satisfied.
Case 2: N(v,') > 0.

Subcase 2.1: (v,v") > 0.

Then the formula for pg and pg coincide, so that

pg;(”? V/) = N/D = pG(Vv V/)’

and (7.51) holds with v = v.

Subcase 2.2: (v,v") < 0.



318 CHAPTER 7. STRICTLY QUASI-CONVEX SETS

Then the formula for pg is
pa (v, V') = N, (7.52)

but that for pg depends on the nature of v:
Subsubcase 2.2.1: v =0 (i.e., v is an endpoint). Then

/

pa(v, V' = N = pg(v,v)),
and (7.51) holds with v = v.
Subsubcase 2.2.2: v > 0 (i.e., v is an interior point). Then
pc(v,v') = N/D > N = pf(v,V), (7.53)
and we have to exhibit some v to satisfy (7.51). So let v be defined as
b= inf{ﬂ e [0, y[‘N(T, V) >0 and (u(r),0') <0

7.54
V1, <1< I/}. ( )

As N(v,v') > 0 and (v,v') < 0, one has necessarily 7 < v, and one checks
easily that the function 7 ~» N(7,1/)? is strictly increasing over the [, V]

interval. Hence
N(w,v)* < N(v,v)* = N- (7.55)

As the functions 7 ~» N(7,7') and (v(7),v') are continuous, the abscissa v
defined by (7.54) satisfies necessarily one of the two following conditions:

e Either N(v,v/) =0 and (v(7),v") < 0. Then
V) = N > 0 = palin), (7.56)

e Or N(v,v') > 0 and (v(7),v') = 0. Then D = (1 — (v(v),v")})1/? =1,
so Proposition 7.2.6 shows that

pa(v, V) = N(v,/), (7.57)

no matter whether v is an endpoint or not. Combining (7.52), (7.55),
and (7.57) gives

PR V) > pale, ), (7.58)
so that (7.51) holds with a strict inequality.
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This ends the proof of formula (7.48). Then the possibility of skipping
in the couples v # v/ that satisfy (7.50) follows from (7.56) and (7.58), and
from the remark that, in both cases,

P %) (7.59)
This ends the proof of the proposition.

A second remark is that, because pg (v,v') given by (7.49) does not de-
pend on the nature of v and v/ (interior or endpoints), one obviously has, for
any p € P,

Ra(p) = inf Re(p). (7.60)
p'Cp
Notice that this result cannot be seen immediately when Rg(p) is computed
using pg (v, V') as in its definition: if p’ is the sub-path of p going from v to v/,
the normal cones at v and v/ to p are necessarily larger than the normal cones
to p, so that one has in general only

pa(v,vsp) > pa(v,V;p).

When a generating family Pg of P is available, as defined in Chap. 6, it
is possible to “limit” the search to paths of Pg when computing the global
radius of curvature of (D, P):

Proposition 7.3.2 Let (D, P) be given, and Pg be a generating family of P.

Then
Ro(D) = inf Ra(p) (7.61)
R(D) = inf R(p) (7.62)

where Rg(p) can be computed by (7.48) and R(p) by (7.33).

From a numerical point of view, Proposition 7.3.2 allows, at least in prin-
ciple, to evaluate R(D) and Rg(D). For D = ¢(C), this evaluation requires
to discretize the boundary 0C of C', and to choose a discretization ¢; of [0, 1].
Then R(D) and Rg(D) can be approximated by

R(D) ~ inf inf  pZ(4,7) (7.63)

z0,21€0C i—j=1

. . o/
Ra(D)~ inf —inf pd'(i,g) (7.64)
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Of course, these computations become quickly unfeasible when the dimension
of the unknown parameter exceeds a few units, and a precise numerical eval-
uation of R(D) and Rg(D) is in most cases out of reach. This is why we
develop in the next chapter analytical lower bounds to R(D) and Rg(D).
They will provide us with sufficient conditions for a set to be s.q.c., which
can be checked analytically.



Chapter 8

Deflection Conditions for the
Strict Quasi-convexity of Sets

We develop in this chapter sufficient conditions for a set (D, P) to be s.q.c.
As we have seen in Chap. 7, an s.q.c. set, which is characterized by the fact
that Rg(D) > 0, has necessarily a finite curvature, as R(D) > Rq(D) (see
Proposition 7.2.9). But the condition

R(D) > 0 (8.1)

is not sufficient to ensure that (D,P) is s.q.c.

This can be seen on the simple case where (D, P) is an arc of circle of
radius R and arc length L (Fig.7.3). The deflection of this arc of circle, that
is, the largest angle between two of its tangents — obviously the ones at its
two ends in this case — is given by

@circle - L/R (82)

In the upper part of the figure, one sees that D is s.q.c., with the largest
reqular enlargement neighborhood 19 of size Rg = R, as soon as it satisfies

the deflection condition
@circlc S 7T/2. (83)

But the lower part of the figure indicates that it is in fact enough that
Ocircle satisfies the extended deflection condition

®circle < m (8 4)

G. Chavent, Nonlinear Least Squares for Inverse Problems: Theoretical Foundations 321
and Step-by-Step Guide for Applications, Scientific Computation,
DOI 10.1007/978-90-481-2785-6 8, (© Springer Science+Business Media B.V. 2009
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for the set D to remain s.q.c., at the price of a possible reduction of the size
of the reqular enlargement neighborhood ¥ to Rg < R given by

1 if 0 < Opipere < 7/2,

sin® if 7/2 < Oirere < T (8.5)

RG:RX{

Because of (8.2), conditions (8.3) and (8.4) are sizex curvature conditions,
as they ensure strict quasi-convexity by limiting the product of the size L of
the arc of circle by its curvature 1/R.

To see how the above results can be generalized, we define the size and
the deflection associated to a path p € P and to a set (D, P) equipped with
a family of paths (the global radius of curvature and the radius of curvature
associated to p and D have been defined in Chap.7, Definitions 7.2.3 and
7.2.8):

Definition 8.0.3 (Size of paths and sets) Let (D,P) and p € P be given.
The size of p is its arc length (Definition 6.1.2):

L(p) = ¢, where p:[0,{] ~ F, (8.6)
and that of D 1is
L(D) = sup L(p). (8.7)
peEP

Formula (8.6) for L(p) is duplicated from Definition 6.1.1, which gives the
geometrical quantities associated to a path. Then (8.7) defines L(D) as the
size of D measured along its paths.

Definition 8.0.4 (Deflection, see Fig. 8.1)
Let (D, P) and p € P be given. For any v, v' € [0, L(p)], the deflection
of p between v and v/ is

O(v,v') = Arg cos (v(v),v(V))p, (8.8)
which satisfies

O(v, ) € [0, 7] Vv, v € [0, L(p)],
O(v,v) = 0 Vv € [0, L(p)], (8.9)
O(v, ) =00",v) Vv,V €0, L(p).
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Figure 8.1: The deflection 6(v, ') between two points v and v/ (v > /)
of a path p

The deflection of the path p is
o) = s 0w, (8.10)

v,v'€0,L(p)]
and the deflection of (D, P) is
O(D) = sup O(p). (8.11)

peEP
In Sect. 8.1, we search sufficient conditions for a (D, P) to be s.q.c.

We study first the properties of the deflection, and prove in
Proposition 8.1.2 that

L(r) qu
weP. Ow< [V < Le)RE) < LDRD). (12

This shows that the deflection ©(D) of the set D is always smaller than
the deflection of an arc of circle with radius R(D) and arc length L(D) (see
(8.2)). From the point of view of deflection, arcs of circles, which “steadily
turn in the same direction” are the worst sets!

In practice, it will be only possible in applications to have access to
lower /upper bounds to R(D), L(D),©(D), and R (D), and so we give them
a name:

Definition 8.0.5 We call geometric attributes of the set (D, P) any set of
numbers R (radius of curvature), L (size), © (deflection), Rg (global radius
of curvature), which are lower/upper bounds to
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R(D) >0, L(D) >0, ©(D) < L(D)/R(D), Re(D) < R(D).  (8.13)

and satisfy
R>0, L>0, ©<L/R, Rg<R. (8.14)

Then we search a lower bound Rg to Rg(D) as a function of the
lower /upper bounds R, L, and ©. We prove in Theorem 8.1.5 that

Vp e P, Ra(p) > Ra(D) > Re ¥ Re(R,L,0O), (8.15)

where

0<60<m7/2

7”7
Ra(r,1,0) = { r sin 6 + (l—r@) cosf, m/2<6<m. (8.16)

This shows first, using Theorem 7.2.5, that a sufficient condition for a set
(D, P) with finite curvature 1/R to be s.q.c. with an enlargement neighbor-
hood ¥ of size R = R > 0 is to satisfy the deflection condition

0 < /2, (8.17)

which generalizes condition (8.3). If one accepts the possibility of an enlarge-
ment neighborhood ¥ of reduced size Rg < R, the same theorem shows that
a finite curvature set (D, P) is s.q.c. as soon as R, L, and © < L/R satisfy
the extended deflection condition

R (R, L,©) > 0. (8.18)

We show in Fig. 8.2 the set of values of the deflection © and the size x curva-
ture product L/R that satisfy (8.18), and ensure that the set (D, P) is s.q.c.,
with a regular enlargement neighborhood ¥ of size 0 < Rg (R,L, @) < R.
A simple calculation shows that (8.18) is equivalent to

{@g@maxdéfL/R it 0<L/R<n

8.19
O < Opayx such that O, — tan O = L/R if # < L/R. ( )

This justifies the name given to condition (8.18): the upper limit to the
deflection © is extended beyond 7 /2, up to a value ,,,, which depends on the
estimated sizexcurvature product L/R. This extended deflection condition
reduces to the condition (8.4) obtained for an arc of circle as soon as the
“worst” estimate ©® = L/R is used for the deflection.
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A L/R

1
size |
% \
curvature " Rq <0
\
\
\
\
Y/ Ra>0-- =
S)
0 ‘ .
/2 @ deflection

Figure 8.2: The domain of deflection © and size x curvature product
L/R, which ensure strict quasi-convexity of a finite curvature set
(D, P) (extended deflection conditions (8.18) or (8.19))

Finally, in Sect. 8.2, we consider the case where the set D is the attainable
set p(C) of a nonlinear least squares problem set over a convex set C' of
admissible parameters. It is then natural to try to equip D with the set of
paths P made of the images by ¢ of the segments of C': to any xg, 2, € C,
one can always associate a curve P drawn on D = ¢(C') by

P:te0,1] ~ P(t)=p((1—1t)zo+tz1). (8.20)

The first question is to know under which conditions the curve P — when
it is not reduced to a point — becomes, once reparameterized by its arc length
v, a path p in the sense of Definition 6.1.1, that is, a W2 function of v.

A necessary condition is of course to require that

P e W ([0,1]; F), (8.21)
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which allows to define the welocity V(t) and acceleration A(t) along the
curve by )
dP d*P
v = 0, An =,
(We reserve the lower case notation p, v, and a to path, velocity, and accel-
eration with respect to arc length, as in Definition 6.1.2).
But under the sole hypothesis (8.21), the reparametrization p of P with
respect to arc length satisfies only p € WhHe° ([0, 0, F ) . So our first task will
be to show in Proposition 8.2.2 that the additional condition

3R €]0, +oc0] such that
1
{ |A®)| . < B HV(t)Hi a.e. on ]0,1]

(t). (8.22)

(8.23)

ensures that, when P is not reduced to a point, the reparameterization p
of P by its arc length has a finite curvature 1/R(p) < 1/R, so that p €
WQ’OO([O, 0l F), and hence is a path in the sense of Definition 6.1.1.

This will make it possible when (8.21) and (8.23) are satisfied for any
x9, 21 € C, to equip the attainable set ¢(C') with the family of paths P made
of the reparameterizations p of the curves P, which are images of segments
of C' by ¢ and are not reduced to a point.

To apply to (p(C'),P) the sufficient conditions for strict quasi-convexity
of Sect. 8.1, it is necessary to estimate the geometric attributes R, L, © of
(p(C),P). This is addressed in the last Proposition 8.2.2, where it is shown
that, if there exists ay; > 0 and R > 0 satisfying

Vag,zp € C, [[V(H)|lr < aun ||lzn —xollg VE€ [0,1], (8.24)
1
Vrg,x1 € C, ||A@)||lr < R 1V (#)]3 a.e. on ]0,1[, (8.25)

then R is a lower bound to the radius of curvature of (¢(C),P):

inf R(p) & R((C)) > R > 0. (8.26)

peEP

and any numbers L and © that satisfy
1
Vo, 11 € C, / V()| rdt <L < ay diam(C), (8.27)
0

[lo()dt <© < L/R,
where (8.28)
Al Fr < O)||V(t)| F for ae. t € [0,1] and all g, 1 € C,
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are upper bounds to the arc length size and deflection of (p(C'),P). Hence
R, L, © are the sought geometric attributes of ¢(C'), P.

The sufficient condition (8.18) for strict quasi-convexity (Sect.8.1) and
the estimations (8.24) through (8.28) of R, L, © (Sect.8.2) are the basis for
all Q-wellposedness results of Chaps. 4 and 5. Examples of application of these
conditions can be found in Sect. 5.2, where it is proved that the attainable
set of the 2D elliptic nonlinear source estimation problem of Sect. 1.5 is s.q.c.,
and in Sects. 4.8 and 4.9, where the same result is proved for the 1D and 2D
parameter estimation problems of Sects. 1.4 and 1.6.

8.1 The General Case: D C F

We consider in this section a set D C F equipped with a family of paths
P in the sense of Definition 6.1.3, and we search for sufficient conditions for
(D, P) to be s.q.c.

Definition 8.1.1 Given a function g : |a,b] ~ IR, we denote by var,,g or
var, g the total variation (when it exists!) of g over the [a,b] interval

N

Valgp § = Valp, § = Sup{ g(t;) —g(ti-1|, N € IN,
D lo(t) = gltia 529

min {a,b} <to <t; < .. <ty < max{a,b}}.

When g € W([a,b]), the total variation is given by

b
varg, g = / |g' ()] dt. (8.30)

We investigate now the regularity of the deflection v ~» 0(v,1/), and its
relation to arc length v and radius of curvature p(v).

Proposition 8.1.2 (deflection estimate) Let p be a path of P with length
L(p) and smallest radius of curvature R(p) > 0. Then

1. For any V' € [0,L(p)], the v ~ O(v,V") deflection function is abso-
lutely continuous and has a bounded variation over [0, L(p)]. Hence
90/0v(.,v') € L'([0, L(p)]), and the usual formula holds:

Y00

g, V) (8.31)

1%



328 CHAPTER 8. DEFLECTION CONDITIONS

2. Moreover,

o0, i 1
[, @) < lla()]r o for a.e. vel0,L(p), (8.32)

p(v)
so that 90/0v(.,v") € L>([0, L(p)]).
3. The largest deflection O(p) along p satisfies

ov

Sy S OB (833

L(p)
0 < lallsosoe = |

Proof: Let p € P and v/ € [0, L(p)] be given, and choose 0 < 0 < 7/2. The
function 6(.,.) is continuous over [0, L(p)] x [0, L(p)], and hence uniformly
continuous. So there exists Av > 0 such that

v; €[0,L(p)] j=1,2 and |1 —wn| <Av (8.34)
implies
9(1/1, VQ) S 0. (835)
A Taylor-MacLaurin development of cost at t = 0 gives

2
cost =1— 5 cosat for some « € [0,1],

and, as the cosine is a decreasing function over [0, 7]

t2
cost < 1—2cost for 0 <t <.

Hence,
t2 cost < 2(1 — cost) for 0 <t <.

Choosing t = 0(vy, 1), where vy, vy satisfy (8.34) gives, as then cost >
cos > 0 and cos (v, v2) = (v1, V),

2 2(1 — <U1,U2>)
Q(Vhl/Q) = cos 0 .

This can be rewritten as

1 — v2||F

9 M < )
(1) < (cos §)1/2
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and, using the triangular inequality for the curvilinear triangle vy, v9, v’ on
the unit sphere,

, ) V] — v
0(v1, 1) — 01, )| < H(ci)s 0)21‘/’5. (8.36)

We prove first the absolute continuity of the v ~» 6(v, ') function. Let € > 0
be given, and (o, 3;),7 = 1,2...N, be disjoint segments of the interval [0, L(p)]
satisfying

Then we get from (8.36) that

Z 9 =Bl NS (e S (8) =@l

where, as p € W2>°([0, L(p)]; F'):

COS

Bi
o(B5) — v(as) = / at) dt
so that

Bi
[o(B3:) —v(aa)llr < / la@®)llrdt < (B = ai)||a]lo

i
Hence,

n

S 0() ~oon)] < M S ma) e

i=1
which can be made smaller than € by choosing the intervals (o, 3;) such that

i (@—ai) < min{Ay’ . (Cosg)l/z }

This proves that the function (., v') is absolutely continuous over the [0, L(p)]
interval, which in turn implies that 90/dv(.,v') is in L'(0, L(p)), and that
formula (8.31) holds.
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We prove now that 6(., ') has a bounded variation over [0, L(p)]. Let
0 <tgp<ti <...<tyn SL(p)

be given. One can always add a finite number of points to obtain a new
subdivision:
0 <t, < t; <... <ty < L(p),

with N’ > N, such that

’

=

)

t| < Av i=1,2.N" (8.38)

Then of course one has, because of the triangular inequality,

N
Z tz;V z 1,V |<Z |9 t; 17V/>|7

and because of (8.38), one obtains, as in (8.37),

Jall
o(t v =t
§j\ (b1 < COSM}N |

The two last inequalities imply immediately that

fall
0(t:, tica, < L
E:r ) =) S L)

independently of the positions and number of the points ¢;, which proves that
the function 6(., ') has a bounded total variation.

We prove now formula (8.32). Let v € [0, L(p)] be a Lebesgue point for
both a € L>([0, L(p)]; F) and 9/0v(.,v') € L*([0, L(p)]) (almost every point
of [0, L(p)] has this property!), and dv # 0 such that v + dv € [0, L(p)] and
|dv| < Av defined at the beginning of the proof. Then we get from (8.36)
that

’9(1/+du, V') —6(v, y’)| lv(v+dv) —o(v)||r / |dv|
dv - (cos 6)1/2 ’

which, by definition of the Lebesgue points, converges when dv — 0 to
00
9 < JaOle
ov (cos 0)1/2
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But 6 can be chosen arbitrarily in the ]0,7/2[ interval, which proves (8.32)
as cos f can be made arbitrarily close to one.

Finally, (8.33) follows immediately from (8.31) and (8.32), and
Proposition 8.1.2 is proved.

We turn now to the estimation of a lower bound to the global radius of
curvature Rg(p) of a path p. Because of Proposition 7.3.1, this amounts to
search for a lower bound to p¢P(v,7') independent of v and v/, where

0,
0 (8.39)

and N and D are defined by (cf. formulas (7.24) in Proposition 7.2.6)
N = sgn (V —v) (X' = X, V'), (8.40)
D = (1-(@v))" (8.41)
We give first a lower bound on the numerator N.

Lemma 8.1.3 Let (D,P) andp € P be given. Then, for any v,v' € [0, L(p)]
one has
N > Rsinf+ (| —v|— R0) cos?, (8.42)

where
R = infess {p(t), min(r,/) <t<max(v)}, (8.43)
0 = supess {6(t,r/), min(r,v) <t <max(v/)}, (8.44
Proof. We notice first that
(X = X'y = /
/ cosO(t, ") dt.
Hence, if we define

v~ = min(y,), v" =max(y,1/), (8.45)
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then we obtain for N the formula
vt

N :/ cos O(t, ") dt,

and, using ¢ defined by (8.44)
vt
N = / (cosf(t,') —cosf) dt + (v© —v7)cosb. (8.46)

To find a lower bound on N, we notice that, by definition of #, one has
cosf(t,V') —cos® >0 forall te[v, v,

so that one can plug into the integral in (8.46) the inequality
00
1> p(t)!ay (t, 1/)| a.e.on |v vt

which has been proven in Proposition 8.1.2. This leads, as p(t) > R defined
in (8.43), to

vt
N > R/ (cosf(t,v) — cosb) |§0 (t,/)|dt + (v —v7)cos,
o v

that is,
v+

N > R/ |aa (sind(t,v') —6(t,v')cosb) |dt + (v —v7)cosb,
,- | Ov
that is,
N > Rvar,— ,+ (sin 0(.,v") —0(., ) cos 6’) + (vt —v7)cosh.  (847)

But 0(.,7') is continuous over the [, "] interval, and so there exists v €
[v~,vT] such that

O(v,v") = 6.
The formula (8.29) defining the total variation, applied with N =1, ¢ty = v,
t; =1/, gives then, as 6(v/, /') =0,

var, -+ (sinf(., /) — 0(.,/) cosf) > |sinf —fcosf|. (8.48)

But the function ¢ ~» sint — ¢ cost is positive over the [0, 7| interval. Hence
we can drop the absolute value in (8.48), and substitute it into (8.47), which
gives the desired lower bound (8.42) on N.
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Remark 8.1.4: The lower bound (8.42) on N retains its mazimum value
only from the shape of the deflection 0(.,v"). However, the inequality (8.47)
shows that, among pieces of paths having the same size |V —v| and curvature
1/R, the ones whose deflection has a large total variation are more likely
to have positive global radii of curvature, and hence to be s.q.c. (the 6 —
sinf — 6 cos® function is nondecreasing over the [0,0] interval, and so a
large variation of 0(.,v'") corresponds to a large variation of sin@(.,v') —
0(.,v") cosB, and hence is more likely to produce through (8.47) a positive
lower bound to N ).

But the total variation of the deflection is difficult to estimate in applica-
tions, and so we shall retain only the less sharp estimate (8.42) based on the
mazimum deflection.

Proposition 8.1.5 (Global radius of curvature estimate). Let p be a path of
P, and denote by R(p) > 0 its smallest radius of curvature, L(p) > 0 its
length, and 0 < ©(p) < L(p)/R(p) its largest deflection.

Then its smallest global radius of curvature Rq(p) satisfies

Re(p) > Ra(R(p), L(p), O(p)), (8.49)

where Rg(r,1,0), defined by (8.16), is a decreasing function of 1/r, 1, and 0
over the domain 0 <0 <, [ —1rf > 0.

In particular, if R, L, © are three first geometric attributes of (D, P)
(Definition 8.0.5), a fourth one is given by

def

Re ™ Re(R.L,©). (8.50)

Proof. The partial derivatives of Rq are positive with respect to r, and neg-
ative with respect to [ and 6 over the domain of definition, which proves the
announced monotonicity property.

Let now p € P be given. We shall drop in the rest of the proof the argu-
ment p in R(p), Rg(p), L(p), O(p), and write simply instead R, Rg, L, ©.
Let then v, v/ € [0, (] be given. Formula (8.33) shows that

V' —v| = RO >0, (8.51)

where R and 6 are defined in (8.43) and (8.44).
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We consider first the case where 0 < © < 7/2. By definition of § and ©
one has
O(v,v) < 0 < O < 71/2, (8.52)

and, as the cosine function is decreasing over the [0, 7 /2]
(v,0") = cosf(v,") > cosf > 0.
This implies using (8.39) that
o (v,v)) = N*/D > N/D, (8.53)
and using (8.42) and (8.51) that
N > R sin 6. (8.54)

The sine function is increasing over [0,7/2], and so we obtain from (8.41)
that »
D = (1—(1},7}')2)/ = sinf(v,') < sinb. (8.55)

Then (8.53), (8.54), and (8.55) imply
pwV) = R,
which implies (8.49) as R > R = Rg(R, L, 0).
We turn now to the case where 7/2 < © < 7.

The maximum deflection 6 on p between v and v/ satisfies 0 < § < ©. Hence
two cases can happen:

e Either 0 < 6 < 7/2, and then one finds as above that
pP(v,v) >R > R. (8.56)

But 0 < sin® < 1, L/R — © > 0 because of (8.33), and cos® < 0,
and so

pP(v,v) > Rsin® > Rsin@—l—(L—R@) cos© = Rg(R, L, 0),

which implies (8.49).
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e Or 7/2 < 0§ < ©, and then (v,v") = cosf(v,v) can be either positive
(if 0 < O(v,v') < 7/2) or negative (if 7/2 < 0(v,v') < ), and so the
only information we get from (8.39) is

pP(v, V) = N* >N.
Combined with lemma (8.31), this shows that
pP(v,)) > Rsinf+ (| —v| = R0) cosf = Rg(R, |V —v],0).

But
R>R>0 [V—-v|<L 60<60,

0<6<|V—-v|/R 0<© <L/R,
so the monotonicity property of Rg shows again that

ng<V» Vl) 2 RG(-Ra La @>7

which implies (8.49). Then (8.50) follows immediately from the mono-
tonicity properties of the r, 1,0 ~» Rq function.

We can now state the main result of this section:

Theorem 8.1.6 Let (D, P) be a set equipped with a family of paths, and
R, L, © be three first geometric attributes of (D, P) (Definition 8.0.5). Then

e (D,P) is s.q.c. as soon as the fourth geometric attribute given by (8.50)
satisfies Rg > 0, that s,

Re ™ Ro(R,L,0) >0, (extended deflection condition) (8.57)

where the function R is defined in (8.16)
e The global radius of curvature of (D, P) satisfies

R(;(D) > Rg >0 (858)

Proof. 1t follows immediately from (8.50) in Proposition 8.1.5 that (D, P)
has a strictly positive global radius of curvature. It is hence s.q.c. by virtue
of Theorem 7.2.5.
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We have already illustrated in Fig. 8.2 the domain of deflection estimates
© and size x curvature estimates L/R, which satisfy (8.57). We show now in
Fig. 8.3 that these conditions are sharp: as soon as the deflection estimate ©
becomes strictly larger than 7/2; the upper bound L/R < © — tan © on the
size X curvature estimate is the best possible. The set D of Fig. 8.3 is made of
a path p, made itself of two parts: an arc of circle of radius R and deflection
O €|r/2, 7| and, tangent at one end of the arc of circle, a segment of length
| tan O] = — tan ©. This set is not s.q.c.: let us choose for p the longest path
of D, that is, p = D, and for z the end of p located on the segment. Then
d(z,p) = 0, but the function v ~~ d,,(v)?* has, beside its global minimum
at z (with value zero !), a parasitic stationary point, with zero derivative, at
the other end of p. Such a function is not s.q.c., so that property (7.4) of the
Definition 7.2.2 of s.q.c. sets cannot hold true for D!

But the best curvature, deflection, and size estimates for this set D are
obviously R, ©, and L = R(© — tan®), which satisfy exactly (8.57) — or
the second inequality of (8.19) — with the strict inequality replaced by an
equality. Hence the upper bound (8.19) on L/R is the smallest, which can
ensure the strict quasi-convexity of (D, P).

Rtan©

RO 7 :

S)

7
/R

Figure 8.3: llustration of the sharpness of the extended deflection
condition (8.57)
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8.2 The Case of an Attainable Set D = ¢ (C)

We consider in this section a set D of F', which is the image, by some mapping
© of a convex set C' of E. In the context of inverse problem, F is the parameter
space, C' the set of admissible parameters, F' the data space, and ¢ the
forward map to be inverted. Strict quasi-convexity of the attainable set D =
©(C) will be the key to Q-wellposedness of the inverse problem (see Chap. 4).
So we discuss first in this section the possibility of equipping D = ¢(C') with
a family of path P, as required in the definition of s.q.c. sets, and we estimate
a set of geometric attributes R, L, and O, as required by Theorem 8.1.6, to
prove that (¢(C),P) is s.q.c.

We suppose now that
E Banach space,

C C E convex, (8.59)
p:C ~ F.

A natural way to equip D = ¢(C') with a family of paths is to consider the
curves P :]0,1] — D, which are image by ¢ of some segment of C":

{ to xg,z1 € C we associate P :[0,1] — D s.t.: (8.60)

vie[0,1], P(t)=¢((1 —t)zo+ta).
We suppose that the forward map ¢ is smooth enough so that
Vag, 21 € C, P e W>*([0,1]; F), (8.61)

and we denote, as indicated in (8.22), by V(¢) and A(t) the first and second
derivatives of P.

To see derivatives whether a curve P defined as above can be turned into
a path p in the sense of Definition 6.1.1, we have first to reparameterize it as
a function of its arc length v, defined by

wEmy,y@::Ame@%

which satisfies

0<v<eEy),

and the arc length of the curve P is

L(P) = ¢ = v(l) = /0 V(@) dt. (8.62)
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Definition 6.1.1 requires that paths of ¢(C') have a strictly positive length.
Hence we shall consider only in the sequel the curves P such that L(P) > 0 .

By construction, ¢t ~» v(t) is a nondecreasing mapping from [0, 1] onto
0, ¢], which can be constant on some intervals of [0, 1]. The reparameterized
path p: [0,¢] — D is hence unambiguously defined by

p(v(t)) = P(t) Vtel0,1]. (8.63)

It will be convenient to denote the wvelocity and acceleration along p, that is,
the two first derivatives of p with respect to v, when they exist, by the lower
case letters

v(v) = pv), al)=vw)=p (v) Yvelol.

Proposition 8.2.1 Let (8.59) and (8.61) hold, and xq,x, € C' be such that
the curve P defined by (8.60) has an arc length L(P) > 0. Then its reparam-
eterization p by arc length defined in (8.63) satisfies

p € W= ([0,0); F), (8.64)

[v@)], =1 a.e. on [0,/], (8.65)

and P has, at all pointst € [0, 1], where V is derivable and V (t) # 0, a finite
curvature 1/p(t) — that is, a radius of curvature p(t) > 0 — given by

- a(v = 1Al 2_ A Vo : 1Al -
ploy ~ IOl (me> <Wm’wm>>§nwa@“)

Proof. The reparameterized path p is in LO"([O,E]; F ) by construction, and
hence defines a distribution on |0, £[ with values in F'. We compute the deriva-
tive v of this distribution p. For any ¢ € D(]0,¢[) (the space of C>(]0,])
functions with compact support in |0, ¢]) one has

l
ww>=-14mw¢me
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But v(.) belongs to W*(]0,1[) and so does ¢(v(.)), with moreover zero
values at t = 0 and t = 1. So we can integrate by part, as P € W (]O, 1]; F),

) = [ Vi) plotn) ar (8.67)

To express (v, @), as an integral with respect to v, one has to replace in (8.67)
dt by dv / ||V (¢)||p, which is possible only if V'(¢) # 0. So we define

I = {t €lo,1[ | V(1) # o}.

As I is an open set, it is the reunion of a countable family of pair-wise disjoint
intervals:

1= UI“ where Iz :]Oéz',ﬁi[ s 221,2
i=1
So we can rewrite (8.67) as

(v,0) = / V(t) o(v(1) di
e Bi
= Z/' V(t) (v(t)) dt

. B
=X [ i, #0) IVl

We define now

J =4 where Ji = (L) i=1,2..
=1

The sets J; i = 1,2... are (also pair-wise disjoints) open intervals of |0, ¢[. So
we can associate to any v € J a number t(v) €]0, 1], which is the reciprocal
of the t ~» v(t) function over the interval .J; containing v. Hence we see that

(w.¢) = fj/ v

V(tw)
V) £
we = | ||vv<§i(>)>)|| plv) dv, (8.68)
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and similarly that
1
¢ = [ wenea = [Iveea
(= Z/ V()|pdt = Z/ dv
i=1 Y i=1 i

! = /dl/:meaSJ
J

Hence we see that the complementary of J in ]0, ¢[ has zero measure. If we
continue by some ty € I the v — ¢(v) function on this zero-measure set, we
can rewrite (8.68) as

R
o = [ e #O®

which shows that the distribution v = p’ is in fact a function

o)~ V)
(V)

This proves (8.64) and (8.65). Given any v € J, we can differentiate (8.69)
with respect to v. This gives

v) A Vv < A Vv >
a\v) = - ) )
VIE VI N IVIE T VI

ol = (1) - (e,

where right-hand sides are evaluated at t = ¢(v). Hence for any ¢ € I, such

a.e. on |0,/]. (8.69)

and

that [|[V'(¢)|, > 0, one has v(t) € J, and (8.70) shows that
1A 7
a(y(t < < o0,
= v

which is (8.66).

So we see that the hypothesis that P € W?%*([0, 1]; F) is not enough to
ensure that its reparametrization p as a function of arc length is W2°°([0, ¢]; F'):
in general, the derivative v of p can have discontinuities at points v ¢ J!
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Proposition 8.2.2 Let (8.59) and (8.61) hold, and x¢,x; € C' be such that
the curve P associated by (8.60) satisfies

. 1
there exists Rp > 0 s.t.: HA(t)HF < R, ||V(25)H§7 a.e.on ]0,1[. (8.71)

Then one of the two following properties holds:

e FEither
V(t)=0 Vte|0,1] <= L(P)=0, (8.72)

where L(P) is the length of P defined in (8.62), and the curve P is
reduced to one point of p(C),

e or
V(t)#£0 Vte|0,1] = L(P)>0, (8.73)

and the reparameterization p of P by its arc length, defined by (8.63),

is a path in the sense of Definition 6.1.1. So we can define the radius
of curvature of the curve P by R(P) oo
O(P) o O©(p), which satisfy the following:

R(p) and its emphasize by

(i) Curvature estimate:

R(P) > Rp > 0. (8.74)
(ii) Deflection estimate:
1
A ¢ L(P)
O(P) < dt < . 8.75
=L vl v =)

Proof. Let P € W>([0, 1]; F') satisfying (8.71) be given.

To prove (8.72) and (8.73), we suppose that V (ty) # 0 for some t, € [0, 1],
and we prove that V' (t) # 0 V¢ € [0, 1]. Suppose this is not true, and define
I =]a, B]C [0, 1] as the largest interval containing ¢ such that V(t) # 0Vte I,
Then necessarily a > 0 and/or § < 1, say § < 1, in which case V(3) = 0.
Then because of (8.71), the function g(t) = ||V (¢)||r satisfies

’dg(ﬂ‘ < [JA®)|Ir < IVl < 90"y e I,

dt Rp R
d /1 1
< tel. .
‘dt<g>(t)‘ <p Vi€ (8.76)
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Hence,
1 1 |t — to| 1 1
< + < + Vtel,
g(t) ~ g(to) Rp g(to)  Rp

so that

/1 1\
g(t) > ¢ :f(g()+Rp> >0 Vtel

It follows that g(3) = |[|V(8)||r > ¢ > 0, which is a contradiction as we have
seen that V() = 0. Hence I =]0, 1], and (8.72) and (8.73) are proved.

Let now (8.73) hold, and p be the reparameterization of P by arc length.
As V(t) # 0Vt € [0,1], formula (8.65) of Proposition 8.2.1 applies for all

€ [0,1], where V is derivable, that is, almost everywhere on [0, 1]. Hence

lla(t)||r < 1/Rp for a.e. t € [0,1], so that p € W2*°([0, L(P)]; F'), and p is a
path of curvature smaller than 1/Rp, which proves (8.74).

Then Proposition 8.1.2 part (iii) gives the following estimate for the de-
flection of p:

L(P)
o) < / la()]] dv. (8.77)
0
Changing for the variable ¢ € [0, 1] in the integral gives
/ laGr)] V(1) (8.78)

and, because of (8.66)
la(@)IHTV@OI < ANV @I,

which proves the first inequality in (8.75). Then (8.71) gives

1 1 1
[AQ@)] [AQ®)]] 1 L(P)
dt = V(&) dt < [V (&)l dt = ,
o V@) o V@I o Rp Rp
and the last inequality in (8.75) is proved.
We can now equip ¢(C') with the family of curves P — or of paths p —
defined by
P = {P Lt €[0,1] = (1 — t)zo + tay), 20,21 € C' | L(P) > 0}. (8.79)

The next theorem gives a sufficient condition, which guarantees that P is a
family of path of ¢(C') in the sense of Definition 6.1.3, and provides a set
of geometric attributes R, L, © of the attainable set (p(C),P), given the
velocity V (t) and acceleration A(t) along the curves of P.
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Theorem 8.2.3 Let C' and ¢ be given such that (8.59) and (8.61) hold.
(i) If there exists R > 0 such that

1
Vao, o1 €0, JADIr < L, [VOIE ae in [0,1] (8.80)

then the family of curves P defined in (8.79) is, once reparameterized by
the arc length using (8.63), a family of paths of p(C) in the sense of
Definition 6.1.3, and the attainable set (¢(C'),P) has a finite curvature:

R(p(C)) > R > 0. (8.81)
(i) If there exists apy > 0 such that
\V/[E(),flfl S C, HV(t)HF S OéMHLUl — .T()HE a.e. in [0, 1], (882)
then any number L > 0 that satisfies
1
Vg, x1 € C, / |V (t)||rdt < L < ayy diam(C) (8.83)
0
is an upper bound to the (arc length) size L(¢(C)) of (¢(C),P).
(11i) Any number © > 0 that satisfies
[lot)dt<e<L/R
where (8.84)
Al Fr < 0|V ()| for a.e. t €]0,1] and all zg, 2y € C

is an upper bound to the deflection O(p(C)) of (¢(C),P).

Proof. The announced results follow immediately from Proposition 8.2.2 by
considering the worst case over all curves P of P.
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a-convex, 283
k(z,m), 283
k(z,p), 282
1-D elliptic problem, 21
H' observation, 191-200
curvature estimate, 199
deflection estimate, 198
linear stability, 193
OLS-identifiability, 200
L? observation, 248
partial observation, 232
2-D elliptic problem, 26
H?' observation, 200-207
adapted regularization,
259-270
deflection condition, 205
linear identifiability, 203
regularization by discretization,
205
partial observation, 232
continuous adjoint, 65
gradient calculation, 46-59
2-D nonlinear source problem
H' observation, 246
L? observation
FC/LD properties, 237242
LMT regularization, 242-246
partial observation, 232
continuous adjoint, 65
gradient calculation, 46-59

2D elliptic problem
L? observation, 248
continuous adjoint, 59

2D nonlinear source problem, 24, 237
continuous adjoint, 59

Finite Curvature, see FC

Finite Dimension, see FD

Gauss-Newton, see GN

Levenberg-Marquardt-Tychonov, see
LMT

Limited Deflection, see LD

Maximum Projected Curvature, see
MPC

Nonlinear Least Squares, see NLS

Output Least Squares, see OLS

Quadratically-, see Q-

quasi-convex, see (.cC.

strictly quasi-convex, see s.q.c.

acceleration, 137, 325
w.r.t. arc length, 338
adapted multiscale basis, 102-103
adaptive parameterization, 88,
108-126
adaptive time steps, 72
adjoint approach, 33
implementation, 38
adjoint state equation, 36, 40
continuous, 62, 66
discretized, 68
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examples, 41, 44, 45, 71, 76, 133
for variational problems, 54-59
arc length, 137, 277
distance, 171, 280, 286
reparameterization by, 325, 341
size
of a curve, 170
of a path, 322
of a set, 322
of an attainable set, 343
of an inverse problem, 170
upper bounds to, 327
Armijo condition, 136, 142
attainable set, 9
(arc length) size of, 343
modeling & measurement errors,
163
arc length distance on, 164, 171
closedness of, 187
curvature of, 343
deflection of, 343
family of paths on, 326
for a diffusion problem, 207
geodesics of, 138
geometric attributes of, 337-343
of a FC problem, 167
of a FC/LD problem, 168, 220
projection on, 172
property of preimage, 173
of a nicely nonlinear problem, 98
auxiliary problem, 249, 254

back-tracking, 135, 145

background space, 102

basis functions for parameters
adaptive, 108-126
Lagrange, 49
local, 93, 100-101

INDEX

multiscale
adapted, 102-103
example, 105-108
Haar basis, 107
orthogonal versus oblique, 103

calibration, 80, 84
data, 83
parameters, 80
changing parameters, 35, 89, 126,
129
from coarse to fine mesh, 130
polar coordinates, 132
classical solution, 62
coarse mesh, 94, 95, 101
coarsening indicators, 109, 122-126
code
constraints, 127-129
gradient with respect to
optimization parameters,
129-134
inversion, 126, 128
optimization, 89, 128
regularizing functional, 129
simulation, 88, 128
conditioning, 89, 90
cone
affine normal, 304, 306
negative polar, 212
tangent
for convex sets, 212
for non-convex sets, 235
continuity lemma, 291
convergence of solutions
for LMT regularization
FC/LD problems, 223
general nonlinear problems, 234
linear problems, 216
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for state space regularization
geometric theory, 253
soft analysis, 257
curvature, see radius of curvature
curve, 166, 337
cuts, 119, 125

data
calibrated, 83
space, 9, 23, 25, 38, 84
deflection, 322
condition, 168, 324
extended, 173, 190, 324, 335
sufficient condition for, 170
of a curve, 168, 341
of a path, 323
of a set, 323
of an attainable set, 343
of an inverse problem, 168, 170
numerical determination, 188
upper bounds to, 170, 327, 328
derivatives, 29
by adjoint method, 33—41
by finite difference, 32
by sensitivity functions, 33
continuous, 64
discrete, 30, 47, 65, 67, 68
discretized, 30, 65, 67, 68
sensitivity versus adjoint, 77
w.r.t. nonlinearity, 58
descent algorithm, 135
Gauss-Newton, 144
Levenberg-Marquardt, 144
quasi-Newton, 144
steepest descent, 144
descent direction, 135
descent step
acceptable, 135, 136

355

Curry, 137
MPC, 135
detail space, 102
differential equations, 65
discrete integration by part, 69,
76
discrete marching problems, 73
adjoint gradient calculation, 75
sensitivity functions, 74
sensitivity versus adjoint, 77
discretized versus discrete, 65, 72
distance
arc length, 164, 171, 280,
286
gradient weighted, 260

Edelstein set, 275, 287
enlargement neighborhood, 163,
171

family
of curves, 342
of paths, 276-279, 342
choice of, 279
definition, 278

geometric attributes
of a FC problem, 170
of a set, 323
of an attainable set, 342
Godstein condition, 136
grad-rot decomposition, 262
gradient equations, 36, 40
continuous, 64, 66
discretized, 68
examples, 45, 58, 72, 76, 134
Green formula, 62

guaranteed decrease property, 140,
142
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Haar basis, 107
handling constraints, 126
heterogeneity, 93

identifiability, 11
linearized, 174
for bilinear problems, 174
for FC/LD problems, 175
local OLS-, 183
OLS-, 13, 162
for FC/LD problems, 176
for FD problems, 180
image segmentation, 121
implementation issues, 80
interpolation
data, 247, 257
parameters, 95, 108,
131
inverse problems, 9, 31, 161
bilinear, 174, 186, 188
FC (Finite Curvature), 13,
166
geometric attributes, 170
FC/LD, 13, 165-174
Q-wellposed, 176
FD (Finite Dimension), 179
Q-wellposed, 180
LD (Limited Deflection), 168
sufficient conditions for, 170
linear, 163, 211
nicely nonlinear, 3, 96-103, 109,
118, 207
weakly nonlinear, see FC

Jacobian, 33, 34, 85
computational cost, 33, 37,
46
transposed, 34

INDEX

Jacobian transposed, 130

Knott—Zoeppritz, 6, 92,
231
gradient calculation, 41

Lagrange finite element, 48
Lagrangian, 35, 39
continuous, 61, 66
examples, 42, 55, 69, 75,
133
for variational problems, 54
linear case stationary
arc length, 141
residual, 141
linesearch, 136
Lipschitz stability, 13, 163,
177
local minima, see stationary points
localization constraint, 171,
250

map
direct, see forward
forward, 9, 38,
88
curvature, 96
sensitivity, 96
input-output, see forward
maximum likelihood, 83
median lemma, 286
minimum-norm solution
xo-, 17, 211, 220,
235
state-space yg-, 257
MPC descent step, 135-149
convergence properties, 143
definition, 138, 140
implementation, 144
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performance, 148
properties, 142

multiscale decomposition, 102
orthogonal versus oblique, 103

nicely nonlinear problems, 3, 96-103,
109, 118, 207
NLS problems, 9, 161, 209
noise level, 80, 84, 87, 89, 92, 109, 163,
304
nominal value, 84, 91
nonlinearity, 24, 47, 93
gradient w.r.t., 58
in the higher order, 237
number of retrievable parameters,

87

observation operator, 18, 21,
31
continuous, 47, 60, 66
examples, 8, 23, 41, 53, 67,
75
obtuse angle lemma, 290
use of, 226, 228, 255, 293
optimizable, 12, 162
optimization
adaptive, 124
algorithm, 31, 128
MPC descent step, 135-149
multiscale, 104
scale by scale, 94-104
optimization parameters, 89,
126
adaptive, 109-126
at scale k, 95, 100-104
closed form formula, 91
on a singular basis, 92
overparameterization, 3, 80, 88, 89,
108, 109, 117, 118
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parameter space, 9
parameterization
matrix, 95, 108
routine, 89, 128
adjoint, 89, 128
parameterization strategy
adaptive, 88, 108-126
by closed form formula, 90
multiscale, 93-108
on a singular basis, 91
parameters
calibrated, 80
discretized, 49, 88, 93
optimization, 79, 89, 126
on a singular basis, 92
adaptive, 109-126
at scale k, 95, 100-104
closed form formula, 91
retrievable, 79, 84-88
simulation, 79, 84, 88
distributed, 93
vector valued, 116
paths, 276, 277
(arc) length of, 322
arc length along, 277
curvature of
global radius of, 305
deflection of, 168, 323
family of, 276-279, 342
choice of, 279
definition, 278
generating family of, 280
penalization, 128
piecewise constant parameters, 50,
81, 93, 100
piecewise linear parameters, 50, 82,
93, 101
polar coordinates, 132
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projected curvature, 140
projection
n-, 275
on non-convex sets, 275
on g.c. sets
stability, 294
uniqueness & existence, 289
on s.q.c. sets, 172, 315
stability, 315
unimodality, 315
uniqueness & existence, 315

Q-wellposed, 13, 162, 182
available tools, 185191
for finite dimensional parameters,
183
for infinite dimensional parame-
ters, 184
q.c. sets, 275-297
definition, 283
quadrature formula, 49
qualified element
FC/LD problems, 221
linear problems, 212

radius of curvature
global, 173, 299
characterization, 305
definition, 305
formula for, 316-319
lower bound to, 333
numerical determination, 190,
319
of a path, 305
of a set, 305
local (usual), 138, 167, 338
lower bound to, 326
numerical determination, 191,
319

INDEX

of a curve, 167, 341
of a path, 313
of a set, 313
of an attainable set, 167, 343
of an inverse problem, 167,
170
local versus global, 311-313
projected, 140
reference value, 81, 82
refinement indicators, 109-126
algorithm, 124
first order, 111
as Lagrange multipliers, 112
for image segmentation, 121
multiscale, 116120
first order versus GN, 113
GN, 110
nonlinear, 110
refinement mesh, 124
regular neighborhood
q.c.sets, 283
for an arc of circle, 285
largest, 284
s.q.c. sets, 301
for an arc of circle, 303
for an arc of circle, largest, 310
largest, 301
largest enlargement, 303, 308
regularity condition
for FC/LD problems, 222
for linear problems, 214
interpretation, 245
regularization, 14
adapted, 14, 259-270
deflection condition, 267
FD OLS-identifiability, 268
linear stability, 265
missing information, 260
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by parameterization, 15, 79,
89-126
by size reduction, 15, 171, 201
LMT, 17, 209-236
FC/LD problems, 210, 219-231
general mnonlinear problems,
211, 231-236
linear problems, 210-219
state-space, 18, 246-259
geometric approach, 247-256
soft analysis, 247, 256259
residual, 137
reverse mode, 38
s.q.c. functions, 300
s.q.c. sets, 165, 168, 299-320
are q.c. sets, 313
characterization, 307
definition, 301
projection on, 315
scalar product
in the Lagrangian, 39, 55, 69
on parameter space, 81-83, 94,

109, 117
scale (coarse, fine), 94

scale by scale optimization, 94-104
search curve
geodesic, 136, 138
straight, 136
straight versus geodesic, 142
sensitivity analysis, 8488
sensitivity functions, 33
examples, 74
sensitivity matrix, 33
sets
(arc length) size of, 322
curvature of, 167, 313, 343
deflection of, 323
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simulation mesh, 48, 81, 93
simulation parameters, 79, 84, 88
for a diffusion coefficient, 88
for a distributed parameter, 93
singular value
analysis, 84-88
decomposition, 85
size, see arc length size
sizex curvature conditions, 171,
322
stability, 11, 177
linearized, 176, 177
state equation, 18, 21, 31, 36, 39
continuous, 47, 60, 65
examples, 7, 23, 42, 53, 67, 73
state-space
continuous, 60
examples, 41, 53, 54, 67, 75
state-space decomposition, 20, 31
2D elliptic eq., continuous, 60
2D elliptic eq., discrete, 53
bilinear equations, 174, 186,
188
Knott-Zoeppritz, 41
boundary conditions, 53, 55, 58
for state-space regularization, 246
in the adjoint approach, 39
polar coordinates, 133
stationary points in ...
inverse problems, 32
definition, 162
optimizability, 162
adaptive parameterization, 109
scale by scale optimization, 98
projection on q.c. sets, 297
projection on s.q.c. sets, 301,
302

global radius of curvature of, 305 sub-mesh, 94, 117
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tentative degrees of freedom, 110
total variation, 327
triangulation, 48

uncertainty
on data, 83, 85
on parameter
absolute, 85
relative, 86
uncertainty analysis, 85
unimodal, 12, 13, 162,
164

variational formulation, 48,
237
finite dimensional, 51
velocity, 137, 325
w.r.t. arc length, 338

INDEX

weak solution, 62
weakly nonlinear problem, 166
wellposed, 10, 162
Q-, 13, 162
FC/LD problems, 176-178
FD, 179
Wolfe condition, 136
worst case stationary
arc length, 141
residual, 141

zonation, 117
“optimal”, 117
aggregating zones, 123
made of single connected compo-
nents, 126
splitting zones, 118
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